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Abstract 


Total kinetic energy as well as total vorticity squared are integral quantities which can- 
not change in the course of time in a twodimensional flow of a homogeneous, nondivergent, 
and inviscid fluid when the fluid is isolated from the surroundings. The case is considered 
where the fluid is defined over the total region of the surface of a sphere. The nature 
of the changes in time of the spectral distribution of kinetic energy is discussed on the 
basis of the two conservation requirements mentioned above. It is found that only frac- 
tions of the initial energy can flow into smaller scales and that a greater fraction simultane- 
ously has to flow to components with larger scales. The upper limits to the flow of 
kinetic energy into components with scales less than a given one are found. The con- 
servation theorems are also used to discuss the stability of a certain stationary flow fora 
twodimensional motion which is not necessarily spherical. It is shown how important it 
is for the proof of stability that not only the kinetic energy of the disturbance is supposed 
to be small but also its vorticities. 

In chapter II molecular viscosity is taken into account for the spherical flow. Finally 
some conclusive remarks are offered regarding the fundamental difference between two- 
and threedimensional flow. 


and 


I. Twodimensional spherical flow. Inviscid 
fluid 
A twodimensional nondivergent flow of a 
homogeneous fluid defined over the total sur- 
face of a sphere is considered. Viscosity is neg- 
lected in the first place. The absolute motion 
of the fluid is then governed by the equations 


OV 


pee et V. v). (1) 
v=—V,;yXk. (2) 
Here 
v = velocity 
Vs = spherical deloperator 
y = pressure over density 
— (v: VY; v); = convective acceleration along 


the surface of the sphere 
k = unit vectors perpendicular to 


the sphere 
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y =a univalued and twice dif- 
ferentiable function of the 
space coordinates. (3) 


Total kinetic energy is obviously conserved 
for our fluid. Hence, with F denoting the total 
area of the surface of the sphere, 


S (Vsp)?dF = const. (4) 
F 
Eliminating V,y from (1) and using (2) one 
obtains 


2V?y i 
Mori out 


(5) 


where V?y represents the component of vortic- 
ity perpendicular to the surface of the sphere. 


Multiplying (s) with 2 V?y and integrating 
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over F, one also obtains 


AE py? dE const: (6) 
B 
(4) and (6) express two conservation theorems. 
In the following it will be shown that it is 
possible to draw considerable information from 
them as to the character of the solution of (1), 
(2) when the conditions are known initially. 
As is well known y may be written as a 
generally infinite sum of functions 


oo 


Y= 2 Vo (7) 
al 
where y, satisfies 
Vs Va + AdPa= 0 (8) 
with 
RL 
nu I dee 12,0. 9) 


R° R-= radius of the sphere. 
Performing the operation V2? on both sides 
of (7) and using (8) one obtains 
CO 
ra. 
q=1 


(10) 
Using 

S(Vsp)? dF= fVs-pVspdF— [y ViydF 
and PANNE EN 


one obtains 


{(V:w)}dF DRE a V?ydF. 


Substituting on the right-hand-side of this equa- 
tion from eqs. (7), (10) and utilizing the orthog- 
onality condition 

Ja Vo dE =0,47p 


one obtains: 


IV iv) dE= > fa,yidF (11) 
F q=1F 


while on the other hand as is readily seen 


JV dF = 5 fagyhdF 


F a! 
Defining H, from 
H,= fa va dE 


(12) 


one thus gets, combining (11), (12) with (4), (6): 


> H, = const. (13) 
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oo 

SS = 

a, H, = const. 
q=1 


(14) 


The functions y, divide F into areas F, 
where y, has all over either a positive or a 
negative sign. It is a well established fact that 


F,>o when go. 


The quantity /, defined from 
I 


m (15) 
q 

will equal some average diameter of F, and 
thus represent a typical scale of the motion 
which is determined from the streamfunc- 
tion Yy- 


If, therefore, H, is plotted against am one 

V4q 
has a representation of how the kinetic energy 
for a given velocity field is distributed over 
the different components y, with the corre- 
sponding scales /,. The problem to be attacked 
in the following is to find by the use of the 
conservation theorems (13), (14) how given 
initial spectral distributions of energy will 
change in time, and in particular the more 
precise upper limits for the flow of energy 
into components with scales equal to or less 
than a given one. 

The first result to be derived is that when the 
motion is not a stationary one the kinetic 
energy must change at least for three different 
components, or what is the same, on at least 
three different scales. 

To prove this let AH, be defined from 


AH, = (Hq):— (Ha)ı=o- 


Substituting for the constants in (13), (14), 
respectively 

I (Hg}=o and Da, (Hq):=o, 

q=1 q=1 


these equations may be written 


paral s 0 (16) 
di 
Z 4 AHq= 0. (17) 
q=1 


Let us assume that the changes take place only 
for the components numbered q = p, q=r; 
with r > p. 
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Then (16), (17) reduce to 
AH, + AH,= 0 
a, AH, + a, AH, =.0. 


Having r > p it is seen from (9) that the deter- 
minant of this system, a,— a,> 0. Consequently 
A Hp = AHr =o. If, however, the changes in 
kinetic energy take place for three different 
scales numbered with q = p, q =1, q = s with 
r>p, s>r, the conservation requirements (13), 
(14) can always be satisfied as seen from the 
following. In this case (16), (17) reduce to 


AH, + À H,+ AH, =0 
dp AH, + a, AH, + a, AH, = 0. 


(18) 


Hence 
AH, = eye 
ds — dp (19) 
A — dp 
AH, =— * AH, 
As — dp 


Because of r > p, s > rand (9) one obtains 
Lu 4, — dp ie 
As — A9 As — 


Therefore, in consequence of (19) the change in 
kinetic energy for the component with the 
intermediate scale will be opposite of the 
changes in kinetic energy of the two other 
components. Accordingly a second result has 
been obtained which may be formulated as 
follows: No single of the three components 
can in this case represent a source or a sink 
for the both two remaining ones unless this 
is represented by a scale intermediate between 
the scales of the two other components. 

It can also further be understood from 


(20) 


in connection with (18) that the numerical 
value of the changes in kinetic energy will be 
largest for the component with the inter- 
mediate scale, and smallest for the one with 
the smallest scale. 

As an example consider 


as/ar = 4, 4,4, 4. 


so that the corresponding ratio between the 
different scales are 


I 2 2: 
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Then, according to (20), 
AWS DEN 


Therefore, changes in kinetic energy on a 
certain scale are distributed in the ratio 4/1 on 
the components with the double and half scales, 
respectively, if no other components are in- 
volved in the energy transformations. 

The above result about the nature of the 
spectral changes for a two-dimensional flow 
is easily extended to the case where an arbi- 
trary number of components are engaged in 
the energy transformations. 


Writing (16), (17) as 


N INES 

SAH AH 

q=1 ı—N-+1 (21) 
N N+1+P 
ade Ano 
q=1 r=N+1 


and assuming 
AH, = Os 41,27 -2N 
AH 2 01e NET. Nope P22) 


(21) may also be written 


N INGEN SSP 
VANE SS As ENG 
q=1 NE Eu (23) 
N NEID 
a > AH, 4 RS AT 
q=1 r=N+1 


where now because of (9) and (22) 
Gi TN AN 


kk 
Gna = a AN P- 


Hence, consulting (9), the determinant of the 
system (23) a**—a* > o. 

The assumption (22) is therefore not pos- 
sible. 

A problem of considerable interest now pre- 
sents itself in connection with the determination 
of an upper limit to the flow of energy into 
components having scales equal to or less than 
a given one. 

We introduce the notations h and h, de- 
fined from 

co 
(Ds her 
q=1 
whereas a, a*, and a** are defined from the 
equations: 


Da = at, (24) 
q=1 q=1 , N 
N N | 
Dig, eee) de (25) 
q=1 q=1 
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oo CO 
Sa At (26) 
q=N+1 q=N+1 


Eqs. (23) may then be written formally as the 
system of equations 


N (ie) co 
> H, Fa H, —— hg 
gl q=N+1 q=1 
N foe) fo) 
DOC ANS A= ah, 
q=1 q=N-+1 FE 


From a formal solution of these equations one 
CO 
NE . Se = 


obtains 
27 
EH: E LIE (27) 


H,, h, being quantities which are all positive 
or zero, and a, increasing monotonically with 
4, it follows from (24), (25), (26) that 


Oh SS 


2 a—a* 


(28) 
(29) 
(30) 


Wa a San 


AN+1 < Feige 
Accordingly 
Peek Era 
This, in connection with the fact that the ratio 
on the left-hand-side of (27) is positive or zero 
fixes a* and a** to assume values which are 
related to the given value of a as 


ANS a Sa, 


(31) 
For the ratio between the kinetic energy 


contained within the range 9 = N+1, and the 
total energy, we get 


co N aa“ (32) 

ae ee 2 

SH: 5 32). 
Rn DRK 


The maximum value of this ratio is assumed 
when a** = a. This is, as seen from (31), (30), 


only possible if 
(33) 


anzı < a. 
Before we proceed to the most interesting 
case with 
(34) 


we will discuss the first case in connection with 
the problem of stability of the stationary mo- 


tion 1) 
Y= Yr (35) 
y must not necessarily be the “eigen”-function 


AN+1 2a, 


1) The stationarity follows from the fact that y = y, 

: _. 9V2y 
satisfies eq. (5) with 
t 


= ©. 
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with the lowest “eigen’’-value for the spherical 
“eigen”-valueproblem, (8), but may be the 
“eigen”-function with the lowest “eigen”-value 
of the most general twodimensional “‘cigen’”’- 
value problem 


V2 Ya + 44 Yq= © 
y, = 0 ata boundary L, 
yielding 
ee G5 AO GAL LE 


47, der Co. 


(36) 


When instead of (35), 
Yr=o = Yi + LY, 


=? 
we may write 


[ee] 
ah = ah + Za,h, 
q=2 
yielding bes 
ayhy + X agh, 


eae (37) 


OO 

’ 

hy + Da,h, 
G2 


= 


At any later time we have now according to 
(32), when N is put equal to r: 


ou 
XX 


Sih he 


q=2 a x 


nd 


Now, with N = 1, egs. (28), (30) become 


a, = aX 
ana (38) 
Accordingly 
= a—a 
ZH,:h= Kk Se (39) 
q=2 a — ay 


oo 
D a,h; represents the sum of the squares of the 
g9=2 

vorticities of the initial disturbance. Let us as- 


sume that 
oo 


SA / 
Zaho. 


q=2 


(40) 


Because of (36) it follows then necessarily that 

also = 
h>o. (41) 
q=2 


Using (40) and (41) in (37) one obtains 


oo 
a— a, when Da,h,— 0. 
q=2 
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Therefore it follows from (39) in connection 
with (38) 


co oo 

I H,:h>o when Da,h,>0. (42) 

q=2 q=2 
This expresses the result that the considered 
stationary motion y = y, is stable in the sense 
that the total kinetic energy of the disturbance, 


oo 
I H,, at all times is kept below a limit which 
q=2 
goes to zero if the sum of the squares of the 
vorticities of the initial disturbance goes to zero. 

Let us now on the other hand assume that 

[ee] 
xh=E 
q=2 
By concentrating this energy on sufficiently 
small scales it is possible because of (36) to make 
co 
Yah, > P, 
q=2 

where P may be chosen arbitrarily large, how- 
ever small ¢ is taken. Consulting the expression 
for a in (37) it is therefore understood that it is 
always possible, however small ¢ is taken, to 
make a arbitrarily large. Particularly a may 
be made equal to or larger than a, which 
accordingly to (38) is a sufficient condition 
for the possibility of getting a** = a, and then 
also to obtain 


however small values are taken for the initial 
kinetic energy of the disturbance. 

From this example it is seen how important 
it is for the proof of stability that the disturbance 
be assumed to be small also as regards its 
vorticities, and not only with regard to its 
energy, even though it is still questionable 
whether the stationary flow actually will behave 
unstably if this is not the case. 

The basic how y=, represents the com- 
ponent with the largest possible scale. The 
stability of this flow may therefore also be 
interpreted as follows: A necessary condition 
for instability of a stationary motion for two- 
dimensional flow is that the disturbances be 
represented also by components having scales 
which are larger than the scale of the basic 
flow. Thus interpreted, the necessary condi- 
tion for instability becomes directly connected 
with the more general results found for the 
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changes in the spectral distribution of energy. 
It is also further easily extended to flows 
where the boundary condition is not neces- 
sarily y = const, as for instance a flow between 
parallel walls. Taking this as granted, we may 
apply the result to a linear flow represented 


J 27 
by a streamfunction const: cos ae OS jan. 


The scale of this basic flow is determined from 
2 


the corresponding »eigen»-value 2 whereas 
P © 8 L*2 = 


the scales of the components of the disturb- 
ances are determined from the veigen»-values 
4 TT? 4 TÈ q? 
L? a (Gaye 
posed for the depéndence upon the direction 
along the walls. Thus the linear flow con- 
sidered will possibly be unstable only if 
4 TT? AM 


Ey ein) (43) 


We now proceed to the case (34). The upper 
limit of the ratio in (32) is then reached when 
a* and a** assume their smallest possible values, 
which according to (29), (30) are a, and any, 


respectively. Accordingly 


when a wavelength L is sup- 


4 70 
Te 


a 


(se) 
A phy 
wi = 
q=N+1 AN+i1— di 
di 
a a a 
= = . (44) 
AN+1 a, AN+ı 
aN+1 


To apply (44) to a seemingly important case, 


assume 
L 


h= Dh; 
q=1 
The quantity a defined from (24) will now lay 
between the limits 


(45) 


To ensure (34) it is therefore sufficient to assume 
L< N+1. We may now write (44) 


Gh, ES (WES am: 


O0 A ——) 
ie en We PR 
g=N--ı GN+1— GQ, ‚dNtıT 74 
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having introduced the scales defined in (15). 
In the considered case, therefore, the fraction 
of the total energy which can flow to compo- 
nents with scales equal to or less than a certain 
scale In... is less than the square of the ratio 
between the smallest scale [;, represented ini- 
tially, and In... If therefore the initial flow 
is represented by a typical large-scale velocity 
field (L = relatively small), the flow of kinetic 
energy into the smaller eddies will rapidly be- 
come unimportant. 

Obviously it is not necessary to assume h, = 0 
for all g > L to obtain this result. It is sufficient 
only to have 

FSC 


and L sufficiently small to get the corresponding 
field to be characterized as a “typical” large- 
scale-field. 


2. Twodimensional flow of a viscous fluid 
With molecular friction the equations gov- 
erning the motion become 


IV 2 
Er RN ar Vans 


v=—V.y Xk. 


Eliminating Y,y one obtains the vorticity 
equation 
AVE Y 
at 


=—v-V. Vipty Vey. 


The changes per unit time of total kinetic 
energy and total vorticity squared now become 


d 
af (we dE=— f (vin ar 
3 EF 
d 2 2 4 
a JC dr [vip Vip ae 
F 
Ja 


Making use of (8) and (9) one may write these 
equations as 


d 
af (Vo4r- —vAf (V.p)?dF; A>o. (46) 
F 
F 


d 
a | VW’ = —rB/ (Vey)? dF; B >o. (47) 
F 
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Here B ( By (48) 
where the equality sign is to be taken only 
when y is represented by a single component, 
y=, This follows easily from the defining 
equations for A and B 


[0,0] oo 
ar =D 
g=1 q=1 


[0,0] oo 
ah, = BD aH, 
g=1 q—1 

together with (9). From (46), (47), (48) one 
now gets: 


O9 oo nN 

SH, ate ah : ah] = — 
q—=1 q=1 

where 


n <1 according as BS A. (49) 
It is now easily demonstrated that eq. (27) now 
has to be written 

Br 
n 


Since now the upper limit to this ratio decreases 
: Joka 

with decreasing -, apart from the steady de- 
n 


crease in kinetic energy and vorticity because 
of friction, a flow of energy to smaller scales 
should so far (because n> 1) have a smaller 
chance to be realized than for the inviscid fluid, 
for which a/n = a<ajn. 


3. Conclusion. 


The nature of the changes in the spectral 
distribution of kinetic energy in a twodimen- 
sional flow differ radically from the changes 
taking place when real turbulence develops. It 
is natural to believe that this discrepancy is due 
to the fact that for the development of real 
turbulence it is essential to consider the motion 
in three dimensions in which case as is well 
known no conservation requirement regardin 
the square of vorticities has to be fulfilled. 

The implications of (43) and its relation 
to earlier works of the author and others 
will be discussed more thoroughly in an 
article to appear later. 
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On the Relation between Vorticity, Deformation and Divergence 


and the Configuration of the Pressure Field 


By SVERRE PETTERSSEN, University of Chicago! 


(Manuscript received April 27, 1953) 


Abstract 


Theorems for the vorticity, deformation and divergence are developed for quasi-horizontal 
frictionless motion. The divergence theorem is used to investigate the validity of the geostrophic 
approximation, and it is found that the balance between the Laplacian of the pressure field and 
the vorticity is appreciably influenced by the deformation, while the divergence is relatively 
unimportant. The vorticity theorem and the deformation theorem are combined to obtain a 
prediction quantity which is related to the absolute vorticity and permits treatment of the 
fields which are more general than the geostrophic field. Some charts are produced to show 
the magnitudes of the various quantities in a mature storm. 


1. Introduction 


The prognostic equations used in numerical 
predictions are generally based upon the as- 
sumption that the vorticity of the actual wind 
can be replaced by that of the geostrophic 
wind. Thus, from the geostrophic wind 
equation one finds that the relative vorticity C, 
is expressed by the formula 


fi 


where f is the Coriolis parameter, and \/2Z is 
the two-dimensional Laplacian of the geopo- 
tential of an isobaric surface. The same formula 
would apply to an isentropic surface if Lis 
interpreted as the Montgomery potential. 
Since no restrictions are imposed upon Z, 


C,==V?Z (1) 


1 The research reported in this paper has been 
sponsored by the Geophysics Research Directorate of 
the U. S. Air Force Cambridge Research Center under 


Contract No. AF. 19 (604)—309. 
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it is evident from the derivation of Eq. (1) 
that the instantaneous wind is everywhere 
assumed to be well adjusted to the gradient of 
the contour field though no accelerational 
mechanism is provided to allow the wind to 
remain adjusted while the air moves through 
a variable contour field. It is, therefore, not 
obvious how the geostrophic approximation 
can lead to a useful prediction equation, except 
when the contour field is trivially simple. 

On the other hand, experiments with 
numerical predictions have definitely estab- 
lished that a considerable portion of the changes 
in the contour field can be predicted by the 
use of the geostrophic approximation. The 
source of this success is by no means evident, 
but it may be due to one or more of the fol- 
lowing conditions: (a) the procedure may 
contain errors which are largely compensating; 
(b) critical values of the neglected terms may 


DOD 


be rare or confined to limited regions, with the 
result that the over-all correlation between 
computed and observed changes is relatively 
high; or (c) the equations of motion may 
contain some hitherto unexplored mechanism 
that tends to suppress the influences of the 
neglected terms. 

The purpose of this paper is to explore these 
relationships. 


2. Deformation, vorticity and divergence 


With customary symbols the equations of 
horizontal frictionless motion may be written: 


Zum ou teas By, Zur 
ot x ax dy ox (2) 
Ov Ov Ov OL. 


is dy dy 2% 


It can be shown that these equations hold for 
motion with a vertical component, provided: 
(a) that the motion is adiabatic; (b) that 9/0t is 
interpreted as the local variation at a point 
fixed in x and y while it moves vertically with 
an isentropic surface; (c) that 9/9x and d/dy 
are the variations along an isentropic surface 
per unit distance along the horizontal coordi- 
nate axes; and (d) that Z is the Montgomery 
potential. 

For the purpose of this discussion it suffices 
to consider horizontal motion, although the 
results will apply to adiabatic motion in general. 

Now, the vorticity equation represents a 
theorem concerning the difference between 
two of the quotients in Eqs. (2). Obviously, 
similar theorems can be derived for the other 
combinations of the pertinent quotients. 


It is convenient to introduce the quantities 


ou Ov dv ou 
eS ee ER B=— do eS 
OO ox dy 
dv ou Où ov 3 
ES Der Ss 
Ox dy Ox dy 


Here, C is the relative vorticity, D the 
divergence, while (A? + B?)’: is the total de- 
formation, which can be shown to be invariant 
in respect of choice of coordinate axes. 

Putting Q = C + f = absolute vorticity, 
we obtain from Eqs. (2) and (3) 


SE RIRE PED TERS SEIN 


RZ Le i Of 
BY ADS a ae (4) 
ae 
Ka 
az ee 
B+BD= Day Soie) (5) 
Q+QD=o (6) 


D+=DD=—V:Z CE 
a) 2) 
Ei f (7) 


Ox dy 


Eq. (6) is the well-known vorticity theorem 
which states that in adiabatic frictionless motion 
there are no sources or sinks of absolute 
vorticity in an isentropic surface. 

Egs. (4) and (5) may be combined to give a 
deformation theorem, and Eq. (7) may be 
referred to as the divergence theorem. It will 
be seen that the fields of deformation and 
divergence normally contain sources or sinks. 

Eq. (7) shows that the relation between the 
relative vorticity and the configuration of the 
contour field is rather complex, and there can 
be no question of computing the vorticity 
from the Laplacian of Z when its magnitude 
is small. What we are concerned to compute is, 
however, the absolute vorticity, and the com- 
putational procedure will be determined by the 
accuracy required. 

It is doubtful whether the Laplacian of Z 
can be computed with an error less than, say, 
15 per cent, and, for the sake of argument, we 
shall be satisfied to compute the absolute 
vorticity with the same accuracy. 


2 (C?— A? — B) + v 
2 


Putting 


where ß is the Rossby parameter, and U is the 
zonal speed of the wind, we obtain from (7) 


Q= C+f= (aV?’Z+ f?+ A+ B2- 
+2 D+ D?+ 28 U)'h (8) 


There is much synoptic evidence in support 
of the view that in the large-scale currents in 


middle and high latitudes, 2 D and D? are one 
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or two orders of magnitude less than and 
may, therefore, be omitted. Furthermore, the 
last term on the right of Eq. (8) will contribute 
less than 15 per cent to the absolute vorticity, 
unless the zonal wind exceeds about 100 m. 
sec.-'. In the following this term will be 
omitted also, and Eq. (8) reduces to 


Q= (2V?Z+/f2+ 42+ ph (9) 


In this form the divergence theorem has lost 
its predictive quality; instead it may be used 
for computational purposes. 

It will be seen that the customary approxi- 


mation (T) is satisfactory only when 
C? = Arı Bi 


In this case the local wind field can be repre- 
sented by a uniform translation superimposed 
upon a straight current with lateral shear, and 
the vorticity is determined by the Laplacian 
WA 

We shall next consider the case when 
A? + B? is very much smaller than C?. In this 


case 
Q= @V’Z+f)" (10) 


and, again, the vorticity is determined by the 
Laplacian, but the formula differs from 
approximation (1). From Eqs. (1) and (10) 
we obtain 

CiC= 14" Ch} 


showing that the geostrophic approximation 
overestimates the vorticity in cyclonic motion 
while the reverse is true in anticyclonic fields. 

In the general case, the quantity C? — A? — 
— B? may be positive or negative, and in 
hyperbolic contour patterns the Laplacian of Z 
may be balanced mainly by the deformation. 

From the foregoing discussion it follows 
that if the problem is to compute the absolute 
vorticity, the geostrophic approximation may 
be unsatisfactory. Furthermore, it is of interest 
uote that the quantity C?— A*— Bb? 
derives from the convective parts of the accel- 
erational terms in Eqs. (2), and represents, 
therefore, an accelerational mechanism that 
will enable the wind to remain adjusted while 
the air moves through a variable pressure field. 


3. Prediction equations without divergence 


The form that the prediction equations 
assume depends to some extent upon the wind 
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approximation used. As a first orientation we 
shall consider the well-known non-divergent 
model. The prediction equations pertaining to 
this model are obtained from Eq. (6) by putting 
D=o0, and otherwise manipulating in the 
customary manner. Depending upon which of 
the foregoing approximations are used, the 
following equations are obtained: 


ge tf) <2 from) (11) 


F(2viz+ f+ A?+ in) =o from(9) (12) 


Combining now Eqs. (4) and (5), we obtain, 
since the motion is non-divergent: 


CL OZ, 
(2 CA +) Es 


(13) 


02Z 
dxdy 2 


=? 


plus some small terms which depend upon the 
meridional variation of the Coriolis param- 
eter. Since it is not our intention to discuss 
the influences of a variable Coriolis parameter 
on the deformational field, these terms will be 
omitted. 

It is of interest to note that if the wind is 
allowed to approach the geostrophic wind, or 
some value proportional thereto, the right 
hand side of Eq. (13) converges to zero, and 
the total deformation tends to be conserved. 
This is true not because À and B are small but 
because of the particular combination in which 
they appear in Eq. (13). 

More specifically, let k be a factor of pro- 
portionality between the actual wind and the 
geostrophic wind. Then, regardless of how 
much the geostrophic wind varies in x and y, 
the right hand side of Eq. (13) tends to zero 
provided that k is constant or varies slowly. 
Now, in the large-scale currents k is not far 
from unity and its spatial variation is small. 
For such current systems Eq. (13) reduces to 


(14) 
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Eq. (12) states that the absolute vorticity is 
conserved, while Eq. (15) goes further to state 
that a certain portion of this vorticity 1s con- 
served also. Thus, although the deformation 
terms in Eq. (9) may affect the value of the 
vorticity, these terms are of no consequence 
for the prediction equation, provided that the 
motion is non-divergent. It will thus be seen 
that the deformation theorem expresses a real 
mechanism through which the influence of 
some of the terms left out of the geostrophic 
assumption is suppressed in the prediction 
equations. 


It remains now to explain the difference 
between Eqs. (11) and (15). For sake of brevity 
VE DU ARE GS ardt) einey 
then be written 


L= == Ce) 
L=— ff 


where, as before, C, is the geostrophic vorti- 
city. 


It will be seen that the difference is im- 
material when the geostrophic vorticity is 
much smaller than f. This is often the case over 
large areas of the charts, and this may be one 
of the reasons why the geostrophic approxi- 
mation has yielded fair predictions. On the 
other hand, when C, = 6 and comparable 
with f (which is usually the case in mature 
storms) the difference between Eqs. (r1a) and 
(15a) becomes important, and when C, > f 
it is difficult to see how Eq. (11a) can corre- 
spond to any real process. Finally it may be 
noted that Eq. (11a) tends to exaggerate the 
changes when C, <o while the reverse is 
true when C, > 0. 


In some of the experiments with numerical 
predictions it has tacitly been assumed that f 
in the first term within the parentheses of Eq. 
(t1) can be kept constant while the second f 
is allowed to vary. The justification for this 
has been that it makes very little difference 
whether or not the first fis differentiated (but 
see Section 5). However, if the first f is kept 
constant, Eq. (11) happens to become identical 
to Eq. (15), with the fortunate result that one 
of the shortcomings of the geostrophic ap- 
proximation is compensated for by treating f 
both as a constant and as a variable. 
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4. Prediction equations with divergence 

If the model is allowed to contain divergence, 
the absolute vorticity could still be computed 
by the aid of Eq. (9) provided that 2 D and D? 


are much smaller than f?. 


Instead of Eq. (6) we may write 
Ted. : 
= me 
2 dt a ï 
Substitution from Eq. (9) now gives 
EE 


= — 2 DaV’Z+p + AB) 


Eqs. (4) and (5) may be combined to give 


4 (424 BY) = — 2 D(A?+ BY) — 


dt 
OBZ RZ ; OL, 

_ (CZ m F2 el (17) 
where, as before, the small terms depending 
upon Y f have been omitted. 

Now, for motion on a sufliciently large scale 
(see Section 3), the last term on the right of 
Eq. (17) may be omitted, and Eqs. (16) and 
(17) combined to give 


£ aviZ+ fi = —2D (2\7/*Z+ f?) (18) 
Again, one finds a certain portion of the 
absolute vorticity which lends itself to treat- 
ment. 

In order to use Eq. (18) in numerical 
forecasting it is necessary to construct a model, 
or system of models, in which the distribution 
of D is included. We shall not discuss such 
models here. Instead, we shall be concerned to 
discuss the relative importance of the terms 
containing D and f. Putting again V?Z=L, 
Eq. (18) may be written 

DDR 
where Vy is the meridional component of the 
wind, and ß is the Rossby parameter. 

In middle latitudes B/f is about 1.5 x 1077 
m-! and the divergence term on the right is 
not negligible against the f-term unless D 
is less than about 2 Vy 103 m-1. 
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There is much evidence to indicate that in 
cases of appreciable development D is at least 
as large as 10-5 sec-1, and in such cases the 
term containing f is very much smaller than D. 
Furthermore, the second term on the left of 
Eq. (19) shows that the effect of the divergence 
increases with the Laplacian of the contour 


field. 


5. Examples 


In order to determine whether the various 
expressions for the vorticity give significantly 
different results, the absolute geostrophic 
vorticity (Q,=C, +f) and the absolute 
vorticity (Q) as given by Eq. (9), were com- 
puted and compared. In computing Q, A and 
B were replaced by their geostrophic values. 


In addition the quantity 


P= 2\/7Z+ f? (20) 
was evaluated since it appears to be the appro- 
priate quantity to be used in the prediction 
equation. 

To obtain figures and dimensions com- 
parable with the geostrophic vorticity, the 
square root of P was computed. It will be seen 
from Eqs. (9) and (20) that when \7?Z is large 
and negative while A? + B? is small, P may 
be negative and P’: imaginary. This, however, 
is no real inconvenience since it is P and not 
P' that enters into the prediction equation. 

The Laplacian of Z and similar quantities 
were evaluated by the aid of the rectangular 
grid shown in Fig. 1, in which H = 444,000 m. 


Fig. 1. Showing the grid and the subscripts in the 
interpolation formulas. 
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Fig. 2. The contours of the soo mb. surface, 26 Nov. 
1952, 0300 G.M.T. Heights of contour lines in hun- 
dreds of geopotential feet. 
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Fig. 3. The absolute geostrophic vorticity corresponding 
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The interpolation formulas used are 
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Fig. 4. The absolute vorticity corresponding to Fig. 2, 


computed from Eq. (9). Units 10-3 sec}. 
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Fig. 5. The difference between Figs. 3 and 4. 


where K is a factor of conversion to rational 
units, and the subscripts are those shown in 
Hour 

The synoptic situation chosen for the test 
was the one that occurred over the United 
States on 26 November 1952. Fig. 2 shows 
the contours of the soo mb. surface at 0300 
C.M.T. The storm associated with the closed 
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Fig. 7. The difference between Fig. 3 and Fig. 6 super- 
imposed upon Fig. 2. 


contours in the central part of the chart is one 
of appreciable intensity and it is evident that 
both the vorticity and the deformation are 
large. 

In Fig. 3 is shown the distribution of the 
absolute geostrophic vorticity Q, computed 
from Fig. 2. It will be seen that the maximum 
absolute geostrophic vorticity near the center 
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| of the storm is about four times the Coriolis 
parameter, indicating a relative geostrophic 
vorticity of about 3f. 

The absolute vorticity Q, computed from 
Eq. (9), is shown in Fig. 4, and the difference 

, — Q is shown in Fig. 5. It will be seen 
that the difference is appreciable except in 
areas where both Q, and Q are close to the 
Coriolis parameter. 

Fig. 6, shows the distribution of the square 
root of P, computed from Eq. (20). Negative 
4 values of P were found along the coast of the 
1 Gulf of Mexico (within the area bounded by 
the heavy curve) and here the complex values 
| of P’: are indicated. 

Fig. 7 shows the difference Q, — P': super- 
imposed upon Fig. 2. This chart shows the 
difference in the geostrophic advection of the 
two quantities. It will be seen that the difference 
is appreciable. Finally, Fig. 8 shows the 
distribution of the deformation (A? + B?)':. 
The difference between Q and P* is entirely 
due to this quantity. 

The foregoing charts will suffice to show 

that the geostrophic vorticity may differ 
appreciably from other quantities which could 
be used in the prediction equations. 


6. Conclusions 


The foregoing discussion appears to justify 
the following conclusions. 

a. Although the geostrophic wind may be 
a fair approximation to the true wind, the 
geostrophic vorticity may differ appreciably 
from the actual vorticity in storms of appreci- 
able intensity, and so may the advection of 
these vorticities. 

b. On account of the deformation theorem, 
the effect of the deformational field on the 
vorticity changes may be eliminated if the 
motion is on a sufficiently large scale. 

c. The quantity P = 2V?Z + f° appears to 
be the most satisfactory prediction quantity to 
be used in non-divergent as well as divergent 
motions. 
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Fig. 8. The total geostrophic deformation (A2+B?) 2 
corresponding to Fig. 2. Units 10—5 sec—1. 


d. The effect of the divergence is propor- 
tional to P and cannot be neglected unless the 
divergence is less than about 10 sec“. 
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Abstract 


The study of the statistical properties of ensembles of hydrodynamical systems may be called 
statistical hydrodynamics. It is recommended that statistical hydrodynamics be applied to 
certain problems which have not previously been looked upon as statistical problems. 

Statistical hydrodynamics is applied to the problem of the interaction between a mean flow 
an a superposed disturbance, in a two-dimensional homogeneous incompressible nonviscous 
fluid. The ensemble of all disturbances which may individually be superposed upon a given mean 
flow is assumed to be random, in the sense that it is unaltered if each disturbance is subjected to 
a change of sign, a translation in space, or a rotation. It is found that, ensemble-average-wise, 
kinetic energy is transferred from the disturbances to the mean flow if the mean flow is of 
small variance and coarse detail and the disturbances are on the average of large amplitude and 
fine detail, while kinetic energy is transferred in the opposite direction if the opposite situation 
exists. 

This result is applied to the problem of the maintenance of kinetic energy in the earth’s 
atmosphere against the dissipative effect of friction. There is some evidence that both the total 
kinetic energy and the kinetic energy of the mean flow can be maintained through the addition 
of new disturbances which form random ensembles, but that they can be maintained more 
efficiently, and probably are maintained, by the addition of new disturbances with a systematic 


lack of randomness. 


1. Statistical hydrodynamics 


There are many problems in which we seek 
explicit values of certain hydrodynamical 
quantities, perhaps locally or instantaneously, 
or perhaps as functions of space or time. A 
problem of this sort, familiar to the meteorol- 
ogist, is the forecast problem. Here we seek 
the space distributions of pressure, wind 
velocity, or some other quantities at some 
particular time, given the distributions of 
these quantities at some previous time. 

There are other problems in which we 
seck not the actual values of these hydrodynam- 
ical quantities, but rather the values of some 


t The research resulting in this work has been spon- 
sored by the Geophysics Research Division of the Air 
Force Cambridge Research Center, under Contract No. 
AF 19 (122)—153. 


of their statistical properties. A problem of 
this sort, nearly as familiar to the meteorolog- 
ist as the forecast problem, and perhaps more 
formidable, is the problem of explaining the 
mean state of the general circulation of the 
atmosphere. Here we deal with time averages 
of space distributions of pressure, wind ve- 
locity, or some other quantities. These average 
distributions are not necessarily the same as the 
instantaneous distributions of these quantities 
at any time, but instead are statistical prop- 
erties of the ensemble of all instantaneous 
distributions which ever occur. 

Many problems of the latter kind have not 
always been treated statistically. The concept 
of the general circulation problem as a sta- 
tistical problem may indeed be unfamiliar to 
many meteorologists. Treatment of such prob- 
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lems by statistical methods might yield profit- 
able results. 

The study of the statistical properties of 
ensembles of hydrodynamical systems may 
be called statistical hydrodynamics. It may be 
contrasted to the study of an individual hydro- 
dynamical system. 

Since there are a number of fields of study 
which deal with statistical properties of en- 
sembles, there are available a number of pos- 
sible methods for attacking problems in sta- 
tistical hydrodynamics. One procedure which 
naturally suggests itself is to follow the methods 
of statistical mechanics. This approach has 
recently been used by ONsAGER (1949). An- 
other procedure, which will be used in this 
study, is to follow the methods of the sta- 
tistical theory of turbulence. Indeed, this 
theory would seem to be a particular example 
of statistical hydrodynamics. Many of its 
statistical concepts are applicable to motion 
which is not ordinarily considered turbulent. 
In particular, they are applicable to well- 
organized large-scale atmospheric flow patterns. 

It is the writer’s opinion that statistical 
methods offer promising possibilities for re- 
search in many branches of hydrodynamics 
where they have not yet been employed. 
Possibly they may produce solutions to prob- 
lems which have not yielded to other methods. 
In the present study a familiar problem is 
treated by statistical methods. 


2. Mean flow and disturbance flow 


In this study we consider the problem of 
the interaction between a “mean flow” and a 
disturbance which is superposed upon it. 
Particular attention is given to variations of 
the partitioning of the total kinetic energy 
between the mean flow and the disturbance. 
This problem, applied to atmospheric flow, 
has recently received considerable attention 
(see Kuo, 1951). Our study differs from 
previous ones in that we treat the problem as 
a problem in statistical hydrodynamics. 

In connection with this problem it is natural 
to consider a different but closely related 
subject, namely, the stability of parallel flows. 
In dealing with this subject, which has received 
much attention for many years, one considers 
a parallel How, which by itself would constitute 
a state of equilibrium. Upon this flow a 
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perturbation of small amplitude is superposed. 
The parallel flow is said to be unstable if the 
amplitude of the perturbation increases as 
time progresses. A rather complete discussion 
of the stability problem, together with an 
extensive bibliography, has recently been 
presented by Lin (1945). 


The present problem, particularly as it 
applies to the atmosphere, is distinguished 
from the stability problem primarily in that 
the disturbance is not assumed to be of small 
amplitude. Instead, the total motion may be 
of arbitrary form. The mean flow is obtained 
simply by averaging the total motion along a 
certain direction, and the disturbance motion 
is simply the departure of the total motion 
from the mean flow. Thus, although at times 
the mean flow may be a close approximation 
to the total motion, or at least a prominent 
feature of it, at other times the mean flow may 
be no more than a statistic of the total motion, 
or perhaps may even vanish. 


Since the disturbance may be large, it may 
experience large changes in its kinetic energy 
as it grows or weakens. The source or sink of 
this kinetic energy is then a matter of im- 
portance. If the motion takes place under 
conservation of total kinetic energy, this 
source or sink must be the mean flow. Thus 
the mean flow also varies with time. From 
these remarks one may well infer that the 
motion under consideration is assumed to be 
governed by nonlinear equations, in contrast 
to the linearized equations frequently used in 


studying the stability of parallel flows. 


In spite of these distinctions, we shall find 
it convenient to borrow some terminology 
from the stability problem. Thus we shall say 
that the mean flow is unstable when the kinetic 
energy of the disturbance increases and that 
of the mean flow decreases. We shall call the 
mean flow stable when the opposite situation 
prevails. 

For simplicity we shall consider two-dimen- 
sional motion which is completely described 
by a stream function Ÿ, which varies with 
time f. The mean motion will be described by 
its stream function Ÿ, and the disturbance 
motion by its stream function y, so that 
EN ae EN 

We shall assume that the average kinetic 
energy per unit area is conserved during the 
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motion under consideration. This kinetic 
energy may be partitioned into two quanti- 
ties—the average kinetic energy E of the 
mean motion, per unit area, and the average 
kinetic energy & of the disturbances, per unit 
arca. It is the changes in this partitioning which 
we propose to investigate. Since the sum 
E + & is constant, it is sufficient to investigate 
the variations of E. 

When the motion is governed by linear 
equations, it is frequently possible to obtain 
time-dependent solutions. It is then easy to 
observe whether instability exists. Such a 
procedure is usually not possible when the 
motion is governed by nonlinear equations. 
In this event, it may still be easy to compute 
the initial value of the time derivative JE/dt, 
given the initial distribution of Y. In several 
recent studies (CHARNEY, 1952; Kuo, 1953; 
PLATZMAN, 1952) the initial value of 0?E/0t? has 
also been considered. In the absence of a time- 
dependent expression for E, these two time 
derivatives give certain information concerning 
the behaviour of E. Thus we shall say that the 
mean flow is unstable if JE/dt < 0, or, in the 
event that JE/dt vanishes, if 22E/9f? <o. 


In general, the value and even the sign of 


JE/dt are not determined by Y alone, but 
depend also upon y. Thus, in studies where 
changes of mean-flow kinetic energy are 
computed, and where these changes are 
assumed to be characteristic of the particular 
mean flow, a judicious choice of the form of 
the disturbance is essential. Granted that an 
investigator can make such a choice, he still 
may find it difficult to convince another in- 
vestigator that his choice is wise. 


We can eliminate the necessity of choosing 
a suitable disturbance stream function by 
treating our problem as a problem in statistical 
hydrodynamics. Accordingly, we shall con- 
sider an ensemble M, consisting of instanta- 
neous stream functions W. An ensemble, such 
as M, is nothing more than a collection of 
functions. We can specify a particular ensemble 
simply by listing its members, if the number 
of members is finite. To specify an infinite 
ensemble we may specify the properties which 
characterize its members. 


In the ensemble M, each stream function is 
assumed to possess the same mean-flow stream 


function W, but the disturbance stream func- 
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tions y are different for different members of 
M. The ensemble consisting of the disturbance 
stream function y will be denoted by u. It is 
related to M in that each member of M differs 
from a corresponding member of « by the 


function VW. 

Without computing JE/ot and 9°E/dt? for 
particular stream functions, we may obtain 
statistical averages of these quantities by 
averaging over all members of M. These 
statistical averages may depend upon the mean 
flow, but instead of depending upon any 
particular disturbance stream function, they 
depend upon the statistical properties of the 
ensemble containing the disturbance stream 
functions. The task of judiciously choosing y is 
now replaced by the task of judiciously 
choosing the statistical properties of u. It will 
soon appear that the latter task is the more 
straightforward one. 


3. Properties of the ensemble 


In this section we shall consider the statistical 
properties of an ensemble of stream functions. 
Since we propose to borrow a number of 
concepts from the statistical theory of turbu- 
lence, we shall frequently refer to this theory. 
Some of these concepts appear in the more 
general theory of stationary random processes, 
and we shall also refer to this theory, or to 
another special case of this theory, namely 
stationary time series. 

For simplicity we shall consider instanta- 
neous stream functions which are defined over 
an infinite plane with rectangular coordinates 
x and y, and which remain finite as x and y 
approach infinity. The statistical properties 
of an ensemble of stream functions yp (x, y) 
may be described by a set of probability 
functions pı (X, Ya» Wa), Pa (xs Yr Xa Po Vu 
Y2), etc. Here the differential 


Pn bee Vu X2,V 25 OOD) Xn» Yn> Vip Va. 200) Wn) 
dy,, dp2... dy, 


is the probability that if y is a member of u 
chosen at random, its value will lie between y, 
and y, + dy, at (x, yi), between y, and 
Ya + dw, at (Xs, ys), etc. 

Such probability functions are rather cum- 
bersome. For many purposes it is unnecessary 
to use them. In the present study it is sufficient 
to use certain statistical averages. We shall use 
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square brackets to denote an ensemble average, 
i.e., the average value of a quantity over all 
members of the ensemble. 


The function [yp (x, y)] is the ensemble 
average of y at the point (x, y). It gives certain 


specific information concerning u. The func- 


tion F (x, y, x’, y) = [y (x, y) y @&', y’)] gives 
considerable further information concerning 
u. It will be called the ensemble correlation func- 
tion for u. Its definition resembles that of the 
correlation tensor introduced into the sta- 
tistical theory of turbulence by von KARMAN 
and HOWARTH (1938), and, in fact, its second 
partial derivaties are components of a similar 
correlation tensor. Here we can use a scalar 
correlation function in place of a correlation 
tensor simply because we can describe the 
motion by a scalar stream function in place 
of a velocity vector. Still further information 
is given by the ensemble average of the prod- 
uct of the values of y at three, four, or more 
points, expressed as a function of the coordi- 
nates of the points. 


These ensemble averages may be rigorously 
defined in terms of the probability functions; 
thus 


Iv N= Sup (rv dp (0) 


F(x, y, x", y) = SS we 7, x, 7, PV) 
dpdy. (2) 


The existence of sufficiently well-behaved 
probability functions ensures the existence of 
well-behaved ensemble averages. We shall be 
concerned only with ensembles for which such 
averages exist. 


Our first problem is that of choosing a 
suitable ensemble for study, or what is sufficient, 
of choosing suitable ensemble averages [y{x, y)], 
(x, ysx,y/), etc. We shall attempt to make 
the ensemble as nearly random as possible, in 
the sense of avoiding as far as possible any 
preference for certain particular stream func- 
tions above certain others. To this end, we 
shall impose the following three conditions 
upon yt, which we shall call the conditions of 
reversibility, homogeneity, and isotropy, re- 
spectively: 
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1) For any function A (x, y), the probability 
that y (x, y) = A (x, y) equals the probabil- 
ity that y (x, y) =—A (x, y) 

2) For any function A (x, y) and any vector 
(£, 7), the probability thaty (x, y) = A(x,y) 
equals the probability that y (x, y) =A 
CESSE) 

3) For any function A (x, y) and any angle «, 
the probability that y (x, y) = A (x, y) 
equals the probability that w (x, y) = A 
(x cos a — y sin a, x sin & + y cos a). 

In the case of infinite ensembles, the proba- 
bility that w (x, y) = A (x, y) is almost always 
zero. The first condition should then be inter- 
preted as meaning that the probability that 
y (x, y) belongs to any given set of functions 
equals the probability that y (x, y) belongs to 
a second set, whose members are the negatives 
of the members of the first set. The second and 
third conditions should be interpreted anal- 
ogously. 

The reversibility condition evidently implies 
that the ensemble average of the product of 
the values of y at any odd number of points is 
zero, and, in particular, that [y (x, y)] =o. 
Attention will therefore be given principally 
to the ensemble correlation function F (x, y, 
x’, y). The homogeneity condition implies 
that F is invariant under a translation of coordi- 
nates, so that it depends only upon differences 
x — x’ and y — y’. Hence we may let F (x, y, 
x, y)=f (x—x,y—7y). The isotropy 
condition implies that f is invariant under a 
rotation of coordinates. Hence we may let 
where fr? = 
= (x —x’)?+ (y—y’)?. The restrictions placed 
upon the ensemble correlation function, or 
upon its derived tensor, by the homogeneity 
and isotropy conditions are evidently equiva- 
lent to those placed upon the correlation tensor 
in the study of homogeneous isotropic turbu- 
lence. 

The features of u in which we are most 
interested can thus be specified by choosing 
a single function fy (r) of a single variable. 
Before choosing this function explicitly, we 
must consider another type of average, a 
space average. This average is defined not for 
the ensemble but for each member of the 
ensemble. We shall denote a space average by 
braces. Space averages analogous to the en- 
semble averages defined by (1) and (2) are 
defined as follows: 
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{y(x, y)} = Aire, af fiver y+n) 
RER 


dé dn, (3) 
YX 
ex, lim I 
Ye) Gr À Y roe ff 
—Y—xX 


pxté, y+n) p(x’ +&, y+) dédn. (4) 


Evidently {y (x, y)} is actually a constant. 
Since two stream functions differing by a 
constant define the same field of motion, we 
may assume, without loss of generality, that 
{w (x, y)} =o for every member of u. Like- 
wise, the function {w (x, y) p(x’, y’)}, which we 
shall call the space correlation function, actually 
depends only upon the differences x — x’ and 
y—7. We shall let {w (x, y) y (x’,y)} = 
yg (x—x’, y—y’). . 

In dealing with stationary time series, it is 
frequently assumed that ensemble averages 
and time averages are equal. Such an assump- 
tion seems justified because in this case the 
members of an ensemble are supposed to 
atise from separate experiments performed 
under similar conditions, and the results of 
all the experiments are supposed to be statisti- 
cally similar. Likewise, in the statistical theory 
of turbulence, it may be justifiable to assume 
that ensemble averages equal space averages, 
if the ensemble is the result of several measure- 
ments made under similar conditions. 

Any such assumption would, however, 
place serious restrictions upon the present 
study. On the one hand, it would require that 
space averages be equal for all members of an 
ensemble. On the other hand, it would require 
that ensemble averages be unaltered by transla- 
tions in space. While either of these restrictions 
might be desirable in some studies, and the 
latter actually appears in this study because of 
homogeneity, the former will not be made. 
Thus, for example, we are free to consider 
an ensemble where neither large-amplitude 
nor small-amplitude disturbances are certain- 
ties, but both have positive probabilities. 

Although the two averaging processes are 
not identical, they are evidently commutative 
i.e., {[A]} = [{A}], for any function A (x, y). 
It follows, because of homogeneity, that 
[A] = [{A}]. Letting A = p(x, Yo (oy); 
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we find that 
ex, y =) = P@-% yy IG 


Equation (5) replaces the assumption of the 
statistical theory of turbulence that ensemble 
correlation functions and space correlation 
functions are equal. 

We now introduce the concept of the 
spectrum. The definition of the spectrum of a 
stationary random process, such as a time 
series, was made possible by the work of 
WIENER (1930) on generalized harmonic anal- 
ysis. The spectrum of turbulence was first 
defined by Taytor (1938), in terms of the 
time series obtained from observing the turbu- 
lence at a fixed point. The spectrum has more 
recently been defined by regarding the turbu- 
lent velocity as a stationary random function 
of the space variables. A similar definition of 
the spectrum is applicable to the stream func- 
tions in u. The motion need not be turbulent— 
it may even be expressible by simple analytic 
functions. 

In the theory of stationary random processes, 
spectral functions and correlation functions 
are Fourier cosine transforms of each other. 
In the present study we may define the spectral 


function y (a, b) by the relation 


ya ff @ (En) cos (af + bn) dB, 


(6) 
where & and 7 are dummy variables, whence 


it follows that 
+ bn) dadb. 


p (&, nf [rt b) cos (aë 
(7) 


The fact that y (£, 7) is a correlation function 
assures us that y (a, b) 20 for all values of a 

and b (see WIENER, 1930). 
Just as a time series may often be regarded 
as a superposition of periodic functions of the 
orm cos wf, so a stream function y may often 
be regarded as a superposition of periodic func- 
tions of the form cos (ax + by). Just as the 
frequency w/27 equals the number of periods 
of cos wt occurring per unit time, so the 
components a and b of the vector wave number 
(a, b), when divided by 2x, equal the number 
of periods of cos (ax + by) occurring per 
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unit distance in the x and y directions. The 
spectral function y (a, b) measures the portion 
of the variance of y due to each periodic 
component as a function of its wave number 
(a, b). More precisely, the variance of y, ac- 
cording to (7), is given by 


(y}=p(o0)= ff y (a6) dadb. (8) 


The differential y (a, b) dadb is the portion of 
{y?} due to periodic components with wave 
numbers between (a, b) and (a + da, b + db). 

A more detailed discussion of all the concepts 
introduced in the preceding two paragraphs, 
as they occur in the statistical theory of turbu- 
lence, has been given by Acostini and Bass 
(1950). 

Returning to the ensemble correlation func- 
tion, we see from (5) and (7) that 


AE, n) = f f [y (a, b)] cos (a& + by) dadb 
ows () 


The ensemble correlation function is, there- 
fore, the Fourier transform of the ensemble 
average of the spectral functions. 

To take advantage of the isotropy conditions, 
we express the vector (a, b) in terms of its 
magnitude k = (a? + b?)» and its direction 
a — tan! bla The periodic function cos 
(ax + by) then becomes cos (kx cos « + ky 
sin &). The scalar wave number k, when divided 
by 22, equals the number of periods per unit 
distance in the direction in which this number 
is greatest. The wave length 27/k is the distance 
between successive maxima. 

In terms of k and «, (9) becomes 


oo 27T 


fen=f flv &a] cos 


oO 


(RE cosx + kn sin «) kdkd«. (10) 
where y’ (k, «) = (a, b). From the isotropy 
condition it follows that [y’ (k, «)] is inde- 
pendent of a, since there is no preference 
within the ensemble for periodic components 
with one orientation over periodic components 
with another. We observe that 
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<= [cos (kE cos æ + ky sin a) dæ = Jo (kr), (17) 


where J, is the familiar Bessel function of order 
zero and r?= & + n?. Letting 2ak [y’ (k,«)] = 
= C (k), we find that (10) becomes 


f= J °C (k) Jo (kr) dk. (12) 


The problem of choosing an ensemble corre- 
lation function fy (r) has now been replaced by 
the problem of choosing an ensemble spectral 
function C (k). The choice of C is not com- 
pletely arbitrary, since C cannot be negative. 
Also, since the ensemble variance of y is given 


by 


wI=hO= [Cd (u) 


the latter integral must be finite. 

The function C (k) would seem to give a 
clearer picture of the nature of the ensemble 
than fp (r). If C is large primarily for large 
values of k, and hence for small wave lengths 
2a/k, the variance of y is due primarily to 
short wave lengths, according to (13), while 
if C is large primarily for small values of k, 
the variance of y is due primarily to long wave 
lengths. We may describe these possibilities in 
terms of the physical appearance of the fields of 
motion by saying that in the former case the 
stream functions are of fine detail, while in the 
latter case they are of coarse detail. 

It will also appear that by expressing fy (r) 
in terms of C (k) we may greatly simplify the 
computations. 

It does not seem possible to make w any 
more random by assuming a complete lack of 
preference for any wave length. The choice 
of a constant for C (k) might suggest itself. But 
according to (13), such a choice would lead to 
an infinite ensemble variance of y. We shall 
therefore speak of a random ensemble, meaning 
one which simply satisfies the conditions of 
reversibility, homogeneity, and isotropy. When 
no ambiguity arises, we shall speak of random 
disturbances, meaning disturbances which form 
a random ensemble. We must assume that 
even in random ensembles, stream functions 
of certain wave lengths are preferred, and we 
must expect our results to be expressed in 
terms of the preferred wave lengths. 
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4. Computation of the stability 


In this section we shall consider an ensemble 
of fields of motion, and investigate the be- 
haviour of [E], the ensemble-average mean- 
flow kinetic energy, by evaluating [E,] and 
[Ex]. Here and elsewhere in this section, the 
subscripts t, x, and y denote partial differen- 
tiation. As mentioned previously, we shall 
draw conclusions about the stability of the 
mean flow from these values. 

We must first consider some properties of 
individual members of the ensemble. For 
maximum simplicity, we consider the motion 
of a two-dimensional homogeneous incom- 
pressible nonviscous fluid in an infinite plane. 
The motion consists of a mean flow and a 
superposed disturbance. The x-axis is chosen 
parallel to the mean flow. It is convenient to 
regard the positive x- and y-axes as pointing 
eastward and northward. 

The motion is completely described by its 
stream function Ÿ (x, y, t). The eastward and 
northward velocity components are given by 
ne anda yt. We shall ‘consider 
only those stream functions for which u and v 
remain finite as x and y become infinite. 

The motion is governed by the vorticity 
equation, which we shall write in the form 

Y= 0 (U7 Pe VE) (14) 
Here V7? = 0?/dx? + 0?/dy? is the Laplacian 
operator, and V-? is the inverse operator of 
\/. The operator \7~? requires some explana- 
tions Lo. say. taegde= SZ bussstorsayäthat 
B = 2A. The latter relation, regarded as an 
equation for A, has many solutions when no 
boundary conditions are specified. On the 
infinite plane, which has no boundaries, at 
most one of these solutions remains finite as 
x and y become infinite. We shall restrict our 
attention to cases where this solution exists, 
and use the operator V-? to refer to this 
solution. 

The mean flow, or more precisely the mean 
eastward velocity, is defined as u (y, t). Here 
the bar denotes an average with respect to x; 
i.e., for any function A (x, y, f), 

x 
= lim i 
Ay) Xe [A kont)ax (15) 
DIX 
Por 
With our assumptions there can be no net 
northward velocity, so that v = o. Hence the 
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mean flow is completely described by its 
stream function 7 (y, ft). The disturbance 
motion is defined as the total motion minus 
the mean motion, and is completely specified 
by its stream function y (x, y, f). Hence 
De as 

Some properties of ensembles of disturb- 
ances were developed in the preceding sec- 
tion through the application of generalized 
harmonic analysis. Properties of the mean 
flow, as a function of y, may be treated simi- 
larly. Thus, analogously to (2) and (4), we 
introduce a correlation function G (y, y’) = 
= {u(y)u(y’)}. Since # is independent of x, 
the space average is effectively an average 
with respect to y only. Evidently G (y, y’) is 
determined by the difference y — y’, and we 
may let G (y, y) =g (y—y’). If we let 


co 


DN=- ib g (m) cos Indn, 


[6] 


(16) 
it follows that 


g(n)= J D cos ind. (7) 


The function D (I) is a spectral function for 4, 
which expresses variance as a function of the 
wave number /. Although it is as easy to 
specify a function #(y) at the outset as to 
specify a function D (l), the latter function 
brings out some of the properties of u, and 
also simplifies the computations. 

The average kinetic energy of the mean 
flow, per unit area, is given by E = 4 {w}, 
while the average kinetic energy of the disturb- 
ance, per unit area, is given by e = 4 {y + 
+ y}. It is the sum E + e which does not 
vary with time. 

We now consider an ensemble M of stream 
functions Y, with its associated ensemble u of 
disturbance stream functions y. We shall 
assume that af some initial time t,, each stream 
function Y possesses the same mean-flow 


stream function Y. We also assume that at the 
time ty, the ensemble u is random, in that it 
satisfies the conditions of reversibility, homo- 
geneity, and isotropy. Whether or not these 
conditions hold at any other time depends 
upon how the members of M behave under 
the vorticity equation (r4). 
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We may without ambiguity use square 
brackets to refer to averages over either M or 


u. For example, we may write that [9] = X + 
+ [y]. We must remember, however, that 
the homogeneity condition applies only to 
4, and not to M. Thus, although [{A}] = [A] 
if A is a quantity determined by y, this relation 
is not necessarily true if A is a quantity deter- 
mined by Y. 

Since E = 1 {#°}, it follows that E, = {n,} 
and Ey, = {u +un.!. To obtain expres- 
sions for [E,] and |E,| we first observe that 
4 = — (uv),, since u represents the mean 
eastward momentum, which can be altered 
only by the convergence of the meridional 
(northward or southward) How of momentum. 
This relation could also have been obtained 
through suitable manipulation of (14). We 
next note that wv = — WW, = — yy,. Since 
ensemble averaging and space averaging are 
commutative processes, we find that 


[El] = {u [yxYrly} (18) 
[Ex] =; {[(Px%y) 7] } + {ity [uv]:}, (19) 


the last term in (19) being obtained through 
integration by parts. Because of homogeneity, 
the space derivatives of [y.y,] vanish at the 
initial time f,, and [E,] = 0. We shall therefore 
base our conclusions concerning the behaviour 
of [E] upon the initial value of [E;]. 

The initial values of the two terms on the 
right side of (19) will be called T, and T,. They 
have somewhat different properties, and will 
be considered separately. The former term 7: 
is homogeneous of the fourth degree in the 
disturbance stream function y, and is inde- 
pendent of the mean flow. It depends entirely 
upon the initial convergence of the meridional 
How of momentum. The relation of the 
pattern of this convergence to the existing mean 
flow does not enter. The latter term T’, depends 
upon both the disturbances and the mean 
flow. We shall see shortly that it is homo- 
geneous of the second degree in y, and also 
in Ÿ. It depends upon the development of 
meridional flow of momentum. A positive 
value results from the development of a flow 
of eastward momentum from regions of 
low to regions of high mean eastward velocity. 

Evidently T, is never negative, since it 1s 
the ensemble variance of (i/”) ,, the convergence 
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of meridional flow of momentum. Since T, 
is of fourth degree in y, it is not determined by 
the ensemble correlation function, nor there- 
fore by the ensemble spectral function. We 
may therefore place the further restriction 
upon w that (uv), is a quantity whose ensemble 
variance does not vanish. Then T, > o. 

Since T, is of higher degree than T, in y, 
T, is the dominating term for disturbances of 
suthciently large amplitude, and T, is the 
dominating term for disturbances of sufficiently 
small amplitude. Large amplitude disturbances 
therefore favor stability. To determine the 
effect of small amplitude disturbances, we 
must examine T, in more detail. 

From the vorticity equation (14), it follows 
that 


[uo], = — [PV -* V7? Pe — FV Py + 
EOC BUS TE) IP (0) 


To simplify (20) we introduce the auxiliary 
function 
SON a) == 
= an CAE P, — VN? 2, à 
EN (ULES TON AE ei 


where (x, y) and (x’, y’) are two arbitrary 
points, Y stands for WY (x, y), X’ stands for 
YW (x’, y’), and the operator V involves only 
the variables x and y. It is evident that S (x, y, 
x, y) = [uv|.. From the relation = Yep, 
it appears that S contains terms of first, second, 
and third degree in y. Since the ensemble 
averages of the first and third degree terms 


vanish, and since Ÿ, also vanishes, (21) becomes 


S(x,y, x, y)= = 
er Nee [px CAVE LAVE Py + 
+ wy (P,V pe — Pu/* Py) «| (22) 


The second degree term 7729, [y 
— y; V2Y,lx has been omitted from (22), 
since it vanishes because of homogeneity. 
Upon introducing the ensemble correlation 
function F (x, y, x’, y’) = [py’], and noting 


that Fe =—F, and Fy, =—F,, we find 
that 
Sy, i) = 
= (ae Pe ay WF 


(23) 


+ 2 Uy Fy + yyy xx 
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We now introduce a second auxiliary 
function 


T (x, x, 7) = Ws ,x°, yh (24) 


where u’ stands for i (y’). It is evident that 
T (x, y, x, y)= Tz. Upon introducing the 
correlation function G (y, y’) = un’), and 
noting that Gy) = — G,, we find that 


21 ae a, 
+ Gy \/? F — 2 Gyyy Fy — Gyyyy F) wx (25) 


To simplify (23) further, it is convenient to 
express F and G in terms of the spectral func- 
tions C (k) and D (1), by means of (12) and 
(17). We first consider a special case, where y 
contains a single scalar wave number k, and 
u contains a single wave number |. In this case 
(12) and (17) simplify, and F = CJ, (kr), 
where r? = (x — x’)? + (y — y’)?, while 
G = D cos Î (y — y’). 

It is apparent that V?F=—k?F and 
Gy, = — À G so that 


IAE) = 
= (P—k) V7 (2 Gy Fy + GyF)xx (26) 


We may write F in the integral form 


2 0 
Fe Clan f cos (k sin x (x — x’) — 
(0) 


k cos « (y — y’)) de. (27) 


It then appears, after combining some terms 
through alterations of the variable of integra- 
tion, that 


PENA) FONG dh 


G2 mf (2 kicosa— i?) cos (k sine (x —x")— 
— (kcos & — |) (y — y'))dx. (28) 
It follows that 


V (2 GyFy + Gyy F) = 


2-0 


CD in k?— 2 kl cosa + 1)! 
O 


(— 2 kl cos « + I) cos (k sin « (x — x’) — 


—(keosa—I) (y—y')) dz (26) 
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Upon differentiating twice with respect to x, 
and then setting x’ = x and y’ = y, we find 
that 


T,= T (x,y, x, y) = —4 k2[2 CDI (k,l), (30) 


where 


IT 


[R-2klcos« +) (2 kl cos + B) 
(31) 


Te) EE 

ee 

F2 (12 — k?) sin? «da. 
Observing that 


2T 


we fe kl cos « + P)-1 cos na da = 


= eS 2)-1 (Uk if k>1, 
= (ER) (Re ifI>k, 


we see that 


(32) 


ifk >I, 


flak 63 


HD 10 pep 


Hence I (k, |) is a function of the dimensionless 
quantity //k, which vanishes when [/k <1, is 
continuous when //k = 1, and approaches 
unity asymptotically as l/k > co. 

We now introduce expressions for the 
ensemble-average disturbance kinetic energy, 
[e] = 4 [y + y], and the variance of 
vorticity of the mean flow, V = {uj}. Since 


[vee + Py YW] = — (Fax + Fy) = BF = 
Roi 


it follows that 
[1 = 1% (0) = HC 


Likewise, since 


pice ase 
Uy Uy fj 


Gy = PG = Pg (y —y’), 
it follows that 

Vie (CES P D 
Thus 

Te ze NET (34) 

Therefore, for the simple case, T, equals the 

product of [e], V, and a dimensionless quantity 
which vanishes if the disturbances are of 
shorter wave lengths than the mean flow, and 
which lies between o and — r if the disturb- 
ances are of longer wave length than the mean 
flow. Hence T, is never positive. 
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We now return to the general case, where y 
and # both possess continuous spectra. Here F 
and G are given by (12) and (17). The com- 
putation is similar to that of the simple case, 
except that it must be carried out behind 
integral signs. We find that 


T,=— f f & RPC (k) D (I) I(k, 1) dkdl, (35) 
where I (k, I) is still given by (33). In this case 


oo 


[el = SC (k)dk and V = f PD (I) di. 


[e] 

Thus 

Pe — [2] UI, (36) 
where Icp is a weighted average value of 
I (k, 1), the weighing factor being 1 k?l®C 
(k) D (D [e]"V!. We may of course regard 
(35) and (36) as together defining Ic,. Since 
the weighing factor is never negative, it 
follows that o<Icy<ı. Thus, T, again 
equals the product of [e], V, and a dimension- 
less quantity between o and — 1, and is never 
positive. 

A few special cases are of particular interest. 
Suppose that all the wave lengths present in 
the disturbances are shorter than all the wave 
lengths present in the mean flow, so that the 
non-vanıshing portions of the spectra do not 
overlap. In this case C (k) = 0 or D (I) = o if 
k < 1, while I (k, 1) = oifk = 1. Thus Icp= 0, 
and T, =o. Since T,> 0, the mean flow is 
stable. 

Another case of interest occurs when the 
mean flow possesses a jet, i.e., a rather narrow 
region of rather strong flow. The narrower 
and stronger the jet may be, the shorter the 
wave lengths in the mean-flow spectrum which 
account for a significant part of the variance. 
Thus, for any particular ensemble of disturb- 
ances, there will be some overlapping of 
spectra provided that the jet is sharp enough. 
In this case Icp > 0, whence T,< o. Therefore 
sharp jets tend to make the mean flow un- 
‘stable. 

We may now summarize the results of this 
section. We consider an ensemble of stream 
functions Y, whose behavior is governed by 
the vorticity equation. At some initial time, 
each stream function possesses the same mean- 


flow stream function Y% The ensemble of 
disturbance stream functions y is random at 
the initial time. We find that [E,] vanishes 
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initially, and so assume that the mean flow is 
stable if [E,] is initially positive and unstable 
if [Ey] is initially negative. We find that ini- 
tially [E,| is expressible as the sum of two 
terms T, and T,, of which T, is of fourth 


degree in y and independent of Y, and T, is 


of second degree in y and also in Ÿ. The term 
T, depends upon the initial convergence of 
meridional flow of momentum, and actually 
equals the ensemble variance of this quantity. 
Hence T, is never negative. It does not depend 
upon the spectra of the disturbances and the 
mean flow, and is positive rather than zero 
for suitably chosen ensembles. The term T, 
depends upon the development of convergence 
of meridional flow of momentum, and equals 
the product of the variance of mean-flow 
vorticity, the ensemble-average disturbance 
kinetic energy, and a dimensionless factor 
lying between o and — 1. Hence T, is never 
positive. It is determined by the spectra of 
the disturbances and the mean flow, and is 
negative rather than zero if and only if some 
wave length in the disturbance spectrum is 
longer than some wave length in the mean 
flow spectrum. 

It follows that stability is favored by disturb- 
ances of large amplitude and fine detail, and 
a mean flow of small variance and coarse 
detail. Instability is favored by disturbances of 
small amplitude and coarse detail, and a mean 
flow of large variance and fine detail. 


5. Maintenance of kinetic energy in the 
atmosphere 


A problem of fundamental importance in 
the study of the general circulation concerns 
the manner in which atmospheric motion is 
maintained against the dissipative effect of 
friction. This problem actually consists of 
several more specific problems, each con- 
cerning a specific form or component of 
atmospheric motion. In this section we shall 
touch upon two specific problems, namely, 
the maintenance of the total kinetic energy of 
the atmosphere against friction, and the main- 
tenance of the kinetic energy of the mean 
flow against friction. 

In regard to the former problem, we can 
state that the immediate source of the kinetic 
energy must be some other form of energy, 
presumably internal (heat and latent) energy 
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and potential energy. In regard to the latter 
problem we cannot make the same statement, 
for the source of the kinetic energy of the 
mean flow may be the kinetic energy of the 
disturbances, rather than another form of 
energy. Indeed, recent evidence (see Kuo, 1951) 
points toward the disturbance kinetic energy 
as an important source of the mean-flow 
kinetic energy. 

Accordingly, we shall base our conclusions 
upon the assumption that the atmosphere 
possesses a “kinetic energy cycle”, character- 
ized principally by the following three steps: 
a net conversion of internal energy and poten- 
tial energy into disturbance kinetic energy, a 
net conversion of disturbance kinetic energy 
into mean-flow kinetic energy, and a continual 
dissipation of both disturbance and mean-flow 
kinetic energy by friction. We thus disregard 
the possible conversion of internal energy and 
potential energy directly into mean-flow 
kinetic energy. 

We may regard the physical processes (other 
than frictional processes) which transform in- 
ternal and potential energy into kinetic 
energy, Or vice versa, as creating new disturb- 
ances, which become superposed upon the 
mean flow and the already-existing disturb- 
ances. For purposes of illustration, we shall 
describe one of the many processes which 
can create new disturbances. Suppose that the 
lower layers of the atmosphere are heated over 
a considerable area. The resulting expansion 
tends to lift the column of air above this area, 
causing a rise in pressure at upper levels. The 
new horizontal pressure gradients cause new 
horizontal accelerations, which lead to changes 
in the flow pattern other than those which 
would have occurred without the heating, 
1.e., a new disturbance. 

It is convenient to think in terms of new 
disturbances instead of the physical processes 
which create them. Thus we may describe the 
first step in the kinetic energy cycle as a net 
gain of kinetic energy through the addition 
of new disturbances. 

We shall now use the methods of statistical 
hydrodynamics to study the kinetic energy 
cycle. In particular, we shall try to determine 
whether the new disturbances which ac- 
company any given mean-flow pattern may 
form a random ensemble, or whether instead 
they must possess a systematic lack of rever- 
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sibility, homogeneity, or isotropy, possibly 
related to the mean-flow pattern. If we find 
that the ensemble may be random, we shall 
have described a mechanism capable of main- 
taining the total kinetic energy and the mean- 
flow kinetic energy; if not, our description 
will be incomplete, for then we must still 
explain how the physical processes involved can 
lead to a systematic lack of randomness. 

In order to apply the results of the previous 
section, we shall assume that the flow at some 
representative upper level, such as the soo 
millibar level, is governed by the vorticity 
equation, except for the effect of friction and 
the addition of new disturbances. We are thus 
assuming that the second step in the cycle, the 
conversion of disturbance kinetic energy into 
mean-flow kinetic energy, is governed by the 
vorticity equation. 

We now allow the flow, and hence the 
kinetic energy cycle, to proceed for an indef- 
initely long period of time, so that individual 
flow patterns, and in particular individual 
mean-flow patterns, will approximately repeat 
themselves indefinitely often. We assume that 
corresponding to any already-existing flow 
pattern the ensemble of all new disturbances 
is random, and that the same random ensemble 
corresponds to each flow pattern. It follows 
that this same ensemble corresponds to each 
mean-flow pattern. We wish to see whether 
this assumption is consistent with the assump- 
tion that the total kinetic energy and the 
mean-flow kinetic energy are continually 
maintained. 

At this point we should note that we intend 
to apply results obtained for a nonrotating 
infinite plane to a rotating spherical earth. 
Such a procedure may lead to erroneous 
results. A safer procedure would be to repeat 
the work of the previous sections, replacing 
the plane by the sphere. The correlation func- 
tions would then be expressible as series of 
Legendre functions rather than Fourier inte- 
grals. The computation of [E,] would then 
become rather awkward. To avoid this 
procedure, we shall first assume that qualita- 
tively the results obtained for the plane hold 
also for the sphere. Later we shall consider the 
effect of introducing a Coriolis parameter to 
account for the rotation. 

We first consider the maintenance of total 
kinetic energy. The addition of a new disturb- 
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ance may evidently either strengthen or 
weaken the existing flow. However, because 
the new disturbances are random, the en- 
semble-average total kinetic energy must 
equal the already-existing kinetic energy plus 
the ensemble-sverage rew-disturbance kinetic 
energy. Thus in the long run new disturbances 
add their kinetic energy, and the total kinetic 
energy may be maintained. 

We now consider the maintenance of mean- 
flow kinetic energy. Here we can apply the 
results of the previous section. For any specified 
random ensemble of new disturbances, either 
stability or instability may prevail, i.e., the 
mean flow may tend to strengthen or weaken, 
since [E;| may be either positive or negative. 
À mean flow will be more likely to strengthen 
if it is weak, or of coarse detail, and will be 
more likely to weaken if it is strong, or of fine 
detail. Thus there would seem to be a mecha- 
nism for maintaining a mean flow, whose 
average strength and average fineness of detail 
would depend upon the ensemble-average 
strength and the ensemble-average fineness of 
detail of the new disturbances. 

We must remember, however, that the 
new disturbances are superposed not upon a 
mean flow alone, but upon a mean flow and 
an already-existing disturbance. Hence we 
must also consider the possible interaction 
between a given old disturbance and a random 
ensemble of new disturbances. This problem 
may be treated analogously to the problem 
of the interaction between a given mean flow 
and the disturbances. It is found at a rather 
early stage that the contribution of this in- 
teraction to [E,] and [E,] is zero. Only the 
interactions involving mean flow need there- 
fore be considered. 

One might object that since [E;] is zero for 
random ensembles, the disturbances cannot 

ive up their energy to the mean flow, re- 
gardless of [Ez]. However, it is only the en- 
semble of new disturbances which is random. 
In rather crude language, we may say that 
new disturbances become old disturbances as 
newer disturbances are added, and then these 
old disturbances give up some of their energy 
to the mean flow. The ensemble of old disturb- 
ances corresponding to a given mean flow is 
therefore definitely not random. 

In order to take the earth’s rotation into 
account, it might seem desirable to introduce a 
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Coriolis parameter À, and use a vorticity 
equation expressing the conservation of abso- 
lute vorticity, the latter being the sum of the 
relative vorticity and the Coriolis parameter. 
Infinite values of À will be avoided if À is 
chosen as a sinusoidal function of y. If the 
work of the previous section is then repeated, 
it is found that the non-vanishing terms of 
[Ex] containing A arise only from disturbances 
whose spectra have wave lengths longer than 
the wave length of A. On the earth the wave 
length of A, i.e., the distance along a meridian 
covering one complete cycle of 2, is evidently 
the carth’s circumference. Since wave lengths 
in the earth’s atmosphere can hardly be longer 
than the earth’s circumference, the introduc- 
tion of À does not affect the results just ob- 
tained. 

We are therefore tempted to conclude that 
random new disturbances are capable of 
maintaining both total and mean-flow kinetic 
energy. Nevertheless, we must not present 
such a conclusion as an established fact, for our 
discussion has been far from rigorous. We 
have assumed that no mean-flow kinetic 
energy but only disturbance kinetic energy is 
obtained directly from conversion of internal 
and potential energy. We have assumed that 
changes of disturbance kinetic energy into 
mean-flow kinetic energy, and vice versa, are 
governed by the vorticity equation. We have 
assumed that results obtained for an infinite 
plane can be applied to a sphere. Finally, we 
have based our results upon first and second 
time derivatives, rather than time-dependent 
solutions. 

Although we have considerable evidence 
for answering in the affirmative the question as 
to whether random new disturbances can 
maintain mean-flow kinetic energy, we have 
done little toward answering the question as 
to whether such disturbances actually do 
maintain the general circulation, as it exists. 
It is difficult to answer the latter question 
through an observational study, since we 
cannot distinguish between a new disturbance 
and an old one by examining an individual 
weather map. Instead, it would appear neces- 
sary to resort to numerical prediction based 
upon the vorticity equation, and then compare 
the predicted with the observed change, to 
determine the new disturbance. To perform 
this process enough times to obtain reliable 
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information concerning ensembles of new 
disturbances corresponding to various flow 
patterns would be a formidable task, even 
with the aid of the most rapid electronic 
computing devices. 

We can throw some light upon the question 
by observing that even if random new disturb- 
ances can maintain mean-flow kinetic energy, 
they are not very efficient at doing so. That is, 
weaker disturbances can maintain an equally 
strong mean flow, or equally strong disturb- 
ances can maintain a stronger mean flow, if 
they form ensembles with a systematic lack 
of randomness. To see that this is so, we recall 
that in the expression (18) for [E,], only the 
term T, can be positive. This term depends 
only upon the initial convergence of momen- 
tum flow due to the new disturbances. The 
term T,, which depends upon the development 
of convergence of momentum flow, can also 
be positive if the new disturbances are not 
random. Indeed, even the first derivative [E,| 
can be positive if the ensemble lacks both 
homogeneity and isotropy. 

Recently, Kuo (1953) has investigated 
disturbances of a particular form, which 
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lead to a development of momentum-flow 
patterns closely resembling those found in 
the atmosphere. These disturbances have a 
systematic lack of homogeneity, their ampli- 
tude possessing a maximum in middle latitudes. 
Kuo’s results suggest that the ensemble of all 
new disturbances in the atmosphere may have 
a similar lack of homogeneity. 

In view of these observations, there would 
seem to be some doubt as to whether random 
new disturbances do maintain the mean-flow 
kinetic energy of the atmosphere, regardless 
of whether such disturbances can do so. The 
writer’s guess is that new disturbances are 
introduced in some systematically non-random 
manner, but that if they were introduced in a 
random manner, the mean flow would merely 
be weaker—it would not be absent. 
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Abstract. 


Following a publication in Berichten des Deutschen Wetterdienstes No. 38 p. 416 the 
present paper outlines a method for the approximate solution of the quasistatistical and 
quasigeostrophical basic equations in an arbitrary baroclinic atmosphere taking into con- 
sideration the normal boundary conditions. Certain influence functions are calculated for 
a standard atmosphere by means of a relaxation method, in these calculations it is assumed 
that the inhomogenius term of the differential equation is equal to unity at one grid 
point and disappears at all the other. The solutions permit us to determine the reaction of 
the atmosphere to a point source perturbation and calculate its horizontal and vertical range. 


Ausgehend von den klassischen Arbeiten von 
Rossby und seinen Mitarbeitern (1939, 1949) 
ist im letzten Jahrzehnt erneut der Versuch un- 
ternommen worden, durch Verwendung dem 
tatsächlichen Verhalten der Atmosphäre mehr 
und mehr angepaßter Modelle die Weiterent- 
wicklung atmosphärischer Felder und den diese 
Entwicklung einleitenden atmosphärischen 
Mechanismus mit physikalisch-mathematischen 
Methoden zu untersuchen. 

Die Verwendung idealisierter Modelle hat 
den Vorteil, daß man sich bei Inangriffnahme 
eines solch umfangreichen Programms anfäng- 
lich auf noch übersehbare Einflüsse beschrän- 
ken kann, die aber doch die Grundzüge nicht- 
stationärer Vorgänge enthalten. 

Die mit Vorhersagen an Hand einfacher 
Modelle gewonnenen Erfahrungen erleichtern 
den Übergang zu komplizierteren Modellen 
und das schrittweise Verständnis für den Ein- 
Auß hinzukommender nicht leicht zu über- 
sehender wetterbestimmender Effekte. 

Als erstes wurde das barotrope Modell der- 
artigen Vorausberechnungen zugrundegelegt: 
CHARNEY und ELIASSEN (1949), CHARNEY, 
FyorTOFT, VON NEUMANN (1950), Bown, 
CHARNEY (1951). SAWYER, BUSHBY (1951); 
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Staff members, University of Stockholm (1952). 
Die Gestalt der Topografien einer barotrop 
vorausgesetzten Atmosphäre ist unabhängig 
von der Höhe, so daß man es bei diesem Mo- 
dell lediglich mit einem zweidimensionalen 
Problem zu tun hat, wenn die Integration nur 
über einen infinitesimalen Zeitschritt ausge- 
führt wird (numerische Integration), die Zeit 
also in Differentialgleichungen, bei denen zeit- 
liche partielle Ableitungen nur von I. Ordnung 
auftreten, als unabhängige Koordinate heraus- 
fällt, da diese Ableitungen als abhängige Vari- 
able betrachtet werden. 

Auch in einer baroklinen Atmosphäre zeigt 
jedoch ein ausgezeichnetes Niveau, das man als 
äquivalent-barotropes Niveau bezeichnet und 
das sich weitgehend mit der Fläche verschwin- 
dender Divergenzen deckt, ein der barotropen 
Atmosphäre äquivalentes Verhalten. Dieses 
Niveau! wird in der Nähe der soo-mb-Fläche 


1 Die genauere Definition dieser Fläche ist die For- 
’ 
sn. @® A ; 
derung, daß auf ihr bee Bezeichnung siehe unter I. 
\ Ip 


an den Grenzen p=o und der Erdoberfläche 


02) 


Da 


| 
n | 


: Sc wo : 5 ¢ ? 
ein Minimum — # 0 aufweist, ist es naheliegend, in 


DEO 


vermutet und Berechnungen mit Hilfe baro- 
troper Gleichungen beziehen sich deshalb auf 
mittlere Schichten der Atmosphire. 

Bei Verwendung nichtlinearisierter baro- 
troper Differentialgleichungen ist man auf 
einen numerischen Lösungsprozeß angewiesen, 
(Lösung der barotropen Vorticity-Gleichung 
vom Poisson-Typ). Ein graphisches Vorhersa- 
geverfahren, das auch im täglichen Vorher- 
sagedienst anwendbar wäre, wurde von R. 
FJORTOFT (1952) entwickelt. Die barotrope At- 
mosphäre ist thermisch inaktiv. Um barokline 
Effekte und damit die dreidimensionale Struk- 
tur der Atmosphäre in die Rechnung wenig- 
stens teilweise einzubeziehen, wurden von N. 
Parts (1951), E. T. Eapy (1952) und A. 
ELIASSEN (1952) sogenannte 21/,-dimensionale 
oder sinngemäßer zweidimensionale Verfahren 
entwickelt, bei denen jedem Punkt der zwei- 
dimensionalen Mannigfaltigkeit 2 den verti- 
kalen Aufbau der Atmosphäre beschreibende 
Parameter zugeordnet werden. 

Bei dem Advektionsmodell von R. FJORTOFT 
(1950) wird in weitgehender Anlehnung an 
die Untersuchungen von R. C. SUTCLIFFE (1947 
zwar das dreidimensionale Anfangsfeld und 
damit thermische Advektionen beriicksichtigt, 
jedoch der vertikale Transport der potentiellen 
Temperatur ignoriert, so daß kompensierende 
Effekte durch Konvektion verlorengehen, wo- 
durch sicherlich der vertikale EinfluBbereich 
einer Störung auf die durch diese ausgelösten 
Tendenzfelder erheblich erhöht werden dürfte, 
siehe III. 

Die Anwendung vollständigerer Modelle auf 
Wettersituationen, die das Endziel derartiger 
quantitativer Betrachtungen nichtstationärer 
Vorgänge sein muß, erfordert zur Lösung der- 
art umfangreiche Rechenoperationen, daß bis- 
her mit tatsächlichen Wetterentwicklungen 
vergleichbare Resultate nicht vorliegen. Man 
hat sich bisher darauf beschränken müssen, die 
Gesetzmäßigkeiten sinnvoll zu formulieren und 
Lösungsmöglichkeiten zu erörtern: vgl. u. a. 
ELIASSEN (1948), CHARNEY (1949), STUMKE 
(1950, 1953), KLEINSCHMIDT (1951), HINKEL- 
MANN, ESSENWANGER, REYMANN, WIPPERMANN 
(1952). 

Alle bisher erwähnten Modellbetrachtungen 
erfassen lediglich quasistatische Prozesse, das 


mittleren Niveaus p & soo mb einen Extremwert von 


[02] B œo 
— und damit | — YO zu vermuten. 
7 ) |p 
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sind Vorginge, bei denen nahezu Gleichge- 
wicht zwischen den an einem Luftpartikel an- 
greifenden Kräften vorausgesetzt wird. 

Sie machen also weitgehend Gebrauch von 
spezifisch atmosphärischen Gesetzmäßigkeiten 
— statisches Gleichgewicht, geostrophische 
Windbeziehung—und verkörpern somit durch 
die Erfahrung gesicherte Eigenheiten atmos- 
phärischer Zustände. Soweit methodische Feh- 
lerquellen ausgeschlossen werden, muß von den 
Resultaten deshalb erwartet werden, daß diese 
die Vielzahl qualitativ gefaßter synoptischer 
Regeln quantitativ und ihrem physikalischen 
Gewicht entsprechend zum Ausdruck bringen. 

Der Vorzug einer solchen quasistatischen 
Betrachtungsweise, auf die sich die nachfol- 
genden Berechnungen bezichen, besteht darin, 
daß damit allein der synoptisch interessierende 
Wettertrend nämlich die zeitliche Veränderung 
gemittelter Zustände, also 


; NE: 
I 
are) 
t 
y = beliebige meteorologische Eigenschaft, 


erfaBt wird, magn. T = 1 Std, während der 
verwickelte zeitliche tatsächliche Ablauf inner- 
halb einer Zeit T, der stark mit wettermäßig 
bedeutungslosen Schwingungen durchsetzt ist, 
außer Betracht gelassen werden kann. Diese 
Elimination sog. meteororologischer Lärmvor- 
gänge wird bewirkt durch gewisse Verträglich- 
keitsforderungen für nicht streng gültige Re- 
lationen nach einem, von J. G. CHARNEY (1948) 
angegebenen Verfahren, vgl. auch K. Hinker- 
MANN (1951). 

Die Einbeziehung stärker ins Gewicht fallen- 
der Beschleunigungen, wie sie kleinräumig und 
kurzzeitig zweifellos auftreten, erfordert, auf 
die ursprünglichen Gleichungen der Dynamik 
zurückzugreifen!, Numerische Resultate sind 
damit jedoch erst zu erwarten, wenn schnell- 
rechnende instrumentelle Hilfsmittel zur Ver- 
fügung stehen, da zur Sicherung der Konvergenz 
numerischer Lösungen Zeitschritte in der Grö- 
Benordnung 10 min verwendet und damit sehr 
viele numerische Integrationsprozesse durchge- 
führt werden müssen, um eine Vergleichsmög- 
lichkeit mit den in synoptischen Karten re- 
gistrierten aktuellen Wetterentwicklung zu 


erhalten. Leider sind derartige von J.G. Charney 


1 vgl. dazu Fußnote Seite 5. 
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und I. C. Freeman im Institute for Advanced 
Study, Princeton durchgeführte Vorausberech- 
nungen bisher nicht veröffentlicht. 

Im folgenden wird versucht, einige wenn 
auch sehr primitive dreidimensionale barokline 
Vorgänge quantitativ anzugeben, wobei be- 
sonders die vertikale Kopplung zwischen den 
atmosphärischen Niveaus zum Ausdruck kom- 
men soll. 


I. Grundgleichungen 


Zur einfacheren Formulierung der Gesetz- 
mäßigkeiten benutzen wir künftig durchweg 
in Übereinstimmung mit der synoptischen To- 
pografiedarstellung ein Koordinatensystem mit 
p (Luftdruck) als vertikaler Koordinate. Die 
Höhe z über einer Fläche konstanten Schwere- 
und Zentrifugalpotentials (z. B. NN) wird da- 
bei als abhängige Koordinate betrachtet. Dif- 
ferentiationen nach horizontalen Koordinaten 
X1, Xy—im allgemeinen werden die geographi- 
schen Koordinaten A, @ verwendet —sind also 
stets bei festgehaltenem p auszuführen, insbe- 
sondere ist der horizontale formale Nablaope- 
rator definiert durch 


I CE 


~ acos po} 2 


Te 


1 1» 3 


a Oy 
a=Entfernung vom Erdmittelpunkt ~ 6370 km. 


Eine solche Transformation, bei der p und z 
ihre Rolle als abhängige und unabhängige 
Koordinate vertauschen, ist in (1948) von A. 
Eliassen durchgeführt worden, wo auch die 
nachfolgend verwendeten Grundgleichungen 
abgeleitet sind. | 
Die Vorticity-Gleichung schreibt sich — bei 

vernachlässigter Reibung — im p-System: 
d 


N : À ie 
— — 1:(VOXV,)= 0 n 
dt NDy + ir: ( 2) nr 


ni (vx v)+f 
i, = vertikaler Einheitsvektor, 
Zenit zeigend 


f = Coriolisparameter bee. 
v = zweidimensionaler Geschwindig- 


ZUM 


keitsvektor 
© = a = Vertikalgeschwindigkeit im p- 
System. 
d 0 
a = 7 +v:-V+o Ip 
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Bei Herleitung der Gleichung wurde von der 
Konstanz von g sowie der Gültigkeit der sta- 
tischen Grundgleichung (3) Gebrauch gemacht. 
Weiterhin wurde der aus dem Coriolisglied 
resultierende Term i, : (V x 2Qcos pis) sowie 


. © . 
die den Faktor — enthaltenden metrischen 
a 


Glieder außer Betracht gelassen. 

Bei weit ausgedehnten Feldern ist der Term 
i, - (V®xv,) sicherlich um eine Zehnerpotenz 
kleiner als die beiden verbleibenden Ausdrücke; 
der einfacheren Rechnung wegen werde des- 
halb in der Vorticity-Gleichung das gemischte 
Vektorprodukt gestrichen. Die Mitnahme die- 
ses Ausdrucks bedeutet jedoch keine prinzipielle 
Schwierigkeit. 

Mit dieser Vereinfachung schreibt sich obige 
Gleichung nach Eulerzerlegung und Zu- 
sammenfassung der Glieder wn,—yap: 


[42] 
M —7? (2) =—v-V7 (1) 
p 


Den 1. Hauptsatz der Thermodynamik ver- 
wenden wir in der Form 
dor Gr 


d Inÿ = 
sige gene P=COUSt: pi 02, %= = (2) 
Die Vorticity-Gleichung und der I. Hauptsatz 
in der Fassung (1, 2) werden in der quasistati- 
schen Betrachtungsweise nach Charney als ver- 
träglich angeschen mit den Gleichgewichts- 
bedingungen in der Form der 

a) statischen Grundgleichung: 


il 


I 


<i (3) 


ge 
b) geostrophischen Windbeziehung! 


v= nix Vez (4) 
iy 


1 Durch eine Modifikation dieses Gleichgewichtsan- 
satzes fiir den horizontalen Windvektor mit Hilfe des 
Philippsschen Ansatzes (1939) versucht H. STUMKE (1953) 
auch stärkere ageostrophische Windkomponenten z. B. 
in Frontalzonen in die quasistatische Betrachtungsweise 
einzubeziehen. 


Er setzt anstelle von (4) 


va Vir Vie 


mit V1 = — 
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Für erhält man aus (4) 


n=ir| 9 x (fix vz) |+fs Ge + fworin 


Los: | Pr @ sae all 
Sees a cosp| cosp AA? * dp Pop 
(42) 


(4) und (4a) in (1) eingesetzt ergibt mit der 


Abkürzung für die Tendenz Ce, 


dt 

f (2) if 
AT ne | ANG 5 
ç! N/» sg 9) 


Unter Verwendung der Abkiirzungen: 


Stabilitätsmaße. 


Ty (malign OG R /1 dq 
Em. ORNE CE CS 
at, rind) Al ee ) 


erhält man für Gl. (2) 


(In 9), — ws=goQ. Das ergibt nach waufgelöst: 


worin die beiden letzten Terme als Korrekturglieder 
betrachtet werden. Vernachläsigt man die geringe 
Variabilität von f und ebenso Produkte von Korrektur- 
gliedern, erhält man mit diesem erweiterten Wind- 
ansatz (mit Bezug auf ein cartesisches Koordinaten- 
system): anstelle (4a) 


n= M1 + Hk Mit M = 


anstelle (5) 


2 28 
Txx E ; | r Tyy E 5 <x] 
i 
4g I bat a) 
t Cyzxy . = 2 | 
j TE TxyZxy iG Wwe WY iin 2 va SF ! 
es | if ia 
{ n | |  — eo WG + yp) + =v ‘@-V7 
rR 1k 2) © - em es @ : i 
anstelle (6) 
ar ae a wo 
eo) {ip +Q+50r de se v,:@ v= 


wobei die unterstrichenen Glieder als Korrekturglieder 
gegenüber Gl. (s—6) auftreten. 
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und unter Verwendung von (3) und (Ind), = 


(5 


w= —Ÿ (r,+Q) (6) 

ae Reig dq 
Soweit nichtadiabatische Effekte 7, auBer Be- 
tracht gelassen werden oder 4 als bekannte 


Funktion der unabhängigen Variablen ange- 
nommen wird, sind alle Ausdriicke in den 
Gleichungen (5, 6) wegen (3, 4) Funktionen 
von z und deren Ableitungen nach den räum- 
lichen Koordinaten (innere Ableitungen) mit 
Ausnahme der Variablen t, w, die deshalb als 
abhängige gesuchte Variable aufgefaßt werden, 
die Funktion z ist dagegen zu einem bestimm- 
ten Zeitpunkt wenigstens prinzipiell in Form 
von Topographien vorgebbar. 


Mit 2 >o eine Bedingung, die stets als er- 
füllt angesehen werden soll, ist das System (s, 
6) von elliptischem Typ, es ist also eine Rand- 
wertaufgabe zu stellen. 

Die Randbedingungen werden geliefert 
durch die kinematische Forderung, daß durch 
die Grenzflächen p = o und die Erdoberfläche 
Z = 2 (%,,,%), bzw. pp (Ken 
Massenfluß nicht stattfindet. 

Wegen der Undurchdringlichkeit beider Flä- 


chen gilt: 
@|p=o = 0 (7) 
dz 
© v:72*) 
/_|\p=p* 
= Höhe der Erdoberfläche, bezogen auf eine 
Geopotentialfläche z. B. NN. (8) 


Allgemein sollen Werte an der Fläche z* künf- 
tig mit einem * gekennzeichnet werden. 

Setzt man auch in Bodennähe geostrophische 
Windverhältnisse voraus, so ergibt sich für (8) 
da vn 20 


> 


(TE ZM) no (8a) 
Da die quasistatischen Gleichungen in Äquator- 
nähe ihre Gültigkeit verlieren, kann die Inte- 
gration lediglich für ein Teilgebiet der Erde 
durchgeführt werden, für dessen seitliche Be- 
grenzungsfläche keine physikalische Randbe- 
dingung existiert. Für Kurzfristvorhersagen 
wird jedoch der Einfluß ungenauer Randwerte 
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mit zunchmender Entfernung vom Rand rasch 
abklingen, s. Abschn. III, so daß man die An- 
fangssituation z soweit über das eigentliche 
Prognosegebiet hinaus vorgeben kann, daß 
auch geschätzte t-Werte oder physikalisch 
nicht begründete Annahmen über das Verhalten 
von tT an der seitlichen Begrenzungsfläche das 
Integrationsresultat im Prognosegebiet selbst 
nur unwesentlich beeinflussen. Man kann etwa 
durch eine Extrapolation des bis zum Prognose- 
termin beobachteten Verlaufs von + zu einer 
sinnvollen seitlichen Randbedingung gelangen, 
oder auch durch gröbere Annahmen, z. B. 


ZU AT — O 


Für die spätere Lösung ist es zweckmäßig, ein 
cartesisches Koordinatensystem x, y, p ein- 
zuführen. Wir bilden zu diesem Zwecke die 
Kugelflächen gleichen Geopotentials mittels 
einer stereographischen Projektion jeweils auf 
eine Ebene ab, s. Fig. 1. Vorübergehend sollen 
Größen, die sich auf Kugelflächen beziehen, 
mit dem Index K, solche, die sich auf die 
Ebenen beziehen, mit dem Index E bezeichnet 
werden. 

Die Erdkugel werde vom Südpol (S) her auf 
die Ebene des Breitenkreises g, projiziert. Der 
Punkt PK gehe dabei in den Punkt PF der 
Ebene über. 

Wir wählen auf der Kugelfläche geogra- 
phische Lagekoordinaten À, p, aut der Ebene 
Polarkoordinaten x, r, deren Ursprung der 
Durchstoßpunkt der Erdachse sein möge. 

Dann ist « = À. Bekanntlich ist diese Abbil- 
dung winkeltreu, es gilt also nur das von Punkt 
zu Punkt veränderliche Maßstabsverhältnis m 
der Abbildung zu bestimmen. 


Der Fig. ı entnimmt man: 


ee ee u i sing d 
tgy =~ mit y= TRE (r+ sing) un 
dr 
er 
nd c 
Nun ist — = : - - (1 + tg*y) = 
do 2.c0s?y 2 


re I 
Damit wird: m =-— (2+? 
2 ac 
Der Zusammenhang zwischen r und @ wird 
vermittelt durch 
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Fig. 1. Stereografische Abbildung. 


7 r 
r=c-tey bzw. p= Zweig 
c 


Einfache Umformung unter Verwendung der 
Additionstheoreme ergibt 


1 
a COS = — 


m 

Die vertikale Koordinate p tragen wir dann 
im Verhältnis 1:1 über der Projektionsebene 
auf. Jeder horizontalen Lagenänderung dl auf 
der Kugelfläche entspricht dagegen eine Lagen- 
änderung mdl im transformierten System. So 
gilt beispielsweise für die Absolutbeträge der 
wahren Geschwindigkeit vX und der Bildpunkt- 
geschwindigkeit vE: 


\v=|= m|vX| und ebenso [VE] = = I 


Für eine skalare Größe y gilt nämlich: 


dy = py dp + pida= y, dr + Wada 


Pid ee) 
Wegen dÀ= dx gilt NE und wegen m = 
a eee 0 
Re gilt DRE 


Mit diesen Transformationsbezichungen ergibt 
sich für A 


1 Man zeigt mit dieser Beziehung sofort, dass auch 
rd te 
—— = m ist. 
acospda 


25 0 
= I ca © (cos x)|- 
a cosp Seu op P Ip 
ape ee 
ne BS ‘ Or\ or 
OP ete WE 
= (5 a) mA 


Für den später einzuführenden Jacobioperator 


CO) 
120 re, 
Nee | a 


0x1 OX» 
9 | 
D = Funktionaldeterminante = — Ge 7) gilt: 
OM X2) 
à à 2 a 
E I a Op _ Or Ou) _ 
J eR | Tee 
22 Op dr On 
à à 
9x dy 
= m? 9 2 = m? JE 
2 


Weiterhin folt aus dem bisherigen: 


vE.VE=vyK.YK 


g 
vE= m°kxXVEz 
i 


2 
vK.yK=£JK ES er EEE 
ae (252%) %i JE (eae) 
Fiir den haufig auftretenden Coriolisparameter 
ferhalt man: 


c?— y? 


u = c? + r? 
Q=Winkelgeschwindigkeit der Erde. 


Gleichzeitig sollen die Differentialquotienten 
der abhängigen Variablen 7 und w durch ent- 
sprechende Differenzenquotienten ersetzt wer- 
den. Wir führen dafür ein rechteckiges Raum- 
gitter ein mit der horizontalen Maschenweite 


Ax=A y=yp und der vertikalen Maschenweite 
AN) (10) 


wenn man sich noch anstelle der bei der Trans- 
formation benutzten Polarkoordinaten «, r 
kartesische Koordinaten x, y eingeführt denkt. 


K. HINKELMANN 


p=0 k=0 
V/2 

kK=% 
V 

k=% 


+ k=n-Ye 


Wo 
p= ph 1000 mb =n 


Fig. 2. Anordnung der Gitterpunkte. 


Das Raumgitter enthält endlich viele Gitter- 
punkte 
x= 1; Y= fs Pp kv: i,j, = 0, 1, L2 290 
=0,1,2..., wenn wir mit k=o p= 
identifizieren. 


Später werden auch Gitterzwischenpunkte k = 
— -+1/,, 2/,,..~ betrachtet. 


Die auf den Randflächen liegenden Gitter- 
punkte sollen als Randpunkte, die übrigen 
Punkte als Innenpunkte bezeichnet werden. 

Anstelle der stetigen Funktionen y (x, y, p) 
sollen im folgenden Gitterfunktionen betrachtet 
werden, die lediglich an den Gitterpunkten 
rf {x= iu; y=ju; p= kv} definiert sind und 
mit yj bezeichnet werden mögen (siche Fig. 2) 

Zur Vereinfachung der Schreibweise wollen 
wir jedoch anmerken, daß sich Größen ohne 
Indices stets auf den betrachteten Aufpunkt r? 
beziehen mögen, wenn Verwechslungen aus- 
geschlossen sind. Unter Verwendung der Trans- 
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formationsbeziehungen für A® und J* erhält 
man dann anstelle von (s—8) 


mer lee) (2) ]- 
m NG peg n/a 


= JE (zn) ut) 
= (tt PQ) (12) 
One oO (13) 


— 0 


(fea) nwo 


mit Eye = pie + we + pelt + ye 


m? 
M= = (2,2% )\o=p* 
Wir wollen fürs erste die Erdoberfläche mit 
der 1000 mb-Fläche identifizieren, so daß y* 
1000 mb 


=n; n= . Die dann auf ihr giiltige 


Beziehung (14) formen wir mittels des 1. Haupt- 
satzes noch etwas um: 
Wir ersetzen in (6) die Ableitung (t,), durch 


| 4 “ CT. 
deren hinteren Differenzenquotienten ~— é 


2 
und erhalten an der Fläche p = nv = 1000 mb: 


2 y 
De > (m — + = 


VOn - 


‘Kombination mit (14) in der Formulierung 


I . . 
32 an On + M; On = 20n (T—M) ergibt mit 


n 
der Definition oo = s 


On (: =: = =) 60, (cs M) bzw. 


2 


sa 


VSy 
; M (15 b) 


VS = vQn | 
Fre = Es 1 
Th 5 ) n-% 2 


“a 


Eine Größenordnungsabschätzung ergibt, daß 


: } vs . 
in praxi stets— <1, so daß mit ausreichender 
2 


Genauigkeit 
(: + =) » 1 gesetzt werden kann. (15 c) 
2 


Der Fehler wird umso kleiner, je labiler die 
bodennahe Schichtung ist. Wir wollen aus (11) 
Tellus V (1953), 3 
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und (12) noch die Variable w eliminieren und 
die Flichen p = const, fiir deren Gitterpunkte 
die resultierenden Gleichungen aufgestellt wer- 
den, so wählen, daB ihr gegenseitiger Abstand 
v, der Abstand von den Grenzflächen po 
und p= 1000 mb jedoch »/2 beträgt. 


Pirk=1-+ 1/,, 24 1/,, BEE er aes n—3 


erhalten wir durch Elimination von w aus (11) 
und (12) | 
(A+ Ops +) u DT — ops Teri — 
— %- Tea = u (2, 7) + 9 (&pr Qe 3 — 
— 45 Qk-3) == hp (16 a) 
22 
Mit ap + fen 2 
m“ y (om)e+3 


Wegen o|,-k-0o= 0 erhält man für die Fläche 


p=vl2; k= ur 


ST ken 


(4+ G+) a — DU — ar Terı = urlz,n)+ 
+ VOtp+ Qp+ 3 = hy (16b) 


Wegen (15a—c) erhält man für die Fläche p = 
1000 — 7/2; k= n—1/, 


AB mn 27 nn = 


= u (2, 4) + cn M+ 
Xn 
1B (= Qu Qi) he os 


2 2 
; es lt * On 
PC i 
MEY, 


Wählt man » = 1000 mb, so geht 16 (a—c) 
mit w,= o über in die Differenzengleichung 
der barotropen Vorticitygleichung 


AT > Ti = ur] (z,n), definiert fürp= 
soomb;. (16’) 


Mit » = soo mb erhält man entsprechend ein 
Zweiflächenmodell (k = !/,k =3/, =n—1};) 
mit 2 gekoppelten Gleichungen in den Auf- 
punktsflächen p = 750, 250 mb, das weitgehend 
mit den sogenannten 21/,-dimensionalen Mo- 
dellen nach N. Philipps, E. T. Eady und A. 
Eliassen übereinstimmt: 

Eady benützt die Vorticity-Gleichung in der 
vereinfachten Form: 


eh MO 
mit Vi x O 
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Das ergibt mit » = soo mb und w (p = 1000 
mb) = o folgende zwei Gleichungen — die 
Zahlenindices kennzeichnen die Niveauflä- 
chen —: 


(Naso)e+ pr D500 = — V750° V 750 


(N250), 5090 = — Va50 * V M250 


‚in welche man sich mit (4) und (4a) anstelle 
von v und n die Variablen z,,, und 2,,, ein- 


geführt denke. 


Mit den neuen Variablen 


we 


I Al 
= (2250 2750): “er = en D 
I 


D=7. (2250 — 2750); eue = V+ 2 (D 


— 108 — 199 


ergibt eine Addition obiger 2 Gleichungen: 
SP CET) 
und entsprechend eine Subtraktion: 

= ANNEE Lp Oe A®)+ J @,A¥+f) 
Elimination von @59) geschieht mittels des I. 
Hauptsatzes (6) unter Vernachlässigung von 


dq. 
dt © 


509 = — Ge PON Zp) 500 


500 


Wir ersetzen hier die Differentialquotienten 
durch Differenzenquotienten und v.59) durch 


I 
5 (Vaso + Va50) =irx VW und erhalten: 


[B+ J (P, ®)] 


500 = 
500 


Nach Einführung dieses Wertes fiir 59) ergibt 
die Subtraktionsgleichung schließlich: 


(3 —2)8-7@ APCE 


V°0500 
2 f? 


2 


v"O500 


te] (Es D) SERRE 
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In dieser einfachen Form ist also eine Separation 
der beiden abhängigen Variablen durchführbar, 
so daB lediglich zwei zweidimensionale Diff. 
Gln. zu lösen verbleiben. Gl. 16’ und 16” 
stimmen im wesentlichen mit den entsprechen- 
den Gln. (15 und 17) von E. T. Eapy (1952) 
überein. 

Eine Abzählung bestätigt, daß durch (16) 
zusammen mit den seitlichen Randbedingungen 
ebensoviele Gleichungen, nämlich für die inne- 
ren Gitterpunkte, gebildet werden können wie 
Unbekannte, nämlich die t-Werte der inneren 
Gitterpunkte, darin auftreten. Die Lösung des 
algebraischen linearen Gleichungssystems (16) 
liefert eine Approximation der Lösung des 
Differentialgleichungssystems (s—8). Liegt eine 
Lösung für t an den inneren Gitterpunkten vor, 
so findet man die t-Werte an der Randfläche 

— p*, sowie die weiteren meteorologischen 
Gitterfunktionswerte durch einfache Differen- 
zenprozesse unter Verwendung der Relationen, 
die zur Reduktion der hydro- und thermo- 
dynamischen Gleichung auf das System (16) 
herangezogen worden sind, z. B. 


een 


v n 
On = LOn | Tn-3 — aes 


PQ | Pin ag 
2 


Ta = Th _ 


(17) 


Da ‚us en) 


Integrale Beziehungen, wie sie z. B. die Ten- 
denzgleichung!, die man durch Integration von 
(x) zwischen den Grenzen p = o und p=p= 
1000 mb unter Verwendung von (13, 14, 4’) 
erhält, zum Ausdruck bringt: 


p=1000 


Ty = 2 On + M= 2 [Ge M= 
LOn LOn dt 


p=1000 
I 


m? 
Fe 7 (AT+J (1) + © A 2) dx + M 


1 Künftig wird der Index E wieder fortgelassen, da alle 
Operationen sich auf das projizierte Ebenensystem be- 
ziehen sollen. 
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werden durch die Lösung automatisch befrie- 
digt und können deshalb zur summarischen 
Kontrolle der Richtigkeit bzw. Genauigkeit 
eines gewonnenen Näherungslösungsergeb- 
nisses benutzt werden. 

Soll berücksichtigt werden, daß die Fläche 
p*, die bisher mit der 1000 mb-Fläche zusam- 
menfallend angenommen wird, von x und y 
abhängt, so hat man für deren Randnachbar- 
punkte eine variable Maschenweite » (x, y) 
einzuführen und die Koeffizienten in (16c) 
modifizieren sich entsprechend. Wir wollen 
annehmen, daß p* für einen bestimmten Git- 
terpunkt i, j zwischen den Punkten k* » < p* < 
(k* + 1) » liege, dann sei v*= p*— EX », siehe 
Bir. 3: 

Im Punkte p= k*» gilt näherungsweise: 


2 2 
f reel I 


Sri | 2) (2 |- 
mg be LAH ee 


= u? Jes (2, 9) mit 


* 
I(x, y) == +" «(pt keys 29) 


v v 


À Tex 


Anstelle von (15) erhalt man 
OX = go* (Tex — v* Q* — M) 
TX = Tyx — VX QX + 5* XM 
und damit anstelle von (16c) 


x 
& Ok > px 
(a+ ‘eel ) Tex Dub — Ge Ter-ı = 
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1 al: 
J 

Variable Maschenweite bei unebener Erdober- 
fläche. 


igs) 3) 


ere 
= u? Jrx (2 n) +7 M+ a (v¥ac* Q* — var Qux-3) 


Zur Einführung von »* (x, y) bzw. 1 (x, y) 
ist die Kenntnis des unreduzierten Bodendrucks 
p* (%, y)ram Erboden 2% (x,y) erforderlich, 
Jedoch wird man die Funktion p* (x, y) in 
erster Näherung unabhängig von der Zeit an- 
setzen können. Im folgenden soll also weiterhin 
von der Approximation p* & py, = 1000 mb 
Gebrauch gemacht werden. 


To be continued in the next issue of this journal. 
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Abstract 


Electrification of snow and related phenomena were investigated by measuring: (I) the charge 
of snow when pouring it from a vessel into a funnel, (2) the charging of an insulated target when 
letting snow hit it as well as the charge of the scattered snow, and (3) the charge in air from blow- 
ing snow. Specific, basic phenomena were separated. The charge of larger snow particles 
collected was dependent on the temperature and on the material of the target. The properties 
of the surfaces seem to be of importance in these phenomena. Enhanced charges of both po- 
larities were measured in air by ion-counters. It seems that these charges are not due to ions, 
but may be attributed to very small snow particles suspended in air. A complete insight into the 
whole problem of electification of snow might be obtained by a systematic consideration of 


all these specific phenomena. 


I. Introduction 


The problem of electrification of snow, 
known for a long time, has recently been in- 
vestigated anew, taking into consideration dif- 
ferent points of view. Some of these investiga- 
tions (1), (8) are connected with the so called 
precipitation static, i. e. the electric perturbances 
arising in telecommunication when an airplane 
flies in a snow cloud. Another field, in which 
it is of importance to know the phenomena 
of electrification of snow, is in connection with 
the production of electrical charges during 
thunderstorm conditions. Several investigations 
in this field have recently been published. (7), 

3% 

fae of the authors (H. Norinper) has dis- 
cussed the possibilities of the genesis of a special 
type of atmospherics within snow showers (6). 
These ideas led us to undertake the present 
investigation, but some other more general 
points of view will also be discussed. 

Some difficulties arose at the beginning when 
using snow as the substance of electrification 
and therefore some preliminary experiments 
were carried out by using sugar. Measurements 
were made to clarify some general phenomena 
observed when pouring substances; it was as- 


sumed that similar properties may also be ex- 
pected for snow. This assumption appeared not 
to be fully correct because of a difference in 
order of magnitude of electric resistivity be- 
tween. sugar and snow. The resistivity of snow 
is smaller and therefore some difficulties which 
arose when working with sugar (rest charge), 
do not appear when using snow. To clarify this 
subject, the resistivity of snow was also mea- 
sured. The electrification of snow and related 
phenomena were investigated by measuring: 


(x) the charge of snow when pouring it 
from a vessel into a funnel, 

(2) the charging of an insulated target on 
which snow was blown and the charge 
of the scattered snow, and 

(3) the charge in air during condition of 
blowing snow. 


2. Arrangement of the experiments 


1. Measurements of the resistivity of snow. If a 
charged Wulf electrometer was connected with 
a metallic rod embedded in the given substance 
placed in a grounded metallic vessel the fibres 
of the electrometer dropped together in the case 
of sugar, but the dropping could be seen and 
studied. In case of snow, however, the dropping 
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Fig. 1. Device for measuring the resistivity of snow: (R) 

resistor of the substance under consideration S, T trolitul 

tube, A and D brass plugs; E electrometer, C high quality 
condenser, B battery, K key. 


was instantaneous. It was even impossible 
to determine the resistivity of the snow, by 
means of a bridge by which resistivities up to 
10702 could be measured. Therefore a method 
must be used by which higher resistances can 
be measured. The device used is shown in Fig. 
1. A tube T made of very good insulating 
material (trolitul) was closed at both ends with 
the brass plugs A and D and filled with the 
substance under investigation. One plug was 
grounded, the other was connected to theWulf- 
electrometer E with the aid of a screened cable 
of very good quality. A condenser C=o.1 uF, 
also of very good quality, was installed in 
parallel with the electrometer. The whole sys- 
tem was charged by a battery B. Resistivity 
of the substance under examination was deter- 
mined from the fall of the potential. 

2. Pouring snow. The device used is shown in 
Fig. 2. Snow was poured from a vessel into the 
funnel F. A cylindrical collector C was placed 
on the polystyrene insulators I in the screening 
vessel Sc. The collector was placed outdoors 
and connected with the Wulf bifilar electrom- 
eter through a high quality screened cable. 
The electrometer was placed in a closed room 
at room temperature. The following vessels 
and funnels were used: (1) metallic, (2) paper 
coated, and (3) paper coated impregnated first 
with water which was frozen and after that 
covered with ice by repeated immersion in 
water and freezing. Pouring snow was quite 
difficult. The vessel from which the snow was 
poured, had to be shaken all the time by hand, 
and in the funnel the snow had to be scroped 
from time to time with a rod. 
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3. Blowing snow. A device for snow blast 
was built as shown in Fig. 3. Snow was poured 
into a metallic funnel F connected with a 
flexible tube T. Air was blown into the tube 
by an electric driven blower B. Snow did not 
always pour continuously into the gap between 
the funnel and the nozzle of the blower, and it 
had therefore to be poked by a stirrer S from 
time to time. But on the whole the device was 
suitable for obtaining a jet of snow which could 
be blown in the air off on to different targets, 
for instance on an insulated plate. The plate 
was charged up to a comparatively high poten- 
tial even by using small quantities of snow so 
that once by slight carelessness the Wulf elec- 
trometer connected with the plate (Situation I, 
Fig. 3) was so highly charged that one fibre 
was attached to the field plate. Shorter sparks 
were occasionally obtained from the plate. The 
charging of the plate was measured by a Wulf 
electrometer E (Situation I, Fig. 3). The charge 
of the scattered larger snow particles was meas- 
ured in the collector C (Situation II, Fig. 3). 
The charge varied depending upon whether 
the plate was insulated or grounded (Situation 
Il, Fig. 3). 

4. Measurements of the charge in the air. It was 
evident that from blowing snow particles of 


5 COUR EP EUR RE 

0 2 4 6 8 10 20 cm 

Fig. 2. Device for experiments by pouring snow: F 

funnel, C collector, I polystyrene insulator, Sc screening 
vessel, E connector for cable to electrometer. 
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Fig. 3. Arrangement for experiments by blowing snow: B air blower, F funnel, S stirrer, P plate of various 
materials, Ins polystyrene insulators, E electrometer, C collector, Sc screening vessel. 


smaller size also could be expected to be present 
in the air and it was impossible to collect these 
suspended particles in a collector. The charge 
carried by these small snow particles and pos- 
sibly also by the air itself, if ionized, may be 
measured as the net charge, as done by other 
authors (7), but it is preferable, if charges of 
both polarities are present, to separate them. 
It was attempted to make this separation by 
measuring the charge in air with ion counters 
by which method it also could be determined 
if ions were produced by blowing snow. The 
ion counters used were those used at the Insti- 
tute for measuring ions in the atmospheric air: 
one ion counter for small ions equipped with 
a Weger condenser (10) and one Israël large- 
ion counter (9). The snow blast was arranged 
in a gap between the observation cabin, where 
the counters were placed, and a wagon on one 
side of it (Fig. 4). In this way the space, where 
snow was blown, was partially screened from 
winds, although a slight draught prevented us 
from obtaining an even “snow atmosphere”. 
Therefore, if more definite conditions were 
desirable, a better screening would be necessary 
in order to eliminate the difficulties caused by 


the wind. The snow jet was blown on a plate 
P and in some experiments also directly into 
the air. 


Zi 
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BSSSS 


that 


0 1 2m 
| Eee een ee] 


Fig. 4. Arrangement for measuring of charges in the air 

with ion counters when blowing snow: B pipe of snow 

blast, P plate, W small-ion counter with Weger condenser, 

E Ebert counter, Is Israël large-ion counter, V vacuum 
cleaners. 
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30 min 


Fig. 5. Increase of the resistivity of snow with time and variation by changing polarity of the system; (a) loosely 
poured snow, (b) more shaken snow. 


3. Some considerations on the electrification 
of snow 


a. The reason for electrification. Snow or ice 
crystals may be electrified in various ways: 

(1) The ice may be charged when water is 
freezing (14), (5). 

(2) Completely formed and uncharged ice 
crystals may be electrified when falling through 
ionized air, as has been assumed by several 
authors. A summary and references on this sub- 
ject may be found for example in a paper by 
WICHMANN (13). 

(3) Completely formed and uncharged snow 
particles will be charged by touching other 
bodies. Contact potential, friction and frag- 
mentation of snow crystals may be the cause 
of electrification in this case. 

Only the last effect is of interest in our 
experiments. 

b. Electrification in our experiments. There are 
three entities which may be electrified and the 
charge of which can be measured when snow 
is falling on a target: 

(t) The snow itself, particularly the larger 
snow particles which may be collected and 
measured; 

(2) The target may be electrified because, 
if snow particles are charged, at least some 
other object must be present which could be 
electrified with the opposite electricity and this 
can be the target touched by the snow; 

(3) The air; electrification of snow and target 
takes place in air and therefore the air may 
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also be electrified. From our measurements it 
was not possible to determine whether the air 
was really electrified, i. e. if ions were formed 
in air by electrification of snow, or the charges 
measured in air could be attributed to very 
small snow particles suspended in the air. It 
seemes to us that the latter assumption is more 


likely. 


4. Results and discussion 


1. Resistivity of snow. As might be expected, 
the resistivity of snow was highly variant de- 
pending upon the variation of its structure, 
but the order of magnitude (Table 1) was the 
same as that of ice measured by JOHNSTONE (4). 
It was attempted to characterize the snow by 


Table 1. Resistivity (in 106 () cm) of snow. 


Snow | Loose- 


Tempe- Shak- | Pack- 

Date | ature Ce ae a al © ed 

| | | 
1953 

Jan. 29 —2 == 2600 470 70 
Heben 235-2 50:13 620 300 28 

na. Rp) oué 62 15 — 
0.22 200 2 67 
0.51 77 44 27 
Feb. 9 —8 0.47 100 60 79 
—8 0.09 440 170 60 
Feb. 5 ==) 0.25 | 2430 — 400 
HÉDARC SRA 0.2 170 90 500 
HeD Yu —16 Onley 900 440 200 
Ain) 0.30 700 210 190 
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its density, which also is variable. A definite 
dependence on the temperature could not be 
found. 

The obtained variations of the resistivity of 
snow may also be related to some other phen- 
omena (Fig. 5). The resistivity of snow poured 
into the holder increased with time. If the sign 
of the electrical charge applied to the system 
was changed, the resistivity returned to the 
smaller initial values but thereafter increased 
again. 

Resistivity of sugar was of the order 1—3 x 101? 
2 cm. It is evident that in order to obtain more 
definite information about the electrical resis- 
tivity of snow, more careful measurements must 


be carried out. Electrical resistivity is also a 


quantity by which electrical properties of the 
substance are characterized, and, as has been 
shown, no difficulties arise in measuring it for 
snow if one uses modern insulation materials. 
In our case it was only important to obtain a 
general idea of the problem and the most im- 
portant conclusion was the following one: al- 
though the resistivity of snow is comparatively 
high, it is considerably smaller than that of 
sugar, and therefore difficulties caused by the 
rest charge observed in case of sugar should not 
be expected to be of importance when working 
with snow. Thus the difficulties one might ex- 
pect from working with sugar did not appear 
because it may be expected that if electrified 
snow particles fall in a heap, the charges of the 
particular particles will be completely distrib- 
uted over the heap and hence the charge would 
disappear if the system were grounded. In ad- 
dition we may also conclude that results of 
investigation of electrification obtained by using 
substances of very high electrical resistivity (as 
sugar, perhaps also quartz) cannot be applied 
to substances with low resistivity, (e. g. snow) 
without particular considerations. 

2. The electric charge on snow falling into a 
tunnel. Under the same conditions snow was 
negatively charged when falling on a metallic 
surface or an ice surface and positively when 
falling on a paper surface (Table 2. Jan. 26, 
30, Feb. 9), although under other conditions 
it was negatively charged when falling on a 
paper surface (Table 2. Feb. 7). Thus the same 
snow obtained charges of different sign depend- 
ing on the character of the surface which was 
touched. The properties of the other entities 
determined the charge and also the polarity of 
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Table. 2. Electric charge in 10 ~~ coulombs per I g 


snow when pouring as dependent on various 


factors. 
Tempe-| Date 
PAR See AS rature | Weath- 
Metal | Ice | Paper Ze er 
1953 
(—) 0.38](—) 0.35](+) 0.37| 0.5 —4 | Jan. 26 
(G)0:29 
Gr) ol) 0.3|(+) r.3| 0.24 | I | Jan 30 
(—) 0.96 0.22 —7, | Feb. 3 
(—) 1.00 drifted) 2A 
(—) 18.4|(—) 1.0| *) 0.25 —8 | Feb. 5 
8:6 strong 
(=) 15.2 wind 
(—) 35-4|(—) 0.88] *) 0.29 —12 | Feb. 6 
(ISS 1005 
(—) 39-4|(—) 0.45 
—) 0.42 
—) 0.93 
—) 1.19 
—) 0.96 
ER O 0.72) 1.561 03 —-16| Feb. 7 
) 23.0](—) 0.55|(—) 1.36} old wind 
=) 2B O) (—) 1.35] granu- 
—) 19.0 (—) 1.44] lated— 
qj) 224 
(—) 2.40 
)E29:0 (2) 2.25) O20) 0207, 
) 26.6\(—) 0.53](—) 0.12] fresh 
soft 
—) 1.35 *) 0.47 —0.6| Feb. 9 
(—) 1.05 old —8 | wind- 
Shots granu- less, 
lated snow 
(—) I.10|(—) 0.39| *) falling 
(—) 0.47|(—) 0.15 
(—) 0.94|(—) 0.26 
(—) 8.7 |=) 1.45) 2.7 0.09 
(—) 7:1 |(—) 0.93|(—) 1.5 | fresh 
(=) Wee Funnel 
heated 
up 
(+) 0.67 
(+) 0.58 
(+) 0.45 
(+) 0.60 


*) Indefinite, collector discharged independent 
on the polarity of the charge at the beginning, 


the falling snow. The magnitude of the effect 
was also dependent on the structure of snow 
and on the temperature. At lower temperatures 
the effect was greater. 

3. Charge of an insulated plate when hit by 
drifting snow. A similar and more marked effect 
was established when a jet of blowing snow 
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ON THE ELECTRIFICATION OF SNOW 


Table 3. Charge on insulated plates of various ma- 
terials when blowing snow. 


Charge in 10-10 coulombs 
per I g snow 


Date and 
Plate Plate at the beginning [temperature 
(+) (—) un- 1953 
charged] charged|charged 
Aluminium |(+) Be 16.8 Feb errr 
(+) 8.5|(+) 12.8 Æro 
EI 5-8 (4) 7.2 
ee 12.2]|tehr 14, t= 
(+) 13.0|— 5° C 
Pasteboard |(—) oe Dairy RO, HE — 
(—) 37-4|(—) 23.0 HUE 
(—) 36.1|(—) 24.4 
(—) 22.8|Feb. 14, t = 
25-0) 7°C 
| (—) 29.6 
(—) 25.6 
Pasteboard |(+) 10.0/(+) 18.6](+) 10.2|Feb. 13, t = 
covered (+) 6.3!(+4+) 13.0)(+) ı1.8|—10° C 
with ice (SM (ES al) 
(+) 8.5 
Wood —) 13.6|Feb. 14, t = 
=) UR GC 
—) 12.2 
—) 14.6 
Bakelite —) 11.9|Feb. 14, t = 
1178 © CG 
(—) 11.2 
(—) 16.8 
Plexiglas (+) 9.0|Feb. 14, t = 
(+) <6.3|-— oc 
(SE) ze 
(9:7 


struck different targets: metal and pasteboard 
covered with ice were positively charged, 
pasteboard, wood, bakelite were negatively 
charged, but a better insulator such as plexiglas 
was charged positively (Tables 3 and 4). The 
charge obtained on pasteboard was very large. 
A snow block also obtained a very large charge 
(Table 4). On the other hand the charge of a 
metal plate was very dependent on the quality 
of the surface, a greasy iron plate obtained 
sometimes positive and sometimes negative 
charges. Also here the effect was, in general, 
larger at lower temperatures. 

4. The importance of the surface. It seems that 
these experiments conclusively show the im- 
portance of the character of the surfaces touched 
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by the snow particles. This is shown still better 
by experiments at temperatures close to zero. 
In such cases a dry pasteboard and a dry wood 
plate were negatively charged, but the charge 
became positive if the plates were wet (Table 
5). A similar effect of changing polarity was 
also observed on metallic surfaces although 
not so marked. It may seem that this effect 
could not be of importance for electrification of 
snow under natural conditions, but we do not 
think so, because the properties of the surface 
of individual snow flakes, snow crystals, par- 
ticularly graupel grains may also be different de- 
pending on various circumstances of this effect, 
possibly modified, may therefore also be ex- 
pected under natural conditions in the air and 
in clouds. The different charging of various 
targets when struck by blowing snow is of 
basic importance because so many varying con- 
ditions have been observed to affect snow elec- 
trification. If the properties of the surface of 
the bodies for electrification are of such impor- 
tance as shown by these experiments, the con- 
ception of the role of the surface layers for 
electrification of bodies by friction as pointed 
out recently by BOnniNG (2) may help us in 
trying to explain this phenomenon. 

5. Charge of larger snow particles scattered from 
the plate. One fact seems to be contradictory 
to this conception, viz. that the larger snow 
particles scattered from the target by blowing 
snow were in all cases positively charged inde- 
pendent of whether the target was charged 
positively (metallic surface, ice block) or nega- 
tively (pasteboard, wood) (Table 4). It should 
be added that the larger snow particles were 
negatively charged only in one case when scat- 
tered from a grounded ice block (Table 4, Feb. 
20). The charge of the scattered larger snow 
particles per gram of snow was in general larger 
than that produced on the target per gram of 
snow. But as yet we have not considered the 
possible effect of the air or the smaller snow 
particles in the air. 

6. The charge in the air. The presence of charges 
in air, and simultaneously charges of both po- 
larities was shown by measuring with the small- 
ion counter (Figs. 6, 7, 8). Sometimes the posi- 
tive charge was predominant, sometimes the 
negative. Similar effects have also been observed 
by several authors during natural snow storms 
and also in experiments. SCHAEFER (8) has shown 
that the air-to-ground current during snow 
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Table 4. Charge of an insulated plate when blowing snow and charge on larger snow particles blown 


away from the plate and collected in a collector, when the plate was insulated and when grounded. 
ET a Ne el SN ee Van a ne en nn eu nn 
| Charge carried by larger snow 


particles 
Charge of Date and 


insulated plate Plate temperature 


Plate 


insulated grounded 
ee M M BE FT TEE NE en ln nn en 


Total charge in 10-10 coul. of the 


same unknown quantity of snow 1953 
Re (+) 60 (+) 60 Feb. 20, : 
Aluminium (+) 48 t= ome 
+) 190 
Pasteboard oe + (#19 
In 10-10 coul, per 1 
g Snow 
Snow block (+) 44 (+) 145 (—) 25 t= — 1.5 C 
(E55 (+) 185 (=) 30 
in 10-19 coul. per I g snow 
Iron very Cork (apy) 3s (+) 1.15 Feb. 24 
carefully cleaned (Gis) ete (GE) ro (Sa) 47 be © 
(+) 2.3 
Pasteboard (=) 32 (+) 10.5 (+) 27 i = 778° © 
=) ditt (+) 8.2 (+) 33-5 
Wood (—) 10.2 t= —ı’C 
(—) 12.2 
Wood CS) 407 Gen 85 (+) 83 March 4, 
(++) 106 (+) 75 t= o 
(Gr) 72 
Snow block (+) 0.82 = JL GOO 
(+) 0.35 
(+) 5.5 (+) 3.2 (+) 1.6 March 5, 
(a2) 27-0 (ENT er) 1-8 t= rc 
coarse-grained 


snow, snow 
block very dense 


Table 5. Charging of an insulate plate from blowing storms usually was positive, but it may also 
snow. Date March Io, 1953. t= 0° C, strong NW be negative in some cases. STÄGER (ir), (12) has 


wind. established sometimes a positive, sometimes a 
| Charge in ro | Negative charge in a cloud of fine snow in a 
Plate coulombs per ı whirl. By measuring the space charge durin 
g snow snow storms PEARCE and CURRIE (7) have estab- 
ce a lished that the space charge density becomes 
Pasteboard Br: strongly positive, when the surface snow starts 
= to drift, but the rate of charging of the collector 
ees | ER fe either decreased or changed its sign temporarily 
when very strong gusts occurred which indicates 
Wood dry | os that the proportion of negatively charged par- 
(=>) 3:8 ticles entering the collector increased in such 
| moistened | (+) 1.6 cases. 
by water Ge: 


We have not succeeded in clarifying the con- 
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FEBR. 18, 


1953 


2000 RE 
small ions 
al 
Oe 

0 ee — 4 1 1 EE ee, 
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Fig. 6 
25000 == : 
fom? FEBR. 20, 1953 
t=-115°C 


20000 De = 


Air 
| small ions 
fae nee — 
75 Volts 100 


20000 
L 
Ve L 


15000 


| 

| i 

| Air 
| | | small ions 
| 


: 0-8 
5 25 50 75 Volts 100 


Fig. 8. 


| Figs 6, 7, 8. Number of elementary charges e per cm? 
| in air when blowing snow measured with Weger con- 
| denser at different potentials (in Volts) of the control 
| electrode. Beside the average values points for individual 
measurements are also shown. 
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Table 6. Number of elementary charges e per cm? 
measured with Israél large-ion counter adjusted to 


a limit mobility ky = 13.610 4 cm sec !: Volt 


cm™~!. Feb. 20, 1953, ¢ = —5° C. 
| I series | II series 
zz Te 
In the air 760 | 1030 | | 
When blow-| 2380 3700 3020 3020 
ing snow 4430 3320 3170 2550 
3900 3020 2770 1580 
4400 4150 2660 2660 
5100 3500 2890 2880 
4430 2890 | 3910 2660 
5540 3709 3500 
3700 3700 3170 
3900 
443° 
4430 
Average | 4070 | 3380 | 3170 | 2620 


ditions under which the positive or the negative 
charge is predominant in the air. The maximum 
value of the positive space charge or the net 
charge estimated by us in the air may be of 
the order 0.5 x10-5e. s. u. per cm; PEARCE and 
Currie (7) have measured values up to 1075 
e. s. u. per cm? occurring with moderate drift 
during snow storms. If only the net charge 
were measured, the charge opposite to the pre- 
dominant one would be overshadowed. There- 
fore measuring of separated charges as done 
by us has a certain advantage. Charges of both 
polarities were also measured in air with the 
large-ion counter (Table 6). 

No definite conclusions would be drawn 
whether real ions were measured in air by ion 
counters or not. It seemed to us as if smaller 
snow particles with larger charges (up to several 
100 000 elementary charges per particle) carried 
the charge on to the collector electrode when 
measuring with the Weger condenser. Larger 
particles with properties of large atmospheric 
ions might be measured by the large-ion 
counter. 

The importance of the role of the charges or 
possibly the smaller snow particles produced 
in the air by electrifying snow is also shown 
by the following phenomenon observed by 
us: The measured charge of the collector (when 
snow was falling into the funnel) and of the 
plate (when blowing snow) was larger when 
the collector or the plate had been discharged 
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during the measurement (collector or plate were 
charged at the beginning with a charge opposite 
to the charge collected), than when collector 
or the plate became more strongly charged, 
(i. e. when they had had at the beginning a 
charge of the same polarity as that of the col- 
lected charge). 

The great importance of our knowledge of 
the properties of the charges produced in the 
air by electrification of snow may also be seen 
from another point of view, viz. the problem 
of separation of charges obtained by electrifica- 
tion of snow. This problem is very important 
for various thunderstorm theories, but it seems 
that it cannot be clarified in a simple way. 

In addition it must be noted here that we 
have not observed the effect of electrification 
by erosion of snow as shown by PEARCE and 
CuRRIE (7) when an air stream strikes a snow 
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block. Perhaps our jet was too weak and the 
sensitivity of our electrometer may also have 
been too low, but our intention was only to 
get an idea of the more pronounced effects. 
By using more effective devices certainly many 
interesting details could be found. 

A more detailed account of the investigation 
presented here will appear in Arkiv för Geofysik 
published by Kungl. Svenska Vetenskapsakade- 
mien, Stockholm. 
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Experimental Determination of Electron Orbits in the Field 


of a Magnetic Dipole 


By ERNST-AKE BRUNBERG and ADAM DATTNER, The Royal Institute of Technology, 
Stockholm 


Partelll 


In the preceding issue of Tellus were pub- 
lished the first results of our investigations of 
cosmic ray orbits in the field of a magnetic 
dipole. The investigations were carried out by 
measurements on a model with particle mo- 
mentum range corresponding to 10!°— coeV/c. 
A detailed description of the apparatus and the 
performance of the experiment is given in part 
I of the present paper. 

The general idea of the experiment is to 
measure the asymptotic direction of a charged 
particle orbit far away from the dipole. The 
results are given as two angles, which define 
the direction of the asymptote: ®N, the north 
latitude angle and We, a longitude angle, 
reckoned eastwards from the meridional plane 
through the point of incidence, as shown in 
Fig. 1. The vector in Fig. 1 is the final veloc- 
ity vector. 


The angles of X, and ®y in the system of 
coordinates of the terella. 


Bio. 1. 
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In the diagrams the angles Oy, and Y; are 
plotted against momentum of the particle. 
Measurements have been taken for each 10° 
of latitude. “N-S plane” and “E-W plane” 
in the diagrams mean that the curves corre- 
spond to particles arriving in north-south and 
east-west direction respectively. Thus each 
latitude is represented by four diagrams: 


Wr in the N-S plane 


On 29 2? N-S 29 
Dr 29 LE] E-W LE] 
On LE] 29 ENVI LE] 


The dot-dashed curve marked O corresponds 
to particles which arrive from zenith; curves 
marked 8°N, 16°N, 24°N, etc. correspond to 
particles arriving from north and make angles 
of 8°, 16°, 24°, etc. with the zenith. Curves 
marked 8°S, 16°S, etc. correspond to particles 
arriving in the same way from south. The 
particles arriving at the earth are positively 
charged. 

Diagrams for latitudes 90°—60° (1—14) 
were published in Tellus, No, 2, 1953, diagrams 
published in this paper include latitudes 50°— 


0° (15—37). 


Errata. 


In diagram 7, p 149 is Wy. Should be 7. 
In diagram 13, p 155 is Wy. Should be Wr. 
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ELECTRON ORBITS IN THE FIELD OF A MAGNETIC DIPOLE 
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Sur la formation des germes de condensation et de 


solidification autour d’un noyau solide insoluble 


Par 


LOUIS DUFOUR, Météorologiste à l’Institut royal météorologique de Belgique 


RAYMOND DEFAY, Professeur à l'Université de Bruxelles 
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Abstract 


Solid insoluble nuclei help the formation of water or ice inasmuch as the adhesion- 
coefficient of water or ice on the solid be positive. If this coefficient is greater than ı 
and if the solid nucleus is great enough this effect may be sufficient to render null the 
free energy of formation of gerins and to provoke the condensation or the solidification 
without germ. These effects can be calculated a priori, assuming a certain degree of satura- 
tion of the atmospheric water vapour provided the suitable adhesion-coefficient be known. 


I. Germe de condensation 


WIGAND (1913) a montré expérimentalement 
que l'introduction artificielle de poussières 
dans l'air n’augmentait pas de façon appréciable 
la concentration en germes de condensation 
mesurée à l’aide d’un compteur d’Aitken. Ce 
résultat, confirmé par Boylan (1926), fut 
contesté par JUNGE (1936) qui, à la suite de 
nouvelles expériences, arriva à la conclusion 
que même les noyaux solides insolubles non 
mouillables pouvaient servir de germe de 
condensation. 

Théoriquement, le problème se présente de 
la façon suivante. Appelons germe de condensa- 
tion la gouttelette d’eau se formant autour d’un 
noyau insoluble et dont le rayon est tel qu’elle 
soit en équilibre instable avec la vapeur d’eau 
atmosphérique. Le germe étant formé, le 
système comprend trois phases volumiques: 
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une phase volumique gazeuse composée de 
vapeur d’eau et d’air sec, une phase volumique 
liquide composée d’eau, une phase volumique 
solide composée du corps insoluble et deux 
phases superficielles séparant respectivement la 
phase gazeuse de la phase liquide et la phase 
liquide de la phase solide. 

Désignons respectivement par 1, 2, 3 les 
phases gazeuse, liquide et solide et par 12, 23 
les phases superficielles interface gaz-liquide et 
liquide-solide. Appelons l'air sec: constituant 1, 
l’eau: constituant 2 et le corps insoluble: con- 
stituant 3. 

Supposons que la phase gazeuse puisse être 
considérée comme un gaz parfait; admettons 
également que la formation du germe ait lieu 
à température et à volume constants. Désignons 
par A. laffinité de condensation, par v2 le 
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volume spécifique de l’eau dans la phase liquide, 
par p! et pl la pression de la phase gazeuse et la 
pression partielle de la vapeur d’eau dans cette 
phase, par r'?et o!?le rayon et la tension super- 
ficielle du germe, par R,la constante spécifique 
de la vapeur d’eau et par T la température 
absolue. On a alors, en admettant que ne 
dépend pas de la pression (Durour 1951), 


pa 2 012 v2 
A.= R,T log Gs Je 2 : (1) 


où l'indice oo correspond à un état d’équilibre 
(Ao = 0) “ot la” phase liquide est plane 
(r!? = oo) et où la température et la pression 
ont les mêmes valeurs qu’à l’état considéré 
(Too = T; poo= p’). 

Pour qu'une gouttelette soit un germe, il 
faut d’abord qu’elle soit en équilibre avec la 
vapeur d’eau atmosphérique, c’est-à-dire que 


A, = 0. (2) 


Son rayon est alors donné, compte tenu de 
(x) et de (2), par la formule 


ee on (3) 
R, T lg re 
(pic) eau 


Comme o! et v sont des quantités positives, 
le germe ne se produira que si l’air atmos- 
phérique est sursaturé par rapport à une surface 
plane d’eau pure, c’est-à-dire si p} > (pl) cau- 

Quant à l’équilibre d’adsorption de l’eau sur 
le solide, on peut le considérer comme auto- 
matiquement et instantanément établi du fait 
que la phase liquide est ici un corps pur. De 
même, l’adsorption des constituants de l'air 
sec n'a aucune raison de se faire plus lentement 
que la fixation des molécules d’eau et l’on peut 
admettre que léquilibre d’adsorption de la 
phase superficielle 12 est établi en même temps 
que l'équilibre de condensation. 

Pour que la gouttelette de rayon r!? soit un 
germe, il faut également que son équilibre soit 
instable, c’est-à-dire que (PRIGOGINE et DEFAY 


1946) 
OA, 
(5) as pi Fe (4) 


où my est la masse de l’eau dans la phase liquide. 
Si le germe est supposé sphérique, 
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lee (5) 
où r?3 est le rayon du noyau. 


Il résulte de (r) et de (5) que 


0A, _ A Of? 20% 0 

Oma) To OF 0m MP) NT (D) 
2012 (13)? 

an 6 

rl) ° (6) 


compte tenu du fait que r?? est une constante 
et qu’il en est de même de v? à température 
constante si l’on suppose le fluide incom- 
pressible. La gouttelette dont le rayon est défini 
par (3) est donc bien un germe de condensation 
puisqu'elle est en équilibre instable avec la 
vapeur d’eau atmosphérique. 

La formule (3) est la même que celle que 
lon obtient en étudiant la formation d’un 
germe de condensation dans de l’air atmos- 
phérique ne contenant pas de noyau. On 
trouvera, au tableau I, pour différentes tem- 
pératures, les valeurs du rayon des germes de 
condensation en fonction de la sursaturation 
par rapport à une surface plane d’eau pure. Le 
calcul de ces rayons a été effectué à l’aide de la 
formule (3), où nous avons posé R; = 4,6150 x 
xrotrergle vg =Mmicmilelaivalenredescss 
ayant été déduite de la formule utilisée par 
KOHLER (1950), à savoir: 01? = 137,048 (1 — 
— 0,0016 T) dyne/cm. 

Passons maintenant à l’énergie de formation 
du germe. Lorsque le corps solide sec insoluble 
est introduit dans l’air, il commence par se 
recouvrir d’une couche adsorbée de vapeur 
d’eau et d’air sec. Ce premier phénomène, qui 
tend spontanément vers un état d'équilibre 
thermodynamique, ne doit pas être pris en 
considération dans le calcul de l’énergie de 
formation du germe, celle-ci étant essentielle- 
ment liée à la période où une fluctuation 
anormale réalise le passage de cet état d’équilibre 
stable à l’équilibre instable de la gouttelette- 
germe. En considérant, à la même température 
T et dans le même volume total V, le système 
dans ces deux états, on appelle énergie libre 
de formation du germe (DEFAY et PRIGOGINE 
1951, Ch. XVI, 63), la difference 


(Af)tv =F—F, (7 
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SE Valeurs du rayon des germes de condensation en centimètres en fonction de la tem- 
pérature et de la sursaturation par rapport à une surface plane d’eau pure. 


Tableau I. 


D o 

Py 273 263° 253° 243° 233° 223° 

(pic) eau | 
I,0I 1,2. 10° 1,35 102% Amos 1,5108 1,6 - 105 N SR 
1,03 REN AD NE 4,74 10758 SET 5 Autom” Gyptel o aitop 
1,05 21 TOR Pan Roy 2 OR Ons 3 12002 3310 BL Ome 
I,10 193, RTOR ATOM aca Oise Onn Ome 1g 9 oy TS TOR 
2,00 DO Om! T'OM TO DIOR TO 22 Om Per OU 25 TO 
3,00 T° TOC ie Soy? Tony LOmG it, ko 1,5 21022 Omen Om 
4,00 8,8 - 10-8 04> 107° LOTO TROT Teel Om: 152? WONG 
5,00 7,6: 10-8 Sti Koy 8.7.7088 9,3 1023 9,9 * 1078 TROT Om 
6,00 6,841025 TO HOT Ome 8321028 0) © SiO Oh) o HO 


où F représente l’Energie libre du système dans 
l’état considéré et F, l'énergie libre du même 
système fermé avant la formation du germe, 
c'est-à-dire dans l’état où le noyau solide est 
en équilibre d’adsorption avec la phase gazeuse. 
Dans cet état, le système comprend deux 
phases volumiques: une phase volumique 
gazeuse composée de vapeur d’eau et d’air sec, 
une phase volumique solide composée du corps 
insoluble et une phase superficielle 13 séparant 
la phase gazeuse de la phase solide. 

On a, par définition (DEFAY et PRIGOGINE 
1951, Ch. V) 


’ [4 
D’autre part, le système étant fermé, 
Mio + m; = m+ ml?= m, 
2 
May + my = m + my + ME + ME = ms, 
my + ma = m+ m? = m; 


(11) 


OÙ Mm, m, et ms sont des constantes. 
En soustrayant (8) de (9) on a, compte tenu 


de" (ro) errdesien) 


(AF) rv = m, (ut un) + Mo (13 — lo) ai 
my 18 — 18) pi Vi pt V2 — pi VS + 
+p Ver Poe tor 212 05° 0% 0,0%. (12) 


Mais 
ei De Tr , 
= Motto + Mao M20 — Po Vo + M30 L430 Po Vo+ 
L nls 1118 13 ,,13 13 12, 13 013 , hr 3 
MND Lao + Mo Lao + 1135 Mag + Co 25°, (8) Vie Vi + EE MN EN Rte) 
où l'indice o indique que la grandeur se rap- d’où 


porte au système avant la formation du germe, 
et l’on a aussi 


F= F'4 Ft+ F* + Fut 4 ps = 


—p! V1 — p? V2 — p? V3 + pa ot Po Ve = 
= — (p!— pi) V+ (pt—p?) (V? + V8) + 


| + (ep) V8—(ph—p) VE (14 
= mul + mb uk — pi Vi+ mb 2 — p? V2+ (p= p*) (ps — po) (14) 
12 ,,12 12 „12 2 eae NM . Br 
ma — pP V3 + mi ui + my? ur + oF QY + L'équilibre mécanique étant réalisé 
He [a is ue ot 2 (9) nant en: 
le D a re 
4 De 23 
où V* représente le volume de la phase volu- de r 
mique a, Q°* l'aire de la surface qui porte la 2 08 
+ : Er 2 pi— pi = (15) 
phase superficielle ax’, u et m} le potentiel o—Po 73 


chimique et la masse du constituant y dans la 
phase &, w%” et m2” le potentiel chimique et 
la masse du constituant y adsorbé dans la 
phase superficielle a’, o** la tension super- 
ficielle de la phase superficielle aa’. 

Mais les systèmes étant supposés en équilibre, 


ee CS CAE) 
Lio = yo, oo = Mao, U3o = Lao; 
1 12 oe oe CI CO 25 
Mi = Ur, a = a" = fa = Ma, lg = US. 
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Dar 13 u ce a Pal} 
(0 = QB, V3 = V3, 23 = 1, 


D’autre part, le noyau étant insoluble, 


(16) 


zus 


Le germe étant très petit par rapport à la 
phase gazeuse, on peut admettre que la pression 
de cette phase et la pression partielle de la 
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vapeur d’eau dans cette phase sont peu altérées 
par la formation du germe, d’où 


(17) 


Compte tenu de (14), (15), (16) et (17), 
l'équation (12) prend alors la forme 


2 (V2+ ra 


a > Mio, Ha © Hao etp! = Ps. 


(AF)rr & ol? | 12 
à [FE 
— (01? | PE ae 25 | 


où nous avons écrit 01? pour 05. 

Cette formule peut se transformer en d’autres 
expressions équivalentes. On a notamment, s1 
le germe et le noyau sont sphériques, 


(AF) rv = = 20% = (013 — 022) 02, (18’) 


ou encore 
4 ‚12\2 -12 4 23\2 (13 23 
Fire mir) ho ze. }2 (018 — 0). 
à) 
(18°) 
Appelons 
I ni (19) 


le coefficient d’adhesion! de l’eau sur le solide en 
présence d’air. La formule (18”) s'écrit alors 


(AF) ry & i ee aut. k, El (18°) 


1 Un article de R. Defay sur ce coefficient d’adhésion 
est en préparation et sera publié ultérieurement. 


Fig. 1. Cas du germe de condensation qui enrobe le 


noyau solide. 
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Rappelons qu’en l'absence de noyau (r??=0), 
l'énergie libre de formation du germe est 
donnée par la formule 


(20) 


(AF) tv ~ ‚a ol? (n22j2 


où le rayon du germe r!?, donné par (3), a la 

même valeur que dans (18’”) et où l'indice s 

indique que la goutte est seule et sans noyau. 
En soustrayant (18’”) de (20), on a 


(AF)rv — (AF)rv = 17 o12 k, (r2)2 (20) 


ce qui montre que l’Energie de formation du 
germe sur le noyau sera moindre que l'énergie 
de formation du germe en l'absence du noyau 
dans tous les cas où k, est positif. Cette con- 
clusion, qui découle directement de (21) 
lorsque la goutte liquide enrobe le noyau 
solide (fig. 1), est encore vraie, comme nous 
allons le voir, lorsque le liquide ne mouille 
qu'une partie du noyau solide avec un angle 


de raccordement @ < Erin 
BES 


Nous nous bornerons ici à étudier le cas où 
le noyau solide est assimilable à une sphère de 

23 R l d’abord | jete 
rayon 123, Rappelons d’abord les propriétés 
du coefficient d'adhésion. Lorsqu'un liquide 
mouille un solide avec un angle de raccorde- 
ment @, on a (fig. 4) 


028 + 01? cos p= 013 (22) 
ce qui montre que le coefficient d'adhésion k, 
sidentifie avec le cosinus de l’angle de rac- 
cordement tant que k, est compris entre 


Fig. 2. Cas du germe de condensation qui mouille le noyau 
solide avec un angle de raccordement inférieure à 90°. 
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— Iet + 1. On dit alors que le liquide mouille 
imparfaitement le solide. 

Lorsque k, > 1 le liquide mouille parfaitement 
le solide et lorsque k, < — 1 le liquide ne 
mouille pas du tout le solide. Attirons l’atten- 
tion sur la fait que la formule (22) n’est plus 
applicable dans ce cas. 

La disposition de la fig. 2 peut se présenter 
lorsque k, est compris entre zéro et l’unité. En 
raisonnant comme plus haut, on établit 
aisément que dans ce cas l'énergie libre de 
formation du germe liquide est 


(AF)ry = (02.012 522 023 — 313,028) (23) 


= 
3 
I 


= E N A (24) 


La goutte germe sans noyau a le même rayon 
r!2 que la goutte de la fig. 2 et son énergie de 
formation est 
s I 12 12 
(AF)Tv = 2 a? Qs (25) 
où Q” est l’aire de la sphère complete. 
On a donc 


(AF)'rv — (AF}rv = 09° — 224 RON) 
(26) 


Cette expression est évidemment positive si k, 
est positif ou nul. On voit donc que dans tous 
les cas où k, > o il n'y a aucun doute: le 
noyau favorise la formation du germe. 

Etudions de plus près ce qui arrive lorsque k, 
est négatif. Pour k, compris entre 0 et — 1, 
on aura la disposition de la fig. 3 où est un 
angle obtus. L’expression (26) est encore 
valable. Appelons d la distance des centres 
C2Cs, % et % les angles au centre indiqués sur 
la fig. 3. Les rayons r!?, r?? et langle p déter- 
minent toute la géométrie du système. Pour la 
brièveté des formules nous écrivons ici fr, 
pour rl? et rs pour °°. On a 


d? = (r,)?+ (rs)? —2rrgcosp (27) 
sind Dent à = ET sin a oe (28) 


La calotte sphérique de contact a pour aire 


Q23 = 2x (r3)? (1 — cos %) (29) 
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Fig. 3. Cas de germe de condensation qui mouille le noyau 
solide avec un angle de raccordement supérieur à 90°. 


et la calotte qui manque à la sphère liquide est 
22 — Q12= 27 (re)? (T— cos&). (30) 
Remarquons que 


r_\2 c1n2 
Cosa ee 


d 
7% m? + (rg)? (I — sin? n) — 21,13 COS P 
\ P | 
_ Ta — Tg COSY 
Erw (31) 


Nous n’avons retenu que le signe positif du 
radical car l’angle &, est toujours aigu lorsque © 
est obtus. On aura une expression similaire 
pour cos a et (26) s’écrira, puisque k =cos 9, 


(AF rv — (AF) rv = 


= 2012 2; (: ul 2) a 
3 d 
ee er: = à cosy | (32) 


où d est la fonction de cos g donnée par (27). 
Cette expression est entièrement déterminée 
dès que le sont le rayon de noyau rs, le rayon 
du germe r, donné par (3) et le coefficient 
k. = cos y. Pour toutes valeurs données de ces 
trois variables, l’expression (32) déterminera, 
suivant qu'elle est positive ou négative, si le 
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Fig. 4. Angle de raccordement (g) d’un liquide (2) 
et d’un soliie (3) denferieure d’air (r). 


noyau favorise ou non la formation du germe. 
De plus pour r, et rs donnés, la valeur de cos o 
qui annulera (32) sera celle au-dessous de 
laquelle le noyau cesse de favoriser la conden- 
sation. 

Traitons à titre d’exemple le cas particulier 
où l’on ar, = r3. Désignons par r cette valeur 
commune. L'expression (32) devient en tenant 
compte de (27) 


(AF) try — (AF) ry = : TER 


\ Be) (1+cosp). (33) 


Cette expression sannule pour cos y = — 1 
et est positive pour toute valeur de cos y com- 
prise entre — 1 et o. On voit donc que, dans 
ce cas particulier où rz = r,, le noyau solide 
favorise la formation de germe pour toute 
valeur de. k, = 7, 

Pour discuter le signe de (32) dans le cas 
général, on peut procéder comme suit. 
Introduisons dans (29) et (30) le rayon a du 
cercle de contact donné par 


AAs SIN = N! (34) 


On aura, pour (29) 


0x oi CN MAI Se 
reine CA 12008203 
2 
27a 
ee 35) 
I + COS & ( 


et une relation analogue remplaçant (30). Dès 
lors (26) s'écrit 


(AF) ry — (AF) rv = 7 ru 


OR 


IE Sr COS C 


I 
1.2C057% 
où par hypothèse (— cos y) est un nombre 
positif compris entre zéro et l’unité. 
Casas f= te 
. 9 
Les relations (28) montrent que l’on a 
& di et done, -puisquera, et opesonteacs 
angles aigus, COS & > COS Lo; par conséquent 
T I 
IS @O864, 


I + COS & 


Alors (36) est nécessairement positif et le 
noyau favorise la condensation. 

CAD eu 

C'est le cas déjà étudié à l’aide de (33): le 
noyau favorise la condensation. 

Gas Cite 

On aura semblablement 


I I 
IÉRCOSIO 


LCOS Xa. 


Il existera une valeur y, de @ qui annulera 
(36) et (AF)ry — (AF )rv sera positif pour 
p< et négatif pour gy >q,. La valeur 
(k.)ı = cos 9, sera la valeur limite du coeffi- 
cient d’adhésion à partir et au-dessous de 
laquelle le noyau cesse de favoriser la conden- 
sation. 

Nous avons ainsi discuté tous les cas possibles 
et nous pouvons grouper comme suit nos 
conclusions: 

Pour k > o le noyau solide favorise toujours 
la condensation. 

a 272 le noyau fa- 
| vorise la condensation, 
BC arene nova 
vorise la condensation 
tant que 
Ik. COS IQ —L. 
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Pour k, <= Trile noyau ne favorise jamais 
la condensation. 


2. Condensation sans germe 


L’abaissement de l’energie de formation du 
germe par la présence d’un noyau solide peut, 
dans certains cas, être tel que cette énergie 
s’annule ou devient négative. Alors des gouttes 
peuvent se former sans qu’il faille attendre la 
fluctuation extraordinaire capable d’engendrer 
un germe. Nous dirons alors qu’il y a conden- 
sation sans germe. La condition de ce phénomène 
est 

(AF)ıv < (37) 


fe) 

Pour k, > 1, la formule (18’”) montre que 

> . . 

l'on aura condensation sans germe si 
12 


VE (38) 


Pour o < k, < 1 la condensation sans germe 
devient impossible, car (voir fig. 2) on a 
toujours 212 > 2% et il est impossible d’an- 
nuler (24) si k, <1. 

Pour k, < o l'expression (24) devient essen- 
tiellement positive et toute condensation sans 
germe est exclue. 

Les seuls cas où ce phénomène pourra 
s observer sont donc ceux où l’on a k, > 1, 
c'est-à-dire tous ceux où l’eau mouille par- 
faitement le solide. Dans ces cas, il arrive 
fréquemment que la valeur exacte de k, n’est 
pas connue, du fait qu’elle n’est plus calculable 
à partir de la mesure d’un angle de raccorde- 
ment}. 

Dans cette éventualité, on peut cependant 
affirmer que l’on aura certainement une con- 
densation sans germe si r > rl? où rl? a la 
valeur déduite de la formule (3). 

Dans l'atmosphère, où les sursaturations sont 
faibles, on observera plus fréquemment la 
condensation sans germes que la condensation 
avec germes, cette dernière ne pouvant avoir 
lieu que si AF/kT, où k est la constante de 
Boltzmann, reste petit (environ so à 60) 
(VoLMER 1939). La condensation avec germes 
pourra toutefois se produire si r?? n’est que peu 
inférieure à r!? (cf. 38). 


r23 = 


1 Cette valeur est cependant accessible par des mesures 
directes. Cf., par exemple, Bartell et Osterhof — Colloid 
Symposium Monograph, 5, 1927, p. 113 et Schwartz, 
A. M. et Perry, J. W. — Surface active agents, 1 vol., 579 
pp. Interscience Publ., New-York, 1949. 
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Il y a lieu de remarquer, comme l’a indiqué 
JUNGE (1952), que ce n’est qu’exceptionnelle- 
ment que l’on rencontre des noyaux solides 
totalement privés de constituants solubles. Le 
cas que nous étudions est donc un cas limite: 
entre celui-ci et celui du germe salé traité par 
KÖHLER (1950) tous les intermédiaires sont 
possibles. 


3. Germe de solidification 


WEGENER (1911) a émis l’idée que les 
cristaux de glace se formaient dans l’atmos- 
phère par solidification de la vapeur d’eau sur 
des particules solides insolubles. Cette hypo- 
thèse est actuellement contestée par la plupart 
des météorologistes, aucune expérience n’ayant 
jusqu'ici mis en évidence, de façon certaine, la 
formation de germes de solidification. 


Quoiqu'il en soit, le problème se présente 
théoriquement de la même façon que pour le 
germe de condensation. Les formules établies 
au $ 1 sont donc applicables avec la seule 
différence que la phase liquide 2, composée 
d’eau liquide, doit être remplacée par la phase 
4, composée de glace. 


Le rayon r!* du germe de solidification est 
donné par la formule 


A 
ER zo, 


mr (39) 
es °8 (Pico) glace 


où o! est la tension superficielle glace-air, w 
le volume spécifique de la glace et (p3)glace 
la pression partielle de la vapeur d’eau qui 
serait en équilibre avec une surface plane de 
glace. 


La formule (39) est la même que celle que 
lon obtient en étudiant la formation d’un 
germe de solidification dans de l’air atmosphé- 
rique ne contenant pas de noyau. On trouvera, 
au tableau II, pour différentes températures, les 
valeurs du rayon des germes de solidification 
en fonction de la sursaturation par rapport à 
une surface plane d’eau pure. Le calcul de ces 
rayons a été effectué à l’aide de la formule (39) 
où nous avons posé R, = 4,6150 x 10$ erg/gr, 
v3 = 1,09 cm?/gr et ol? =10 dyn. /cm. 
Quant à l’énergie libre de formation du germe, 
elle est donnée par la formule 
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Tableau II. — Valeurs du rayon des germes de solidification en centimètres en fonction de la tem- 
pérature et de la sursaturation par rapport à une surface plane d’eau pure. 


IE 
Ps 273 263° 230 243° 223° Daa 
(phoo)eau 
I,OI 1/0 Hg a TO’ OTTO 6/4 OL ET Oil Ai Onis 
1,03 DO el Ome PATIO SSL RTOR 6,0. TOS? LOTO 220 
1,05 50 NoTÖ 1722102. TO Bj Lm ALON Ome ORT 
I,Io Te Cen Ome 5 © MOT CARO FrOLRTORE 4,2 TOR SARTORE 
2,00 2 Om 22 TOR Powe > orl 2022,00 TRON aT OU 7,8 TO 
3,00 Te Ore Ome T5 TO T,4 “TO TATORT TO TS 2 Ome 
4,00 D2 aL Ome 2) Ol 12 TO TEs. THOU TRE O TION 
5,00 1,0 ol igi o Ko 1,0) LOm ¢ Oneal Ome MOTOR OR 
6,00 OO 6,5 Se OPEN Ome OB OR Cho 
uli ou 2 (V3 + V4) La possibilité de tirer de (40’”) des ren- 
(AF)rv = pi seignements autres que qualitatifs est évidem- 


Cette formule peut se transformer en d’autres 
expressions équivalentes. On a notamment, si 
le germe et le noyau sont sphériques, 


(AF) rv ~ : o14Q14 — (013 — 02%) (34 (40) 


oo | H 


OUTENCOES, 


(AF) ry ~ x (2) 2014 ane) QE — Gy 
à) 
(40°) 
En appelant 


ke = ol4 (41) 
le coefficient d’adhésion de la glace sur le solide 
en présence d’air, la formule (40°) s'écrit 


S 


Ar ; zo | at CB Cre) 


Il résulte de l’analogie des formules (18”) et 


(40°) que les considérations qui terminent le 
\ ı sont applicables au $ 2 à condition de 
remplacer l’eau par la glace et le germe de 


condensation par le germe de solidification. 


ment moindre que dans le cas des germes de 
condensation, à cause de l’absence de mesures 
expérimentales du coefficient d’adhésion de la 
glace sur un solide donné. Ce coefficient 
dépend notamment de la tension à l'interface 
de deux phases solides. Les tensions inter- 
faciales entre solides sont actuellement mal 
connues mais ne sont cependant pas incon- 
naissables. C’est ainsi que dans les alliages 
métalliques on a pu faire apparaître le rôle des 
tensions aux interfaces des cristaux (Dunn et 
LIONETTI 1949). 


4. Conclusion 


Les noyaux solides insolubles favorisent la 
formation des germes d’eau ou de glace pour 
autant que le coefficient d’adhesion de l’eau 
ou de la glace sur le solide soit positif. Si le 
coefficient d'adhésion qui entre en jeu est plus 
grand que lunité et si le noyau solide est 
suffisamment gros, cet effet peut aller jusqu'à 
annuler l’énergie libre de formation des germes 
et provoquer la condensation ou la solidification 
sans germe. Ces effets sont calculables à priori, 
pour une sursaturation donnée de la vapeur 
d’eau atmosphérique, 4 condition que soit 
connu le coefficient d'adhésion qui intervient 
dans le phénomène. 
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Absolute Chronology of Deep-Sea Sediments and the 


Deposition of Clay on the Ocean Floor 


By B. KuLLENBERG, Oceanographical Institute, Göteborg 


(Manuscript received May 15, 1953) 


Abstract 


An absolute chronology of deep-sea sediments on the basis of the accumulation of TiO, 
presupposes the rate of accumulation of clay to be tolerably constant with regard to time. It is 


here asserted that this condition is not fulfilled, because 1) 


the supply of fine terrigeneous 


matter to offshore waters will be appreciably affected by climatic changes, 2) the total amount 
of fine terrigeneous matter carried in suspension by sea water is deposited in about 300 years, 
which is a small fraction of a climatic cycle, and, consequently, 3) the amount of fine terri- 
geneous matter present in the sea is insufficient to act as a buffer against the variations of the 
supply, on account of which these variations will be reflected by almost equally great variations 


of the rate of accumulation. 


An interesting attempt at establishing an 
absolute chronology of deep-sea sediments has 
recently been made by ARRHENIUS (1952) in 
a study of the cores collected from the East 
Equatorial Pacific by the Swedish Deep-Sea 
Expedition 1947—48. As asserted by KUENEN 
(1950), the finest terrigeneous matter carried 

y sea water in a very dilute suspension should 
bear a universal character owing to its having 
been carried in suspension for a very long time 
by ocean currents. As an indicator of the 
amount of fine terrigeneous matter, or lutite, 
present in the sediment, ARRHENIUS used 
titanium, which has also been suggested by 
WISEMAN and Ovey (1950). By determination 
of the radiocarbon content of a single short 
core obtained by means of an ordinary gravity 
corer, ARRHENIUS, KJELLBERG, and Lippy (1951) 
determined the rate of accumulation of TiO, 
at 0.535 mg per cm? in 1,000 years during 
the last 14,200 years, making the rate of 
accumulation of lutite 73 mg per cm? in 1,000 
years. 


The absolute chronology given by ARRHE- 
NIUS is based on the assumption that the rate 
of accumulation of TiO, is tolerably constant 
with regard to time. To judge the plausibility 
of this assumption it appears essential to 
estimate the time required for an amount of 
lutite equal to the total amount of lutite 
present in the ocean to settle on the ocean floor. 

ARMSTRONG and ATKINS (1950) have deter- 
mined the weight of suspended matter and 
ash, after incineration, in the English Channel, 
about 10 miles south-west of the Eddystone. 
The average of 17 determinations during 18 
months is 1.13 mg/l. The noncalcareous matter 
ranges between 1.57 and 0.34 mg/l, the 
average being 0.82 mg/l. GoOLDBERG, BAKER, 
and Fox (1952) have determined the weight 
of inorganic suspended matter in San Clemente 
Deep off San Diego, California, down to 
1,200 m, the average being 1.6 mg/l, including 
calcareous matter. If the observations from the 
English Channel are valid for ocean water, a 
water column of 1 cm? cross section in average 
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depth should contain about 300 mg of clay. 
However, there can be no doubt that the load 
of terrigeneous matter carried by midocean 
sea water is considerably smaller than the load 
carried by the water in the English Channel. 

Measurements of the Tyndall effect of 
midocean water samples were carried out 
during the Swedish Deep-Sea Expedition 
(JERLOV, 1953). The scattering particles being 
organogenic as well as minerogenic, the 
observations cannot be used to determine the 
amount of fine terrigeneous matter carried in 
suspension by the sea water. However, it 
appears possible to determine an upper limit 
of the amount of fine terrigeneous matter 
present in the water. JERLOV and KULLENBERG 
(1953) have measured the scattering of suspen- 
sions of quarts and felspar as a function of 
particle size and concentration. Using these 
data a reliable upper limit of the concentration 
of the suspension of terrigeneous matter in sea 
water can be computed as the concentration 
approximately corresponding to the total 
scattering, i.e., disregarding the presence of 
biogenic matter. To this purpose it is necessary 
to have an idea of the distribution of particle 
size of the terrigeneous matter carried in sus- 
pension by midocean sea water. A small 
uncertainty arises from the fact that the Tyndall 
effect decreases as the size of the particles falls 
below about 0.25 micron (STUTZ, 1930). How- 
ever, as about 80 % of the eupelagic lutite has 
a particle size above 0.25 micron (REVELLE, 
1944), the conclusions arrived at in this paper 
cannot be seriously affected by the uncertainty 
regarding particles below 0.25 micron. 

As pointed out by CORRENS (1937) an 
attempt at computing the distribution of the 
size of particles suspended in sea water on the 
basis of the corresponding distribution in the 
sediment, and on the assumption that the rate 
of accumulation is determined by the concen- 
tration of the particles in the water and the 
settling velocity, as determined by Stokes’ law, 
leads to absurd results. In fact, the fraction 
of the finest particles present in the sediment 
not approaching zero as rapidly as the square 
on the diameter, the analysis just indicated 
should lead to an overwhelming predominance 
of the finest particles in the water. This forces 
the conclusion that the finest particles are 
brought to the floor of the ocean more rapidly 
than by mere individual sinking, either by 
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flocculation, biologic activity, turbulance, or 
convection in connection with the formation 
of bottom water. The accumulated influence 
of all factors might be expressed by introducing 
an effective settling velocity which does not 
approach zero as the diameter approaches 
zero. 

The fraction of particles in the sediment 
with a diameter between D and D + dD 
being f(D) : dD, and the effective settling ve- 
locity being w, the relative distribution in the 
water should be expressed by f(D) : w, dis- 
regarding chemical transformation after de- 
position. Excepting the finest particles w is 
proportionate to D?. As pointed out above, 
because f(D) does not approach zero par- 
ticles, this cannot be the case with the finest 
quickly enough to keep f(D) : D? finite as D 
approaches zero. Without knowing the effec- 
tive settling velocity for very small particles 
it is not possible to compute the proportion 
between the weight of suspended matter 
above and below a very small size. However, 
for our present purpose it is sufficient to get 
a rough idea of the distribution of the size of 
particles carried in suspension by the water. 
We will, therefore, assume w to be proportion- 
ate to D?, when D> D,, and to keep a 
constant value corresponding ID) = ID). 
when D < Dy. We will carry out the com- 
putation twice, once choosing D, = 0.5 u, and 
once choosing D, = I u. 

The distribution of particle size in North 
Pacific red clay (REVELLE, 1936) is given in 
Table 1. The mean value of 1: D? in the 
mtctvale Dp) Diz being oD) Dose 
relative amount of suspended matter in the 


Table 1. Distribution of particle size in North 
Pacific red clay and the corresponding distribu- 
tion in the water. 


Distribution of particle size 


Diameter Water 

Sediment’ |=a. >a Some: 
Do =o0,5 p Dun 

62.5 — 31.3 4 0.35 % 

31.3 — 15.6 1.06 

15.6 — 7.81 4.56 0.0249 0.05 % 

7.81 — 3.91 10.84 0.20 0.57 

3.91 — 1.95 17.02 Te 3.60 

1.95 — 0.98 19.60 5.82 16.6 

0.98 — 0.49 1522 Mont | 

0.49 — 0.24 12 000 we ORT 

Remainder 0250 74-9 J 
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water is determined as f(D) : D,D, excepting 
when D< D,, the corresponding amount 
being then determined as f(D) : D%. 

It appears that 92 % resp. 79 % of the matter 
carried in suspension by midocean water has 
a diameter below ı u, if the value adopted for 
Dy is 0.5 u resp. 1 u. In both cases the scattering 
determined by the Tyndall reading has to be 
multiplied by a coefficient not exceeding 
2.0: 10-8 in order to get the weight of sus- 
pended matter in mg/l. The corresponding 
coefficient should be 4 : 103 if the distribution 
of particle size were the same one in the 
suspension as in the sediment, which goes to 
prove that the magnitude of the coefficient is 
not seriously affected by our arbitrary assump- 
tions concerning the effective settling velocity 
of small particles. 

At 14 stations in the Equatorial Pacific 
(JERLOV, 1953) the mean value of the scattering 
in the whole water column varies between 20 
and 47 km“, giving a medium content of 
suspended matter of 0.056 mg/l, including fine 
organic matter (Table 2). Accordingly we get 
an upper limit of 21 mg lutite in a column of 
I cm? cross section at average oceanic depth. 
KUENEN (1950, p. 347) has estimated the 
average of lutite in the same water column at 
appr. 75 mg, without quoting his source of 
information. 

The rate of accumulation of lutite being 
determined by ARRHENIUS, KJELLBERG, and 
Lippy at 73 mg per cm? in 1,000 years, an 
amount of lutite equal to the total amount 
present in the ocean should be deposited in less 
than 300 years, the concentration of the lutite 
here arrived at being adopted. 

The influence of climate on the agencies 
which transport material to the sea shall not 
be discussed in detail here. However, it does 
not appear justified to postulate that the supply 
of fine terrigeneous matter to the offshore 
waters should be substantially unaffected by 
climatic changes. The amount of suspended 
matter carried to the sea by running water per 
unit time will be dependent on the precipita- 
tion, as the capacity of a stream to carry sus- 
pended matter varies with the third power of 
the discharge, if other factors are constant. 
Precipitation being one of the main climatic 
variables, it is probable that the amount of 
suspended matter carried to the sea by running 
water will display considerable variations as 


BR IR (OPI IE TEIN is JER Ce 


Table 2. Mean value of the scattering and mean 
content of suspended matter in the Equatorial 


Pacific. 
ol ate | Long. | Depth |, ° SUED 
tion j 2 km! Ssematter 
65| 6°21’ N|103°42’ W|3195m| 47 | 0.094 mg/l 
8olı7°46° |126°51’ [4398 2 0.054 
87| 8°25’ |128°48’ |4600 39 | 0.078 
93| 0°06’ S1135°58° |4311 30 | 0.060 
1051 72.330 152053013880 26 | 0.052 
171120.022N115320708112385 23 | 0.046 
123|/15°14’ |152°49° [4308 27 | 0.054 
128]12°16’ |166°48° [4830 32 | 0.064 
2.50% 7202? JS 2 0.054 
138| 2°37° S|1ı77°45° |4770 | 24 | 0.048 
143/-0.092 16372304372 23 | 0.046 
150| 2°09’ N|146°52’ [4335 2 || Oo 
157,2 51 1134 57 14354, 1.200.038 
162) 52% Naar WE 24 | 0.048 


1 Depth of deepest sample is stated in the depth 


column. 


climate changes. Another variable factor in- 
fluencing the supply of suspended matter to 
the sea is the melting of the glaciers. The 
eustatic changes of the sea-level should exercise 
a considerable influence upon the supply of 
suspended matter to the sea due to wave 
erosion. Even though the greater portion of the 
matter carried in suspension to the coastal 
waters will settle on, or near, the shelf, a 
certain fraction of the fine particles will escape 
to midocean localities. There seems to be no 
reason why the ratio of this fraction to the 
total supply should not, upon the whole, be 
unaffected by the variations of the latter or, 
with other words, why the variations of the 
supply to the coastal waters should not be 
reflected by similar variations of the supply to 
the offshore waters. 

The amount of airborne terrigeneous mate- 
rial precipitated into the sea by rainfall is 
insufficiently known, as no measurements of 
the weight of solid matter present in rain 
water have been carried out at sea. The lowest 
value reported seems to be 4 mg insoluble 
matter per liter rain water, measured in the 
vicinity of Königsberg (KALLE, 1947), which 
corresponds to a supply of 300 mg per cm? in 
1,000 years. Though the corresponding amount 
at sea should be expected to be considerably 
smaller, it might play an important part. There 
can be no doubt that this means of supply is 
extremely sensitive to climatic changes affecting 
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the surface of the earth, the heating of the 
atmosphere, and the atmospheric circulation, 
all of which influence the atmospheric transport 
of terrigeneous matter to the sea. 

It is obvious that the ocean cannot act as a 
buffer against the variations of the supply of 
fine terrigeneous matter unless it carries a load 
big enough to maintain the same magnitude in 
spite of the variations of the supply. To make 
this quite clear we will carry out a simple anal- 
ysis. In view of the exceedingly small concen- 
tration of lutite in ocean water it appears 
justified to assume the rate of accumulation of 
lutite on the ocean floor to be proportionate to 
the concentration in sea water, other factors 
being constant. Therefore, x denoting the total 
weight of lutite present in the sea, the amount 
of lutite settling on the ocean floor per unit 
time will be x : T,, T, being a constant im- 
porting the time necessary for an amount of 
lutite equal to the total amount present in the 
sea to settle on the ocean floor. We assume 
the supply of fine terrigeneous matter to the 
sea per unit time to vary periodically as 
a(I + p sin 2x{/T), a and p being constants 
(p < 1), t denoting the time, and T the period. 
Then we have 


dx | .2at x 
= elırpsin TI T, 


sa Pp self AGRE 
zer  —- sın T 07 
0 AG IE 
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Hence the quote of maximum and minimum 
rate of accumulation of lutite during a period 


will be 


AGE / 272 
o-( +47" 5) (jee ) 


whilst the quote of maximum and minimum 
supply of lutite to the ocean has been assumed 
to be q = (1 + p):(1—p). Choosing, by 
way of example, 4 = 4, we Serge 22: 
and se rep ue al Hand 
Accordingly, the ocean is able to eliminate the 
variations of the supply very effectively if the 
time T, is equal to, or exceeds, the period T 
of the variations of the supply, or, with other 
words, if the fractional part of the total amount 
of suspended terrigeneous matter which is 
deposited per unit time does not exceed 1 : T 
very much. If the fraction deposited per unit 
time is greater, the rate of deposition displays 
variations approaching the variations of the 
supply, at the same time as the time lag de- 
creases from about a quarter of a period to zero. 

In the case of fine terrigeneous matter we 
have found that T, is about 300 years, whereas 
the length of the climatic cycles has a magni- 
tude of at least 30,000 years. Consequently the 
variations of the supply of fine terrigeneous 
matter to the sea, accompanying climatic 
changes, will be reflected by almost simulta- 
neous and equally great variations of the rate 
of accumulation of clay on the ocean floor. 
Therefore, it does not appear warranted to base 
an absolute chronology of deep-sea sediments 
on the assumption of a constant rate of accumu- 
lation of clay on the ocean floor. 
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The Tyndall Effect of Uniform Minerogenic Suspensions 


By N. G. JERLOV, The Fishery Board of Sweden and B. KULLENBERG, Oceanographic 


Institute, Göteborg 


(Manuscript received May Is, 1953) 


The distribution of matter suspended in 
ocean water was studied during the Swedish 
Deep-Sea Expedition be measuring the Tyndall 
effect in water samples (JERLOV, 1953). The 
scattering, s km-!, caused by particles in 
suspension was computed. 

In order to make it possible to determine, 
approximately, the weight of suspended matter 
per liter water the present writers have measured 
the Tyndall effect of uniform suspensions with 
known concentrations. A series of suspensions 
were prepared containing minerogenic par- 
ticles (quartz and felspars) derived from a 
varved clay collected in the Southern Baltic, 
each suspension being made uniform as regards 
the size of the particles. This was achieved by 
allowing the suspensions to settle a great 
number of times, using narrow time limits. The 
work was carried out in a dark room with a 
constant temperature, cleaned from dust by 


. The Tyndall effect of suspensions of quartz 
and felspar. 


thorough washing and protracted running of 
a vacuum cleaner. The size of the particles in 
the suspensions finally obtained was checked 
by microscopic measurement. The weight of 
suspended matter per liter water was deter- 
mined by evaporating to dryness about 10 ml 
of each suspension. The suspensions were 
successively diluted by distilled water, with 
an addition of 0.02% ammonia, showing a 
Tyndall effect not exceeding the one observed 
in very pure deep water. The Tyndall effect 
was determined for blue light at the various 
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Fig. 2. Relationship between Tyndall effect and particle 
size at a concentration of I mg. per liter. 
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concentrations arrived at, the suspended matter 
was allowed to settle, and the very small 
Tyndall effect of the remaining impurities in 
the water was determined and applied as a 
correction. The observations are plotted in 
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Table 1. Scattering as determined by the Tyndall 

effect, and weight of suspended matter per liter. 

The size of the particles in suspension varies with- 
in about 10 % of the figures in the table. 


Suspended matter in mg/L 


: à > SORT ER FF 
fig. 1, and interpolated values are given in TATIANA ART 
Table 1. As shown by fig. 2, the linear relation- 
ship between the Tyndall effect and the Lu DET en ER aoe 
ei id: ; ech ds; onl 200 0.41 0.82 160821701185 27 
reciprocal diameter of the particles is valid only es 068 | nas | een | 362 | 488 
if the diameter exceeds about 2 micron 400 0.97 | 1.76 | 3.64 | 4.71 | 6.37 
(DALLAVALLE, 1948). | 600 1500 ES |] SO) || 74 
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Studies of the Equatorial Currents in the Pacific 


By N. G. JERLOV, Fishery Board of Sweden, Gothenburg 


(Manuscript received May 15, 1953) 


Abstract 


Some dynamic results have been derived from oceanographic data collected in the equa- 
torial currents in the Pacific Ocean during the Swedish Deep Sea Expedition. Horizontal 
current velocities geostrophically computed for three meridional sections bring out some char- 
acteristic features in the flow distribution within the Countercurrent. À survey of the mass 
transport of water from surface to soo m depth reveals a slow eastward flow at 12°—15° N. 
The reality of this weak additional countercurrent is, however, not clearly established. 


The Swedish Arsarross plan of action in the 
Pacific Ocean included the crossing of the 
system of equatorial currents by 4 sections 
with serial observations. The first section, 
which started in the beginning of September 
1947, was laid out obliquely, nearly parallel to 
the American coast, from the Galapagos Islands 
to 18° N (fig. 4). The course was then changed 
for the Marquesas | Islands and extended across 
the Equator to 3°S where the ship arrived 
on 9th of October. The third section, Tahiti- 
Hawaii, was run in November in a nearly 
meridional direction. The serial work in the 
fourth section was accomplished before the 
end of the year but the conditions were then 
rapidly approaching the northern winter situa- 
tion when the system of equatorial currents 
is weakly developed. 

In the sections the spacing of stations was 
about 2° and the time interval between them 
generally about 24 hours. The serial observa- 
tions were usually limited to the uppermost 
1,000 m but were at some selected stations 
—and always at the Equator—extended to 
the proximity of the bottom. Between the 
stations surface observations of temperature 


and salinity were made every hour, i.e., about 
every 7th mile, and bathythermograms for 
the depth range o—130 m were taken every 
4th hour (about every 30th mile). 

From the existing sections it is possible to 
construct by interpolation 3 equidistant merid- 
ional sections at long. 127° 30’, 149° 45’, and 
172° 00 W respectively. Thus, the experi- 
mental material is brought to a state which is 
suitable for the further interpretation of the 
cutrents. (Tablet) 


Table. 1. Oceanographic sections. 

Sec- : : 5 

: Time Latitude Longitude 
tion 

I Sept. | 2°44’S—17°46’ N] 92°45’ W— 

126°51’ W 

2 Oct 3°00’S—17°46’N 127°30’ W 

3 Nov. | 7°38’S—ı5°14’N 149°45’ W 

4 Dec. | 2°37’S—14°39’N 172°00’ W 


The vertical distribution of density in the 
three meridional sections is shown in figs. 
13. The typical structure of the water masses 
in the system of equatorial currents appears in 
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Fig. 1. Density (o,) distribution in a vertical section at long. 
127°30’W in the Pacific Ocean. 


the second section (fig. 1). The salient rise of 
the curves and their close packing at 10° N re- 
veals the divergence at the northern boundary 
of the Countercurrent. The minimum in the 
trends at 5° N locates there the convergence 
at the southern boundary of the Countercur- 
rent. The Equator Divergence claimed by 
theory (SVERDRUP, 1932; DEFANT, 1936) is also 
well developed. 

In the third section the same characteristic 
features are found though somewhat less 
marked. The Northern Divergence is here 
apparently divided, two maxima existing, one 
at 9°.5, the other at 13°.5 N. 

The fourth section reveals a displacement of 
the Countercurrent towards the south due to 
the seasonal change of its flow. The Northern 
Divergence is suggested at 8° N whereas the 
deepening of the isopleths at 3° indicates the 
convergence. The sharp drop of the curves 
between 5° and 3° gives evidence of a swift 
stream of the Countercurrent. 

Computed anomalies of dynamic height at 
standard depths are listed in Reports of the 
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Swedish Deep Sea Expedition, v. 3, Appendix, 
Table 2. DEFANT’S (1941) procedure was em- 
ployed for arriving at a representation of the 
absolute topography of the different isobaric 
surfaces. The depth of the reference layer or 
of the layer of no motion was found to lie 
between soo and 900 m and nearest the sur- 
face at the Equator. 

Derived values of dynamic heights for the 
sea surface are illustrated in fig. 4, the Equator 
station 111 being chosen as zero level. The 
sea surface south of the Galapagos Islands lies 
30 cm below this level whereas just north of 
the Equator at long. 170° E it is 30 cm above. 
This slope near the Equator, which is due to the 
westward wind stress and associated with 
piling up of light surface water in the western 
Pacific, agrees well with previous estimates 
from Dana results (MONTGOMERY and PAL- 
MEN, 1940). 

The marked trough at the Equator gives 
evidence of the Equator Divergence and the 
ridge at 5° N, which towards the west grad- 
ually moves to the Equator, reflects the 
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Fig. 2. Density (ox) distribution in a vertical section at long. 149°45’W in the Pacific Ocean. 
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Density (or) distribution in a vertical section 


at long. 172°00’W in the Pacific Ocean. 


convergence at the southern boundary of the 
Countercurrent. The figure also brings out 
two eddies in the Countercurrent in the first 
section. 


The other trough at about 10° N connected 
with the Northern Divergence is divided in 
two branches in the first and in the third 
section. A slightly similar tendency in the sec- 
ond and in the fourth section is not distin- 
guishable on the chart but appears at lower 
isobaric surfaces. 


It has been stated that the equatorial currents 
in the Pacific are closely related to the slope of 
the discontinuity layer (SVERDRUP et al., 1942). 
The density surface o, = 24.5 coincides with 
the maximum density gradient and roughly 
with the salinity maximum in the Pacific. 
A representation showing the depth of this 
density surface is remarkably consistent with 
that in fig. 4, troughs corresponding to ridges 
and vice versa. 

As divergence régions are usually rich in 
phytoplankton whereas convergence regions 
are poor, the presence of these vertical water 
movements can be demonstrated by the 
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Fig. 4. Dynamic topography (cm) of the sea surface. 


distribution of the particle content in the 
surface layer 0—so m (JERLOV, 1953). On the 
chart in fig. 5 the divergence zones appear 
clearly and also some details associated with 
the dynamic features in fig. 4. 

The horizontal velocities (cm/sec.) in the 
three meridional sections have been geostroph- 
ically computed and are shown in figs. 6—8. 
Near the Equator where the Coriolis’ param- 
eter is small the computation is uncertain. 
A more reliable value at the Equator is ob- 
tained by differentiating the equation with 
respect to the latitude and solving for the ve- 


locity at the latitude = 0°. However, surface 
current velocities can be derived from the 
drift of the vessel found from the ship’s rec- 
ords and with due regard to the wind drift. 
A comparison between these and the values 
geostrophically computed—for what it is 
worth—reveals a considerable discrepancy in 
the vicinity of the Equator, the latter values 
being higher. Though this circumstance is 
taken into account the current velocities in 
the South Equatorial Current near the Equator 
are given with due reservation. 

The Countercurrent flows with a maximum 
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Fig. 5. Particle content in the uppermost 50 m. 
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Fig. 6. Horizontal velocity (cm/sec.) in a vertical section at long. 127°30’W in the Pacific Ocean. 


surface velocity of 60 cm/sec in the two 
easterly sections. In the westerly section a value 
of 100 cm/sec or 2 knots is attained which is 
due to the prevailing abnormal wind distribu- 
tion which occasions a strong westward wind 
stress over the northern parts of the Counter- 
current, so that its main flow is concentrated 
southwards where the stress practically vanishes. 
The appearence of the vertical structure of the 
Countercurrent in the second section (fig. 6) 
is in good agreement with that for the Car- 
NEGIE section in the same region. 

Two features in the flow of the Counter- 
current are common to the three sections. The 
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Countercurrent is deeper in its southern part 
and extends below the South Equatorial 
Current. Further it is observed that a weak 
eastward current occurs in the zone 12°—16° 
N. This phenomenon is present in the second 
section below 150 m only and might be ascribed 
to the effect of internal waves. But in the third 
section the current in view is stronger and 
penetrates the whole water column in con- 
formity to the division of the Northern 
Divergence. In this case the South and the 
North Equatorial Currents are fairly shallow 
and the whole body of deep water from 5° S 
to 12° N moves eastwards. Finally the east- 
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Fig. 8. Horizontal velocity (cm/sec.) in a vertical section at long. 172°00’W in the Pacific Ocean. 


ward flow between 12° and 15° N in the fourth 
section is too weak to admit any definite 
conclusions about its reality. 

We shall look at the problem of equatorial 
currents from another side and consider the 
horizontal distribution of the total mass 
transport of water. This can be obtained by 
integration from the vertical distributions of 
velocities in figs. 6—8. Another way is to use 
the integrated equations of horizontal motion 
which also takes the average wind stress into 
account (SVERDRUP, 1947; REID, 1948). The 
wind stress is small compared with the meridi- 
onal pressure gradients, and therefore the two 


methods yield practically the same results. 
It is sufficient to extend the integration to 
soo m only, as the contribution from deeper 
layers is negligible. 

On the chart in fig. 9 the mass transport 
0— 500 m is represented as east-west vectors. 
Current conditions in the first section are 
incorporated in the figure. It is observed that 
the transport is not everywhere congruent with 
the surface current. For instance, in the southern 
part of the Countercurrent at 150° W the 
transport vector is directed against the surface 
current. 

The total mass transport by the Counter- 


Section 1 


Fig. 9. Mass transport of water from surface to soo m depth given as east-west vectors. 
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current within the boundaries given in fig. 9 
was found to be: 


at 127° 30° W 36 million tons per sec. 
149°45 25 
172° 00° 43 


These values compare well with that 
evaluated from CARNEGIE data which is re- 
presentative for October and amounts to 25 
million tons per sec. across the 140th meridian 
(SvErDRUP et al., 1942). In fact, the total 
eastward flow within the system of equatorial 
currents should be taken into account. This 
would raise the second value only from 25 to 
31 million tons per sec. 


An interesting feature of the transport pattern 
is the narrow zone of water flowing eastwards 
at 12°—15° N. The consistent picture speaks in 
favour of the reality of this additional counter- 
current. The horizontal particle distribution, 


N. G. JERLOV 


which is little affected by tidal currents, also 
indicates its existence. It may appear that 
this phenomenon is related to the occurrence 
of multiple currents in the Gulf Stream 
(FUGLISTER, 1951). On the other hand, dynamic 
results must be interpreted with great caution, 
especially on account of the internal waves of 
tidal periods, and more observational evidence 
on this detail in the system of equatorial 
currents is needed. 

The present paper is a preliminary report of 
the oceanographic work in the Pacific during 
the Swedish Deep Sea Expedition. The 
author is greatly indebted to Dr Hans Pet- 
tersson for his generous support and to the 
whole scientific staff on board the ALBATROSS 
for their unstinting co-operation. He wishes 
also to express his gratitude to Dr C.-G. 
Rossby for many helpful discussions and to 
thank Dr G. Koopman, who has carefully 


carried out the dynamic computations. 
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Meteorological Conference in Helsingfors, Finland, 18—22 May 1953 


During the last four or five years Scandinavian 
meteorologists have met once or twice a year to 
discuss basic meteorological problems under inves- 
tigation in the Scandinavien countries. In most 
cases also a few scientists from countries outside 
Scandinavia have been invited to present their 
work and to exchange ideas with their Scandi- 
navian colleagues. The experiences gained during 
previous meetings in Bergen, Copenhagen, Oslo 
and Stockholm have been exceedingly valuable. 
Hence, between May 18 and 22 of 1953, a similar 
meeting was held in Helsingfors at the invitation 
of the Geophysical Society of Finland and of the 
Institute of Meteorology at the University of 
Helsingfors. The very successful meeting was led 
by professor E. Palmen and professor V. Vaisala. 
Professor Palmén acted as general chairman and 
was assisted by Dr. L. Vuorela as general secretary. 


This time the lectures and discussions were 
mainly devoted to problems in the field of dy- 
namic and synoptic aerology, including aerological 
techniques, and to the use of aerology in fore- 
casting. However, several other topics were 
brought up for discussion such as problems of the 
general circulation of the atmosphere, numerical 
forecastning and turbulence in the lowest part of 
the atmosphere. A more complete account of the 
meeting will be published in Geophysica (Geo- 
physical Society of Finland), to which the reader is 
referred for detailed information. Abstracts of all 
lectures will be found there; some of the papers 
presented at the meeting will be published in ex- 
tenso in Geophysica. Here merely the tities of the 
lectures will be listed. A few of the papers pre- 
sented in Helsingfors are published in this issue of 
Tellus. 
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May 19 
Prof. E. Palmén (Academy of Finland): Opening 
of the meeting. 
Prof. C.-G. Rossby (University of Stockholm): 
Some problems of the jet stream. 
Lt. W. E. Hubert (USN, ONR): A case study of 
variations in structure and circulation about west- 
erly jet streams over Europe. 
Mr K. Mori (Japanese Weather Bureau): The 
distribution of wind and temperature over Japan 
and adjacent ocean areas during the winter of 
19$0—I9$I. 
Prof. P. Raethjen (Universität Hamburg): Zonal- 
zirkulation und Tropopausenzirkulation. 
Mag. scient. E. Eliasen (University of Copenhagen) : 
Correlation functions for observed winds in the 
upper atmosphere. 
Prof. E. Palmen (Academy of Finland): Subtrop- 
ical and polar-front jet streams. 


May 20 
Prof. R. Fjörtoft (University of Copenhagen): Out- 
lines of a project for a scale analysis of atmos- 
pheric motions. 
Dr. A. Eliassen (Institute for Research of Weather 
and Climate, Oslo): Some notes concerning the 
demands upon the aerological network from the 
viewpoint of numerical forecasting. 
Fil. lic. B. Bolin (University of Stockholm): The 
adjustment of a nonbalanced velocity field towards 
geostrophic equilibrium in a stratified Auid. 
Cand. mag. K. Pedersen (Institute for Research of 
Weather and Climate, Oslo): Attempts with Fjör- 
tofts graphical method. 
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Dr. C. W. Newton (University of Chicago): 
Streakiness of the wind field and vorticity trans- 
formations in the free atmosphere. 
Prof. V. Väisälä (University of Helsinki): Lag of 
the hair hygrometer. 
Prof. V. Väisälä (University of Helsinki): Demon- 
stration of the Väisälä-radio-theodolite. 

May 21 
Prof. R. Scherhag (Universität Berlin): Unter- 
suchungen der troposphärischen Kältepole der 
höheren Breiten. 
Dr. V. Rossi (Finnish Met. Institute) : Über die 
Temperaturschwankungen in der Stratosphäre. 
Dr. L. Vuorela (University of Helsinki): On the 
upper wind distribution connected with invasion 
of upper tropical air. 
Fil. lic. L. Raab (Swedish Met. Institute): A case 
of strong convection in the stratosphere. 
Mr. M. Jensen and Mr. W. Nielsen (Danish Met. 
Institute): The motion of surface pressure centers 
in relation to upper mean maps. 
Mr. A. H. Belmont (UCLA): A preliminary study 
of apparent diurnal and scasonal variations of 
upper-air temperature at Narsarssuak, Greenland. 
Fil. lic. G. Arnason (University of Stockholm): 
Time-lapse photographs of clouds. 


May 22 


Prof. J. Keränen (Finnish Met. Institute): On frost 
formation in soil. 


NOTES 


Dr. A. Nyberg (Swedish Met. Institute): A note 
on the eddy conductivity in statically unstable 
conditions. 


Fil. lic. Aili Nurminen (Finnish Met. Institute): 
Fog in relation to discontinuities in the pressure 


field. 


It is becoming increasingly evident that informal 
meetings of a small number of scientists interested 
in the same problems represent an extremely effec- 
tive method of scientific cooperation, the more so 
since the large international meetings of WMO 
UGGI more and more tend to concentrate their 
efforts on organizational, administrative or techni- 
cal problems. Through the concentration on a few 
problems of common interest and through restric- 
tions on the size of the group participating in the 
mecting it is possible to stimulate effective discus- 
sions of each paper presented. It is to be hoped 
that this series of Scandinavian meetings will be 
continued and that similar group meetings will be 
arranged in other parts of Europe. For European 
science it is of course essential to maintain close 
contact with our colleagues in North America. 
Economic factors and U.S. immigration restrictions 
alike indicate that this contact for the time being 
must be based predominantly on assignments of or 
visits by American scientists to European institu- 
tions and meetings. 


B. Born 


Note on “A further study on the relation between the jet stream 


and cyclone formation” 


Diese Sie 


In a very interesting article by Riehl and Tewe- 
les in Tellus no. ı 1953 some problems of vertical 
motion in relation to jetstreams have been discussed. 
The authors among other things state, that in a 
centre of a cold dome the cold air has ascended and 
that therfore Margules’ theory of the conversion of 
potential energy into kinetic energy does not hold. 
They also have the opinion that there is an ascend- 
ing motion on the left hand side and descending 
motion on the right hand side of the decelerating 
jet stream. | should like to make a few comments 
as regards these statements. 

It does not appear from the charts that the cold 
“dome” is cut off, on the contrary there are strong 
indications of cold air advection in the Northwestern 


part of the cold “dome”. The rising of isentropes is 
thus due to advection and not to upward motion. 
The cold “dome” progresses with only about half 
the speed of the wind in the center of the “dome” 
according to the authors’ charts, which fact must 
be a result of descending motion. Anyway no phys- 
ical reason for an upward motion in this part of 
the jet system can be scen. 

Margules in 1903 did probably not know of cold 
domes and could not state that the whole cold dome 
was sinking. He just computed the release of poten- 
tial energy when cold’air sank and warmer air was 
lifted and these computations are all right. In prin- 
ciple this process must be the normal in the atmos- 
phere. That this is so when jetstreams form has been 
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shown, see for instance Nyberg: Tellus 1949 or Ny- 
berg: Centenary Proceedings of the Roy. Met. Soc. 
1950. Riehl and Teweles now have the opinion that 
when jetstreams decline the cold air on the northern 
side of the jet ascend and that at the same time the 
warm air south of the jet descends. However, if one 
considers that part of the cold dome which is just 
west of the rain area and the pressure fall area. e. g. 
on 13 Nov. 1951 0400. it is easily seen that this cold 
air is sinking. Most synoptic meteorologists would 
use the front symbols as there is a well developed 
warm sector with ascending motion along a “warm 
front”. The cold air behind the cold front is thus 
sinking. The rising air at the “warm front” is much 
warmer and potential energy is thus used to in- 
crease the circulation in the lower levels and later 
on even in upper levels. A new maximum of the 
jet is formed at the same time (Fig. 10). 

It is possible that in connection with the dece- 
leration of the jet there is a tendency to start indirect 
circulation but such circulation does not take place 
along the whole decelerating jet as may be seen 
from the figures. The cold air behind the cold front 
is sinking north of the jet. Using Riehl and Teweles’ 
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reasoning one should expect a rain area parallel to 
the jet and on its nothern side, but the rain area 
does cut the jet axis at right angles and there is also 
rain on the southern side of the jet. This is a normal 
feature. 


The dynamical effect of the jet might be to start 
the cyclogenesis, in the process of cyclogenesis 
potential energy is converted into kinetic energy. 
The advection of vorticity may be important but 
the value of the absolute vorticity of between 2 f 
and 3 f shows clearly enough that other processes 
are dominating. These processes are sinking motion 
and convergence in the cold air north of the jet 
stream. 


I think that Riehl and Teweles have taken up 
for discussion a problem which is a basic one and it 
really deserves continued and careful study. 


Stockholm, June 1, 1953. 


Yours sincerely 


Atr NYBERG 


Swedish Meteorological 
and Hydrological Institute. 


Reply 


I was pleased to receive Dr Nyberg’s comments; 
they give me an opportunity to mention some 
thoughts I had considered too speculative for in- 
clusion in the formal paper. 

First, however, I must dispute Dr Nyberg’s 
comment on the motion of the cold dome. This 
was checked carefully with numerous winds ın 
the central area all of which were 25—30 mph, 
exactly the rate of propagation of the dome. The 
winds on the soo-mb charts show this (fig. 2 of 
article) as well as other levels not reproduced, 
Propagation of cold centers with the speed of the 
wind has since been observed by us with consider- 
able frequency; the published case is not unusual. 

To pass on to the main body of Dr Nyberg’s 
comments we had suggested (p. 71) "that the role 
of the dome in the cyclogenetic mechanism may be 
other, at least initially, than the simple sinking 
usually visualized”. This is not to deny that most 
of the kinetic energy of cyclones is gained through 
release of potential energy. But we know that 
only a small fraction of potential energy released 
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is so used, and only under special circumstances. 
It has been our aim to try to penetrate beyond 


Fig. 1. Tephigram showing isothermal expansion of air 
at sea level to 960 mb, dry-adiabatic ascent to con- 
densation level, then moist-adiabatic ascent to 200 mb 
and horizontal mixing at 200 mb. Dashed horizontal 
line indicates descent of mixture outside the circulation. 
Lower curve represents mean tropical atmosphere. The 
whole area (a+b) represents total heat gained by hur- 
ricane circulation, and area (a) represents maximum 
amount of energy available for conversion into kinetic 
energy. 
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genéralities and ascertain more precisely the cir- 
cumstances that will make conversion of potential 
to kinetic energy possible. 


In a sense, the paper represents a continuation 
of previous studies on the energy release in tropical 
cyclones (r). There it is a question of conversion 
of latent heat released during ascent to kinetic 
energy. Fig. ı shows a typical ascent path. If the 
air that has risen descends dry-adiabatically after 
reaching the upper troposphere, it will every- 
where be warmer during the descent than during 
the ascent, and no kinetic energy can be gained from 
the rainfall. If however, as is suggested, high level 
mixing takes place between the air inside the cir- 
culation and its surroundings, then the descent 
of the mixture will yield a positive area (a) on the 
tephigram capable of conversion to kinetic energy. 
The maximum amount of energy that can be 
gained through this process is far more than that 
needed to maintain the circulation against surface 
friction. 


Concerning the cold dome, the question arises 
whether a special mechanism can be found that 


Fig. 2. Sinking of cold dome with boundary shown 

initially by solid line, after sinking by dashed line. (a) 

Simple sinking of whole dome; (b) net sinking couple 
with ascent of cold dome center. 


NOTES 


will serve a purpose analogous to the mixing of 
inside and outside air in the high tropospere of 
tropical storms. It is well known that simple sinking 
of a whole dome, shown in fig. 2 a, decreases the 
horizontal pressure and temperature gradients, 
thus is not at all suitable for the generation of wind. 
If the surface of the dome, however, is deformed as 
indicated in fig. 2b, then a partial conversion of 
potential to kinetic energy can take place. 


Our study suggests that fig. 2b is realistic, and 
work is continuing along that approach. We are 
far from disputing that a large part of the cold air 
in the west is sinking as Dr Nyberg seems to 
suggest; low level spreading of the cold air is quite 
obvious from figs. 1a—d. Our reference was to 
the center of the dome, the generation of a stronger 
jet stream as the slope of the dome steepened, and 
the downstream effects as the strong winds move 
forward. Extension of this approach may succeed 
in overcoming the obstacles of getting beyond 
generalities concerning the energy cycle. 


Dr Nyberg also seems concerned with the ”in- 
direct” vertical circulation at the forward edge of 
the jet maximum. Such indirect circulations were 
not discovered by us; their association with the jet 
stream was first brought out in an article in 1947 
in which Dr Nyberg participated (2). I feel that 
we can let the case speak for itself regarding the 
vertical cell; moreover, the comments on the frontal 
analysis are not clear to me. The frontal picture is a 
simplified version of official analyses made at the 
time; it was extremely difficult to maintain good 
continuity due to weak low level airmass differ- 
ences, a frequent feature. Concerning the inter- 
section of jet stream axis and rain area (not at right 
angles) I must refer Dr Nyberg to p. 76 where 
this intersection has been discussed explicitly. 
Noting that the evidence showed low-level conver- 
gence north of the jet axis but did not reveal sub- 
sidence to the south we concluded that any indi- 
rect cell was not complete and that the region 
where subsidence compensating for the upward 
mass transport through the 200-mb surface takes 
place, is not completely delineated by the charts 
presented here. 


RE PERE NCES 


(1) Riehl, H:, J. Apply Phys., 21, 917, 1950, 
(2) University of Chicago, Department of Meteorology 
(staff), Bull. Amer. Meteor. Soc., 28, 255, 1947. 
HERBERT RIEHL 
University of Chicago 
Tellus V (1953), 3 


Resuits of Investigations conducted at the Institute of 
Meteorology, University of Stockholm during the 
Academic Year 1952—1953 


te 


Structure of Wind Field and Variations of Vorticity 
in a Summer Situation! 


By C. W. NEWTON, University of Chicago and University of Stockholm, 
and J. E. CARSON, University of Chicago? 


(Manuscript received 7 February 1953) 


Abstract 


An analysis of the observed wind field at 300 mb is shown for a period when iterative shear- 
line formations occurred. Each was preceded by the injection of a localized wind maximum 
into lower latitudes, southwesterly winds subsequently increasing east of the trough line, but 
not by advection of high winds around the southern end of the trough. 

Series of cross sections at different times illustrate the wind variations as the localized jets 
move through them. These indicate that the local wind maxima at 300 mb reflect similar varia- 
tions through a deep layer and thus are not due to vertical undulations in the height of the jet 
stream. 

During a time of relatively steady state, changes of vorticity are examined in the region 
east of the trough, where the jet is weak in lower latitudes and increases in speed downstream. 
Locally large individual increases of absolute vorticity (of the order of the value of the Coriolis 
parameter in 12—24 hr) in the upper troposphere are accounted for by the conversion of vertical 
shear into vorticity about a vertical axis, through differential vertical motions in an indirect 
solenoidal sense. A simultaneous increase in vertical shear is accounted for by horizontal circula- 
tions in a direct solenoidal sense. Considering the trough as a whole, there was weak sub- 
sidence in the upper troposphere, with maximum descending motions near the jet stream. 


Introduction. — Most synoptic studies of 
the role of the jet stream in the behaviour of 
the atmosphere have involved situations in 
the colder months of the year. This is natural 
since the jet and the frequently associated 
extratropical cyclones (RIEHL, 24) are most 
strongly developed then. A disadvantage of 
studying the wind field in winter is that direct 
observations are usually lacking over large 
regions, because of cloudiness and the instru- 
mental difficulties involved in observing very 
strong winds. 


1 Work performed under a contract between the 
Office of Naval Research and the University of Chicago. 

2 Present affiliation: Department of Meteorology, 
Rutgers University, New Brunswick, New Jersey. 
Participated mainly in earlier phases of work. 


Tellus V (1953), 3 


21—302168 


Partly for this reason, the writers have un- 
dertaken an investigation of the structure of 
the wind field using summer data. In addition 
to the increased observational data in summer, 
lower wind speeds make it possible to study 
the discrete features of the wind field, since 
these move slowly and therefore remain under 
observation longer over a network such as 
that of the United States. 

Another reason for looking into summer 
situations is the possibility simply of changing 
the point of view from which the investiga- 
tion is undertaken. For example one might 
wish to examine the behaviour of specific types 
of flow patterns observed both in winter, when 
pronounced frontal surfaces may extend up- 


ward through most of the depth of the tropo- 
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1500 GCT s August 1949. Solid lines, isotachs at 
30,000 ft, interval 10 knots; hatched where wind 
speed is over 50 knots, cross-hatched over 70 knots. 
In regions of low wind speeds, values indicated by 
inequality signs and slanted figures. Locations of direct 
wind observations at 30,000 ft indicated by small a 
circles. Thin long-dashed lines are contours of 300- 

mb surface (hundreds of ft); short heavy dashes in- 
dicate location of shear line where wind speeds are 
near zero. Note that charts shown for this series are & 
sometimes 12 and sometimes 24 hr apart. 
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Fig. 1b. 300-mb chart, 1500 GCT 31 July 1949. 
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Fig. 1 c. 300-mb chart, 0300 GCT 1 August 1949. 
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Fig. ı f. 300-mb chart, 0300 GCT 3 August 1949. Fig. ri. 300-mb chart, 1500 GCT 5 August 1949. 
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sphere, and in summer, when such fronts 
might be shallow and far below the level of 
maximum winds. 

One type of flow pattern whose character 
in summer and winter might be profitably 
compared is the shear line frequently found 
near the tropopause level. Hsıeu (12) has 
described the formation of a shear line in 
winter, as the result of subsidence of an elon- 
gated cold tongue following a strong and deep 
polar air outbreak. HsIEH accounted for the 
accompanying concentration of vorticity by a 
pronounced vertical stretching of the layers of 
air near the tropopause, and the bringing 
together of the opposing branches of the jet 
stream bounding the trough. NEWTON, PHIL- 
Lips, Carson and BRADBURY (16), in a study 
of a summer shear line, found that the strong 
shear was confined almost entirely within a 
layer 150—200 mb deep enveloping the trop- 
opause, there being no evident connection 
between the large changes of the flow pattern 
in this layer and the lower tropospheric flow. 

Potential absolute vorticity charts for the 
latter case suggested that the local increases in 
vorticity observed in the shear-line region were 
not entirely explainable on the basis of con- 
servation of the vertical component of poten- 
tial absolute vorticity, (f+ ¢)/ Ap. It appears 
worth while to follow up this conclusion by 
making a more detailed examination of the 
processes involved in individual changes of 
vorticity. Since the vorticity relationships 
involve real rather than geostrophic winds, 
the wind field is analyzed so far as possible 
from direct observations. 

Analysis — The following discussion con- 
cerns mainly the wind analysis at 30,000 ft, 
using 300-mb contour charts as a base. While 
these two levels do not generally coincide, 
more consistent results are obtained by ana- 
lyzing the details of the wind field at a con- 
stant level, than by interpolation of winds at a 
constant-pressure surface, since higher-level 
wind data are given only at 5,000-foot intet- 
vals in teletype reports. In addition to observa- 
tions at the time of radiosonde reports, observed 
winds six hours before and after each constant- 
pressure chart were utilized; in many cases 
this procedure effectively doubled the amount 
of information available near the time of the 
charts shown. 

In analyzing cross sections, observed winds 
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were used in combination with gradient 
winds computed from D-values (deviations 
from standard atmosphere heights), as de- 
scribed by BELLAMY (1). No cross sections are 
shown except those with sufficient direct wind 
observations to guarantee reasonable accuracy. 
D-values in cross sections were corrected using 
the apparent errors obtained from contour 
analyses at the 850-, 500-, 300- and 200-mb 
levels. Analyses in cross sections and at con- 
stant-pressure levels were mutually checked, 
so that the isotachs on cross sections have in 
some cases been inferred partly from the 
wind distribution up- and downstream from 
the cross sections. 

Constant-level isotach analyses — Figure 1 
shows a series of 30,000-ft isotach charts for 
the period 30 July—s August 1949. Strongest 
winds were found mostly near 40,000 ft, but 
the sparsity of observed winds and the greater 
inaccuracy of constant-pressure analyses at 
that level made a detailed analysis unreliable 
there. The major features of the wind field 
were apparently well-reflected in the 30,000-ft 
level, though there were at times indications 
of variations at higher levels which did not 
appear at 30,000 ft (for simplicity this level 
will henceforth be referred to as 300 mb). 

The large-scale circulation pattern was quite 
similar to that accompanying a summer shear 
line studied earlier (16). Throughout the period 
shown, there were two main jet-stream 
systems over North America, one entering 
the continent from the Gulf of Alaska, the 
other from the region south of a low near 
latitude 38° N in the eastern Pacific (this low 
moved westward and slightly southward 
after fig. 1a). Throughout the series, the 
“streakiness” of the wind field is very striking. 
The presence of separate jet streams at different 
latitudes has been discussed by CressMan (5), 
Prurrıps (22), and Murray and JOHNSON (13). 
A recent analysis of temperature-salinity data 
in the Gulf Stream area by FUGListER (8) 
suggests an analogous multiple current struc- 
ture in the barocline regions of the oceans. 

Prior to the first map, the jet traversing the 
Gulf of Alaska and southern Canada was 
almost zonal, except for a trough south of 
Hudson Bay. The local wind maximum over 
the central and western United States in fig. 1a 
had moved slowly eastward from the Cali- 
fornia coast in the preceding two days. Al- 
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though there were insufficient wind observa- 
tions to determine whether it extended further 
east as a definable jet stream, those available as 
well as continuity indicated a strong decrease 
in strength downstream as shown. 

Each of the jet-stream systems is composed 
of a chain of discrete well-defined local wind- 
maxima or “jet streaks”®, with pronounced 
velocity gradients along streamlines. These 
localized wind maxima were first discussed by 
GuSTAFSON and collahorators (9), who noted 
that they tend to move along with certain 
synoptic features such as troughs and ridges, 
at speeds much slower than the strongest winds 
in the upper troposphere. RıeHr and collabora- 
tors (25) have discussed in detail the implica- 
tions of such a velocity distribution for fore- 
casting. 

Early in the series, a pronounced deepening 
occurred in the Gulf of Alaska, continuing 
until after the time of the last map shown. 
There ensued a marked amplification of the 
ridge over western Canada and a deepening 
of the trough south of Hudson Bay. This 
deepening was at first rather small in the 
northern jet-stream system, while a strong 
deepening was observed in the southern wind 
system. On the other hand, there was ap- 
parently little change in the southern wind 
system further west over the Pacific Ocean. 
This suggests that the observed changes might 
have resulted from some kind of interaction 
between the northern and southern wind 
systems. 

After the ridge intensified over western 
North America, there was a pronounced 
clockwise turning of the jet streak over the 
west central United States, so that it acquired 
a more northerly direction. It was proposed 
in an earlier paper (16) that the strong height 
rises in the northern part of the ridge, following 
the deepening upstream in the northern wind 
system, results in a weakening of the height 
gradient across the southern jet. As a con- 
sequence, the excessive Coriolis force acting 
on the southern jet results in an increased 
anticyclonic curvature east of the ridge and a 
clockwise turning of the winds there. 

As the southernmost jet streak changed 
direction, the maximum wind speed also 


3 By analogy to the “streak lines” showing trajectories 
of fast-moving tracer particles in photographs of hydro- 
dynamics experiments. 
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increased east of the ridge (see figs. 1 b—r f). 
Wind observations indicate that increased 
advection of momentum through the ridge 
was not entirely responsible for this; it seems 
likely that the mechanism of wind acceleration 
downstream from sharp ridges, described by 
BJERKNES (3), was important in this case. The 
critical conditions he derived (tmin = 4V¢/f; 
v= 2.) were approximately satisfied. 

Following the turning of the jet streak, a 
trough with weak shear-line characteristics 
was observed to form (fig. 1 d), and a south- 
westerly jet appeared east of the trough line. 
It is important to note that this jet intensified 
in situ, rather than by advection of high wind 
speeds around the southern end of the trough. 
Note that the isotachs move upstream with 
time in this region (figs. 1 b to 1 f). The shear 
line evidently formed as a consequence of the 
injection of the northerly jet streak into lower 
latitudes.4 

When the trough first deepened (figs. 1 c— 
1 d), the greatest horizontal shear and vorticity 
were found not at the trough line itself, but 
on the cyclonic flank of the jet streak some 
distance west. Between 1500 GCT 1 August 
and 1500 GCT 2 August (figs. 1 d—re) the 
weak winds in the stagnant region between the 
jets gradually backed and increased in strength, 
a new shear line forming adjacent to the 
northerly jet. This reached greatest development 
near 1500 GCT 3 August (fig. 1 g), when the 
34,000-ft winds at Fort Worth and Shreveport, 
350 km apart, indicated an average horizontal 
shear of 17 m sec! per 100 km (absolute 
vorticity 3.1 times the Coriolis parameter at 
that latitude). After 0300 GCT 1 August, the 
jet streak over the eastern slope of the Rocky 
Mountains moved southward, first intensifying, 
then finally weakening and moving entirely 
out of the field of observation, into Mexico. 
During this time, the southwesterly current 
east of the trough first increased, then decreased 
in speed, at lower latitudes. Between 1500 GCT 
1 August and 1500 GCT 3 August, a distinct 


4This conclusion is drawn from the apparently direct 
association of events locally. In the three days preceding 
3 August, the Atlantic subtropical high moved about 20° 
longitude westward. During the first week of August, 
there was a general westward retrogression of the major 
troughs and ridges on a hemispheric scale (see NamıAs and 
Crapp (14), CRESSMAN (4)). The deepening in the Gulf 
of Alaska (fig. 1) and the subsequent formation of the 
shearline trough are part of this large-scale process. 
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jet streak (the one furthest southeast in figs. 
1 e—1 g) formed east of the trough and in- 
tensified as it moved northeastward, apparently 
moving out over the ocean by 1500 GCT 4 
August. 

In the northern jet-stream system, the be- 
haviour appears quite normal up until 1500 
GCT ı August (fig. 1 d). The initial increase 
in amplitude of the Rocky-Mountain ridge 
was followed by a replacement of the trough 
near Hudson Bay. By 1500 GCT 2 August 
(fig. 1 e), the jet crossing southern Alaska had 
turned sharply to a more southerly orientation 
and a new ridge built up north of the one 
observed earlier. By this time, the northern 
jet stream no longer appeared to be continuous 
across western Canada. Subsequently, the part 
of the jet between the ridge and the Hudson- 
Bay trough gradually decreased in strength, 
presumably because its source of momentum 
had been cut off on the upstream side. By 
0300 GCT 3 August (fig. 1 f) the trough in 
the northern jet-stream system began to have 
the characteristics of a shear line, and 12 hr 
later (fig. 1 g), after a further weakening of the 
northerly branch, only that part of the jet 
east of the Hudson-Bay trough remained in 
strength. 

Up until 0300 GCT 3 August (fig. 1 f), the 
axis of the southern wind maximum appeared 
to be continuous, between the jet streak 
entering the Pacific coast and the one just 
east of the Rockies. Twelve hours later (fig. 


Fig. 2. Locations of cross sections in figs. 3 to 6, with 

index numbers of radiosonde stations used. Cross sections 

in fig. 5 varied slightly in location within limits of 

southernmost pair of lines, so that sections could be 
oriented normal to 300-mb flow. 
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Fig. 3. Vertical cross section from Annette Island, 
Alaska, to Las Vegas, Nevada, at 1500 GCT 4 August 
1949. Solid lines, isotachs (knots) of total wind speed, 
dashed for zero wind speed. Wind blows into page. 
Direction of wind indicated by double-shafted arrows 
near wind maxima (oriented as though north were at 
top of page). Thin dashed lines, isentropes (deg K); 
heaviest lines tropopauses and boundaries of stable 
layers. In all cross sections, pressure scale is logarithmic 
up to 200 mb, but is contracted to a linear scale 
above 200 mb. 


tg), there was a definite break in this axis. 
Following this time (fig. 1h), the jet streak 
moved eastward from the Pacific coast, 
curving sharply anticyclonically into a region 
400—700 km west of the axis of the earlier jet 
streak, which now could no longer be con- 
sidered as part of the same jet-stream system. 
By 1500 GCT 5 August (fig. 1i), a new 
shear line had formed on the cyclonic flank 
of the new jet now being injected into lower 
latitudes, winds east of this line slowly backing 
to a southerly direction. Rapid replacement of 
shear-line troughs in this manner is quite 
common, the older shear line often completely 
disappearing in 12 to 24 hours. After 5 August, 
the southwesterly jet streams on the west 
coast increased in strength, while the flow 
pattern further east over the United States 

remained relatively steady for some days. 
Three-dimensional structure of the wind field — 
Every 12 hours during the period studied, 
vertical cross sections were analyzed at the 
locations shown in fig. 2. Figure 3 shows the 
wind distribution near the Pacific coast, 
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Fig. 4a. Cross section from Las Vegas, Nevada, to 
International Falls, Minnesota, at 1500 GCT 
I August 1949. 
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Fig. 4b. Cross section from Las Vegas to International 
Falls, 1500 GCT 2 August 1949. 


toward the end of the series of fig. 1. The 
center jet in this figure, which was quite 
variable in strength at 300 mb (cf. fig. 1), is 
not a part of the principal jet-stream systems 
discussed earlier; its role is completely obscure 
to the writers. Although cross sections were 
made for this location at 12-hourly intervals 
throughout the period being studied, the 
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Fig. 4c. Cross section from Las Vegas to International 
Falls, 1500 GCT 3 August 1949. 
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Fig. 4d. Cross section from Las Vegas to International 
Falls, 1500 GCT 4 August 1949. 


sparsity of wind observations particularly in 
the northern part made the results quantita- 
tively unreliable much of the time. However, 
most of the time there was evidence of a 
complicated wind field similar to that shown in 
fig. 3. When jets are this close together, it is 
often impossible to get any indication of their 
structure (or even of their separate existence) 
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Fig. sa. Cross section from Phoenix, 
Arizona, to Miami, Florida, at 1500 GCT 
1 August 1949. Winds with southerly 
component (indicated by double-shafted 
arrow) blow into page; with northerly 
component out of page. 


Fig. 5 b. Cross section from Phoenix to 
Tampa, Florida, 1500 GCT 2 August 
1949. 


Fig. sc. Cross section from Phoenix to 
Tampa, 1500 GCT 3 August 1949. 
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from radiosonde observations alone. It is 
obviously of fundamental importance, in 
understanding the mechanism of certain types 
of atmospheric phenomena, e.g. blocking, to 
know whether there is this type of wind 
field upstream from the block or whether a 
splitting of a single jet is involved. In the 
present case, it is clear that the principal jet 
streams maintain their separate identities 
through the region near the west coast where 
they flow close together. 

One might legitimately ask whether the jet 
streaks observed at 300 mb represent variations 
of the wind throughout a deep layer of the 
atmosphere, or whether they can be accounted 
for largely by vertical undulations of a more 
uniform jet. To provide the answer to this 
question a number of vertical cross sections 
are shown illustrating the local changes of the 
wind field with time. 

Figure 4 shows a series of cross sections nor- 
mal to the 300-mb flow east of the Rocky- 
Mountain ridge. The local variations of wind- 
speed in the right-hand jet (corresponding to 
the southern jet-stream system) are very 
striking. At the time of fig. 4a (cf. fig. 1d), 
the center of the 300-mb jet streak was near 
the location of the cross section. As the jet 
streak moved south, there was a very marked 
local decrease in wind speed at all levels until 
1500 GCT 3 August (fig. 4 c), when the cross 
section was near the break between the earlier 
jet streak and the one involved in the last 
shear-line formation (see fig. 1g). By 1500 
GCT 4 August (fig. 4d), the latter jet had 
moved into the cross section and again a great 
increase of wind was observed at all levels. 

It may be concluded that the major features 
of the 300-mb wind field in fig. 1 are represen- 
tative of concomitant variations through a 
deep layer of the upper troposphere and lower 
stratosphere. This is not necessarily always the 
case,® although experience with a variety of 
situations indicates that the major wind varia- 
tions at a single level in the higher troposphere 
cannot usually be explained only on the basis 
of vertical undulations of the jet without 
significant variations at the level of maximum 


5 Lr. W. E. HUBERT, in studying the wind variations 
over the British Isles during a period of relatively straight 
westerly flow, has found that the elevation of the jet 
varies locally as much as 200 mb in 12—18 hr. (See 
report elsewhere in this issue.) 
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wind. In the lower troposphere (e.g 500—700 
mb), pronounced local wind maxima are 
frequently observed which are not connected 
with similar features near the tropopause level. 

Wind variations near latitude 30° — A series 
of cross sections at about 30° latitude, near the 
southern border of the United States, is shown 
in fig. 5. From 1500 GCT 1 August to 0300 
GCT 5 August, these show (between Big 
Springs and San Antonio) the local variations 
in wind strength as the large jet streak east of 
the Rockies passes southward through this 
location (cf. figs. 1 d—ı h)®. The changes on 
the west side are closely followed by like 
variations in strength of the jet east of the 
trough line. This suggests that the air particles 
east of the trough are accelerated in response 
to changes in the pressure field brought about 
by adjustment to the wind field west of the 
trough. 

By 1500 GCT 5 August (fig. 5 f), the earlier 
northerly jet streak was no longer in evidence 
at the latitude of the cross section, and the 
winds further west had intensified locally as 
the new jet streak moved into this region. This 
intensification continued further for 12—24 
hours. At 1500 GCT 5 August (cf. fig. ri), there 
was a broad region of stagnant air between the 
old and the newly-forming shear lines. After 
this time, the winds in this region gradually 
backed to a southerly direction and increased 
in speed, essentially repeating the process 
which had occurred earlier between 1500 GCT 
1 August and 1500 GCT 2 August (figs. 
1d—re). The local readjustment of the mass 
field during formation of the shear lines may 
be seen from the changes in distribution of 


° It might be pointed out that the apparent discrep- 
ancies between analyzed wind and temperature fields 
in the cross sections are not all real. For example, at 
San Antonio in fig. 5 c there is strong vertical shear be- 
tween soo and 200 mb, connected with a rather weak 
horizontal potential temperature gradient. For curved 
flow, if the variation of trajectory curvature with height 
is neglected, the thermal wind equation is 


dv £ oT 
02 ) > 
Z (i+ 2) T on 


where r is positive for cyclonic curvature. At 300 mb in 
the example cited above, r= 1,500 km anticyclonic, 
v=30 m sec.~1 and 2v/r = — 0.4 x 10~4 sec-1 or half the 
value of the Coriolis parameter. Thus the computed 
geostrophic wind shear would give only half the actual 
vertical shear. 
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Fig. 6. Cross sections through southwesterly jet east of shear line at 1500 GCT ı August 1949, (a) Little Rock, 

Arkansas, to Miami, Florida; (b) sso km downstream, Columbia, Missouri, to point NE of Tampa, Florida; 

(c) 750 km further downstream, Sault Ste. Marie, Michigan, to Hatteras, North Carolina. Wind blows into 
page. Heavy dots indicate regions for which computations in text are made. 


isentropes (particularly 340 and 350 ©), e.g. in 
the central part of figs. 5 a to sc and on the 
left or west side of figs. sd to 5 f. 

Throughout this series of cross sections, 
there was near latitude 30° a second weaker 
northerly wind maximum, west of the prin- 
cipal jet discussed above. This appeared only 
weakly at 300 mb until the advection of the 
second pronounced jet streak into this region 
on 4 August. Observations are insufficient to 
make any very definite statements about this 
feature of the wind field; however, it appears 
certain that before this time there was no 
connection between the low- and higher-lati- 
tude wind maxima in this region. 

Structure of jet east of shear line — Figure 6 
shows three cross sections through the jet east 
of the trough, at 1500 GCT 1 August. A 
comparison of these, about 650 km apart, 
shows a strong increase in wind strength to- 
ward the northeast. Cross sections at other 
times indicated the same sort of changes 
along the jet, although there were of course 
time-variations in wind speed at the three 
locations. As a first approximation, it seems 
permissible to discuss certain features of the 
wind field as though steady state existed. Thus 
it may be said that for the most part air 
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particles passing through the southernmost 
cross section underwent a marked accelera- 
tion in moving toward the northeast, during 
the whole period. This acceleration was most 
pronounced near the 200-mb level. 

Vorticity variations — Obviously such a 
complicated wind field as that shown in fig. 1 
must be connected with great variations in 
absolute vorticity,’ along as well as normal to 
the streamlines. This is particularly true in 
the regions up- and downstream from indi- 
vidual jet streaks, and on the cyclonic-shear 
side. Since the jet streaks move with speeds 
considerably less than the maximum winds, 
and greater than the speed of the winds in the 
stagnant regions between jets, this implies that 
individual air particles passing through the jet 
streaks must undergo large changes in absolute 
vorticity. If the circulation about a vertical 
axis is conserved, an increase in absolute 
vorticity must be accompanied by horizontal 
convergence and vertical stretching of in- 
dividual air columns. It is well known, how- 
ever, that regions of highest absolute vorticity 


7 Hereafter the unqualified terms vorticity, potential 
absolute vorticity, etc., refer to the vorticity in a horizon- 
tal plane or pressure surface, or the component of the 
vorticity about a vertical axis. 
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are more likely to be stable than unstable, so 
that at least near the level of maximum wind, 
individual changes of vorticity cannot be 
accounted for by a horizontal divergence 
process. 

Since the closest approach to steady-state 
flow is found in the southwesterly jet east of 
the shear line trough, it is most convenient to 
look there in order to examine the factors 
which tend to modify the vorticity. In fig. 6, 
the pronounced increase in slope of the higher- 
troposphere isentropes downstream suggests 
that vertical motions must be important in 
contributing to the vorticity changes. 

The equation for the component of absolute 
vorticity (f + €) about a vertical axis may be 
written 


d Jw d 
$+) =—U+9 Dn + (RE + 


Ow ov | dx op da op 
pe 92) dy dx dx dy 


Ow de ye. 
Hle— +w + friction, (1) 
dy dy 


where D,,= (du/dx + dv/dy) is the horizon- 
tal divergence, e = 2w cos the component 
of the earth’s vorticity about an axis pointed 
north, and the other symbols have their usual 
meanings. The terms involving e are insignif- 
icant, while the solenoidal terms vanish if a 
constant-pressure surface is considered (in that 
case the vertical velocity w must be measured 
with respect to the pressure surface). The effect 
of frictional torques is unknown. Aside from 
this, the only terms available to account for the 
changes in potential absolute vorticity are those 
involving the vertical wind shear combined with 
differential vertical motions. 

If the x-axis is placed along a streamline, 
the contribution from these terms may be 
evaluated from the single term (Aw/dy) (du/dz) 
if, as in the present case, the wind direction 
does not change too rapidly with height. 
Using a mean wind speed of 15 m sec"! in the 
cyclonic shear zone, the cross-stream gradient 
of vertical motion computed from the change 
in tilt of isentropes downstream (e.g. the 
isentrope 340 À changes tilt from 1/500 in 
fig. 6a to more than 1/100 in fig. 6c) is 
about 1 cm sec~! (too km)-1. In fig. 6.b, the 
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strongest vertical shear, coinciding approxi- 
mately with the 337 A isentrope, is about 20 m 
sec-! per km. Using these values, 


Ow du et ie 
EE) OP OCR 
dy dz 
of the same order as the divergence term in 
cases with strong vertical motions (see, e.g., 
PALMEN (17)). 
From fig. 6a to fig. 6c, the maximum 
absolute vorticity (in region marked by heavy 
dot) increases from about 107 to 3 x 1074 
sec-!. Assuming a mean wind speed of 15 m 
sec-! between the two sections in the region of 
highest vorticity, the individual rate of change 
of vorticity is about 2 x 1074 sec-1 per 24 hr, 
OF 2.3 x 105% sec“ Comparing thissv.lee 
with that obtained above, we see that the 
differential-vertical-motion term can account 
for most of the observed change in absolute 
vorticity. In the region for which the above 
computations were made (between 330 and 
340 A potential temperature), there was little 
or no divergence. Above the level of strongest 
wind (e.g. © = 390 A), there is evidence of a 
weaker vertical motion gradient opposite to 
that observed in the troposphere. Here, since 
the wind decreases with height, the differential- 
vertical-motion term also contributes to an 
increase of vorticity downstream. 

Between the levels of strongest vertical 
motion, there was pronounced horizontal 
divergences. As (w/dy) (du/z) must obviously 
be rather unimportant in this region, there is 
no apparent way to account for the observed 
changes in vorticity, since the divergence 
indicates a decrease rather than an increase. 
It might of course be hypothesized that some 
sort of frictional torques come into play here, 
in bringing about an adjustment of the vorti- 
city field with that at higher and lower levels. 
Heavy clear-air turbulence is often encountered 
in this region (see, e.g., BERGGREN (2)). 
However, it would be best to avoid conjecture 
until more is known about the actual distribu- 
tion of wind and temperature in this region.® 


$ The total divergence judged from changes in vertical 
packing of isentropes, e.g. 340 to 360 A, in fig. 6, is very 
much exaggerated, since in those levels the stability 
decreased with time in the sections furthest downstream. 

° Near the level of maximum wind, the potential abso- 
lute vorticity may be regarded as essentially constant on 
the left side of the region of highest absolute vorticity, 
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It is safe to conclude that, at least in a signif- 
icant part of the jet-stream region, the ob- 
served changes in absolute vorticity can be 
accounted for by differential vertical motions 
combined with the vertical wind shear. 
Furthermore the above example shows that 
the differential-vertical-motion terms usually neg- 
lected in the vorticity equation are capable of 
creating or destroying vorticity at the rate of 1074 
sec"! (the value of the Coriolis parameter in middle 
latitudes) in 12 to 24 hours. This is roughly ten 
times the size of the df/dt (or Bv) term, in the 
example considered above. It must be realized, 
of course, that the vertical-motion term is 
this large in a restricted region only, while the 
Bv term becomes important when integrated 
over extensive regions. SHERMAN (28) has 
shown that the vertical-motion terms are of 
the same order of magnitude as the fv term, 
for middle-latitude disturbances of wavelength 
around 4,500 km. 

Generation of vertical wind shear — According 
to fig. 6 a, the cross section furthest upstream, 
there was initially very little vertical wind 
shear from which vorticity could be derived. 
It is therefore necessary to account for the 
increase in vertical shear as well as the vor- 
ticity, as the air particles moved downstream. 
Since (discounting friction) the only way in 
which axial acceleration can occur in the free 
atmosphere is through a pressure force acting 
in the direction of motion, to increase the 
vertical shear there must be a greater cross- 
isobar flow toward lower pressure in the upper 
than in the lower levels; in other words the 
quasihorizontal branches of the circulation 
must be in a direct solenoidal sense.1° 

The vorticity equation for the x—z plane 
may be written (x-axis eastward) 


dy 
Ov dw En 7 op 2e op ia 
De: NX (- 2) dz (« a 
es friction sa ae a2) 


and on the right side of the band of minimum absolute 
vorticity flanking the jet stream, with a strong gradient 
of potential absolute vorticity in between. PLATZMAN 
(23) has investigated the consequences of such a vorticity 
distribution for the motion of atmospheric disturbances. 

10 For an interesting discussion of the transversal 
circulation about the axis of an atmospheric current, 
with particular regard to the jet stream associated with 
large-scale wave patterns, the reader is referred to an 
article by Van MIEGHEM (30). 
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with a similar equation for the y—z plane. 
Here o = (du/dz — dw/dx) & du/9z is the 
component of vorticity about the y-axis and 
Dxz = (du/0x + Aw/dz) the divergence in the 
x—z plane. If the small term in e, the insignif- 
icant third term and the frictional torques are 
neglected, and the hydrostatic and geostrophic 
relationships substituted in the solenoidal terms, 
this becomes 


do Ov dvg\ dv Ou 


This equation is closely analogous to the 
corresponding equation (1) for the component 
of vorticity about a vertical axis. The first term 
on the right states that divergence in the x—z 
plane tends to decrease the existing vertical 
wind shear in that plane. The term 


dv Ov," 7) d (du 

if (= =.) FE (fv — frs) = 2) 
corresponds to the vertical gradient of the hori- 
zontal acceleration due to flow of air across 
pressure contours, and the term — (v/dz) 
(Ou|dy) represents a readjustment of the exist- 
ing wind field by differential horizontal advec- 
tion at different levels. 

It is important to realize that the terms 
(Aw/dy) (Qujdz) in equation (1) and (dv/dz) 
(Ou/dy) in equation (3), each of which makes use 
of the vorticity about one axis to generate vorticity 
about an orthogonal axis, do not in themselves 
change the amount of vorticity about the original 
axes. This follows from the advective nature 
of these terms, since advection without de- 
formation is incapable of changing the gra- 
dient of the quantity (in this case, wind speed) 
being advected. Thus for instance the creation 
of vorticity about a vertical axis from the 
vertical wind shear does not necessarily mean 
that the vertical shear is consumed in the 
process (see fig. 7). If potential temperature 
is conserved, each of the terms discussed 
above, taken individually, implies a non- 
conservatism of the total three-dimensional 
absolute vorticity (ERTEL (6)). 

If the x-axis is taken along an isotherm, 
dv,/dz = o and 


do dv 
dt — oDxz SE & Be (4) 
where 6, = (f— du/dy) is the “shearing vor- 


ticity”, or the absolute vorticity neglecting 
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curvature (this is strictly true only if isotherms 
and streamlines are parallel). i 
Equation (4) may be applied in the vicinity 
of the jet east of the shear line at 1500 GCT 1 
August, where the angle between isotherms 
> z 
| En | 
N [7 


M>o 
dy” 


(a) Increasing cyclonic shear 


y <—. ene ns’) 


(b) Increasing vertical shear 


Fig. 7. Schematic illustration of terms in vorticity 
relationships involving readjustment of the existing 
wind field. Heavy solid lines represent initial isotachs 
(wind blowing into page; backing with height in fig. 
7b); dashed lines the same isotachs at a later time. 
The vertical velocity field (fig. 7a) does not by itself 
change the initial vertical shear, nor the field in fig. 
7b the initial horizontal shear, though these fields 
contribute to changes of circulation in the orthogonal 
xy- and xz-planes respectively. 


and contours is small in the layer 500—300 mb. 
In the cyclonic-shear zone between figs. 6 a and 
6b, where the vertical shear increased most 
rapidly downstream, the total cross-isotherm 
component of the vertical shear is estimated 
(from wind analyses at 300 and soo mb) to 
be about 5 knots in that layer. The few direct 
wind observations in this region indicate that 
the backing of wind with height was most 
pronounced in the region of strongest vertical 
shear. If the above amount of cross-isotherm 
shear is assumed to be concentrated in the 


C. W. NEWTON AND J. E. CARSON 


ı-km-deep layer of greatest vertical shear 
(between 335 and 340 A potential temperature 
in figs. 6 a—6 b), this gives 9v/dz= 2.6 x 10-3, 
while the shearing vorticity has a mean value 
of around 1.7 x 1074 sec-1. Then 


a 
CR 4:4 % 1037 1 secr? = 138 mr sec! km 
2 


per day. 

A mean wind speed of 25 knots between the 
two sections in this region, where the total 
change of vertical shear was 15 m sec-1/km in 
300 nautical miles downstream, gives an 
actual change in shear at the rate of 30 m 
sec-!/km per day. This agrees well with the 
above computation, considering the possible 
inaccuracies of estimate of the quantities in- 
volved. Clearly the term £, dv/dz, involving 
circulation about the axis of flow in a solenoidal 
sense, is capable of accounting for large changes in 
the vertical wind shear, of the magnitude re- 
quired to account for the observed wind 
distribution. 

It is essential to realize that the net effect of 
this term, integrated for instance along the 
vertical through a deep layer, depends upon 
the particular distributions of ¢, and dv/dz. If 
large values of one of these quantities are 
associated with small values of the other, the 
total change in vertical shear must necessarily 
be smaller than if large values of both quanti- 
ties are found together. 

The nonconservative term in the equation 
for vertical shear is proportional to the shear- 
ing vorticity. Large changes are therefore to be 
expected from this term on the cyclonic-shear 
side of the jet, while on the anticyclonic-shear 
side its contribution is relatively weak. Given 
a proper combination of vertical motions and 
cross-contour flow, the vertical and horizontal 
shears increase simultaneously. Figure 8 shows 
the combined fields of fig. 7 and the resulting 
deformation of an initial isotach distribution. 
This represents schematically the type of 
motions observed in the cyclonic-shear zone 
from fig. 6a to fig. 6c, in the troposphere. 
The readjustment indicated here does not 
include the Coriolis acceleration, which would 
contribute directly to a further increase in the 
vertical shear, and indirectly to increasing the 
horizontal shear. 

The above discussion does not consider the 
effect of divergence in the x—z plane. In this 


Tellus V (1953), 3 


WIND FIELD IN A SUMMER SITUATION 


case, vertical motions are small and the first 
and last terms of the continuity equation 


1 do (+ dv =) 


Bundt = Nore tay, = 


are of the order 5 to 10 x 10-7 sec-1, while the 
other terms are an order of magnitude larger. 


Increasing cyclonic and vertical shear 


Fig. 8. Combination of fields in fig. 7 (scale of ver- 
tical velocities exaggerated roughly soo times with 
respect to horizontal components). 


Thus Dy. du/dx x — dv/dy, and divergence 
in the vertical plane corresponds to “con- 
fluence” in the x—y plane with dilatation 
along the x-axis. 

On the cyclonic side of the jet in the region 
discussed above, — dv/dy is at most 2 m sec”! 
(100 km)-1. Assuming a mean vertical shear 
of 10 m sec-!/km between soo and 300 mb, 
the divergence term —oDy,z of equation (4) 
is then — 1.4 x 10-7 sec”, the same order o 
magnitude but of opposite sign and much 
smaller than £,0v/9z for the same layer. Here 
again, the detailed distribution of o and D,; are 
important. 

The computations in this and the preceding 
section give results satisfactory within the 
limits of observation and analysis, and demon- 
strate that in principle there is no difficulty in 
accounting for the generation of strong vertical 
shear and high values of absolute vorticity. 
This is so at least in the regions above and 
below the level of maximum wind. However, 
near that level, the processes involved in 
generation of vorticity remain in question. 

Larger-scale advective processes and vertical 
motions — The reason why the instability in 
an upper wave development should express 
itself sometimes through the formation of a 
shear line rather than the more common form 
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of sinusoidal trough, is at best vaguely under- 
stood. Despite this fact, the type of develop- 
ment described above lends itself to a rather 
simple discussion of the manner of local 
adjustment of pressure and wind fields. 

As indicated earlier, the shear-line formation 
was preceded by an injection of a pronounced 
northerly current into lower latitudes, west 
of the locale of trough development. The 
southwesterly current east of the shear line 
did not become well developed until after 
this took place, and the very weak flow 
through the southern part of the trough in- 
dicated that advection of momentum into the 
region cast of the trough was of little impor- 
tance in the development of the jet stream 
there. Because of this peculiarity of the wind 
distribution, the shear line presents a simple 
illustration of the familiar concept of mutual 
adjustment of velocity and pressure fields (26). 

The individual trough developments at 300 
mb were accompanied by the slow southeast- 
ward movement of cold fronts, distinct at the 
surface but shallow in vertical extent (generally 
below 700 mb). Figure 9 shows the surface map 
at the time of strongest shear-line development 
(cf. fig. 1 g). As is usual in the case of strongly- 
developed high-level shear lines, only very 
weak wave developments took place in the 
lower frontal systems. The major changes in 
flow patterns in higher and lower levels were 
not always clearly connected. For instance, 
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Fig. 9. Sea-level chart at 1230 GCT 3 August 1949. 

Thin solid lines, isobars; surface fronts indicated by 

usual symbols, precipitation by hatching and shower 

symbols. Heavy arrows indicate axes of jet streams 

at 300 mb. Location of shear line (compare fig. 1 g) 

indicated by heavy dashed line extending SSW from 
Great Lakes to Texas. 


I August 1949 
0300 GCT 
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2 August 1949 
0300 GCT 


Fig. to. Mean isotherms (dashed lines, interval 2 C) and mean streamlines (thin arrows) in layer s00—300 mb, 

(a) 0300 GCT 1 August, (b) 0300 GCT 2 August 1949. Warm and cold regions indicated by W and K 

Indicated advective temperature change shown by heavy dashed lines (upright numbers); centers of actual loca 
temperature change by larger slanted numbers in parentheses (units 0.2 C per 12 hr). 


although the initial shear-line development 
in this series occurred behind the connected 
surface cold front, the last shear line (figs. 1 g 
—1 h) formed quite far ahead of the nearest 
surface front (fig. 9, over Rocky Mountains). 

Height changes at the 1,000-mb surface were 
very weak compared with those in higher 
levels; in fact the predominant part of the 
300-mb height changes could in this case be 
expressed by changes in the relative topography 
(mean temperature) field in the layer between 
500 and 300 mb. In studying the processes in 
the upper levels it may therefore be regarded 
as sufficient to examine the adjustment processes 
in that layer. 

Figure 10 shows the mean isotherms and 
mean streamlines in the s00—300 mb layer at 
two times during the trough development. 
West of the trough, both maps indicate 
strong cold advection where the streamlines 
cut strongly across the mean isotherms be- 
tween latitudes 30° and 40°. Cold advection 
in this region continued up until 3 August 
when the trough reached maximum develop- 
ment. East of the trough, there was at first 
cold advection (fig. 10 a) but after 2 August 
(fig. 10b) there was warm advection. The 
indicated advection was most pronounced 
near the jet streams, and exceeded the value 
of the actual local temperature change which 
in general was of like sign. 

Thus the adjustment of the contour field at 
300 mb could be accounted for chiefly by 


thermal advective processes, mainly by cold 
advection below that level following the in- 
jection of strong northerly winds into lower 
latitudes. West of the trough, the lag in adjust- 
ment of isotherm and contour orientation 
behind changes in wind direction clearly 
indicated that the wind changes were respon- 
sible for the height changes in upper levels. 
Generation of southwesterly winds east of the 
trough occurred in response to an increased 
height gradient there following the central 
deepening, as evidenced by the fact that in the 
lower latitudes east of the trough there was a 
continual flow of air toward lower contours. 

Vertical motions were computed using the 
adiabatic assumption, dO/dt = o or 


=— (5 aE Vh * 710) 
t Oz 
AG (3) 


00 

Oz 
where the subscript h indicates the horizontal 
component on a pressure surface, and the last 
term is the local change in height of the 
pressure surface. Since observational errors 
were quite large compared to gradients and 
time changes in this case, vertical motions 
were computed using mean values for the 
layer s00—300 mb. In this way, at least the 
larger temperature errors could be eliminated 
subjectively by using contour analyses at the 
two levels involved. Local values of wind 


Tellus V (1953), 3 


w= 


WIND FIELD IN A SUMMER SITUATION 


1 August 1949 
0300 GCT 
W 500 - 300 mb 


Fis. 12. 


| 2 August 1949 
0300 GCT 

| W 500 - 300 Mb 

| : 


IN 


Mean vertical motion (cm sec?) in layer s00—300 mb, corresponding to charts in fig. 10. Heavy 


arrows indicate axes of jet streams at 300 mb. Only values south of about latitude 40° are redarged as reliable. 


velocity (weighted vector means of 20-, 25-, 
and 30,000-ft winds) were used in the computa- 
tions, rather than finite-time trajectories. The 
results can only be taken as semi-quantitative 
owing to the assumption of adiabatic condi- 
tions, the difficulty of measuring gradients 
exactly from maps, and the fact that strictly 
equation (5) cannot be applied to mean values 
of quantities which may have irregular distri- 
butions through the layer concerned. 

Figure 11 shows the computed vertical 
velocities (the irregular pattern north of 
about latitude 40° is not reliable). Between 
latitudes 30° and 40°, there is on the average 
across the whole trough region a weak descent 
of around 0.3 cm sec”! (300 m per day). Thus 
considering the trough as a whole in relation 
to its environment, there is a weak vertical 
circulation in a direct solenoidal sense, in 
agreement with the usual observation in 
outbreaks of cold air (7, 19, 21). Assuming a 
minimum of vertical motion somewhere near 
the tropopause, there must be on the average a 
weak vertical stretching in the higher trop- 
osphere which should contribute to a slow 
increase of vorticity in the trough region 
through horizontal convergence. 

The regions of maximum descent are 
located, not in the central part of the trough, 
but near the jet streams (the same distribution 
was observed at 1500 GCT 1 and 2 August). 
This is probably significant in understanding 
the maintenance of approximate balance 
between the changing vorticity field in the 
upper levels, and the temperature field. Leaving 
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aside horizontal advective processes (which 
strictly cannot be neglected), a subsidence of 
the cold air reaching maximum value in the 
central part of the trough would tend to 
weaken the thermal gradient across the jets 
bounding it. Such a change in the thermal 
structure would in general be incompatible 
with increasing vorticity in the higher levels, 
which as discussed above would be a product 
of the lower-level subsidence. This apparent 
inconsistency is obviated if the vertical motions 
are distributed as in fig. 11. Here, although 
there is a mean subsidence in the trough 
region, the vertical motions are so distributed 
as to contribute to an increase in the thermal 
vorticity in the central part of the trough. 

General conclusions — The above analysis 
indicates that in understanding the mechanism 
of generation and redistribution of winds in 
the free atmosphere, it is necessary to consider 
those terms in the vorticity relationships in- 
volving differential vertical motions and the 
variations of the nongeostrophic wind with 
height. Although this conclusion is by no 
means new, it appears worth-while to empha- 
size it at this time when there is a great deal of 
interest in problems concerning the structure 
of the wind field, particularly in the vicinity 
of the jet stream. There appears to be no basic 
difficulty in accounting for the generation of 
high values of vorticity in some important 
regions of the atmosphere, although the 
particular region near the maximum-wind 
level defies understanding, so far as the writers 
are concerned. 
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A complete explanation of the vorticity 
distribution cannot be arrived at solely on the 
basis of latitudinal exchange of air carrying 
with it vorticity derived from the rotation of 
the earth’s surface, or on the basis of horizontal 
convergence and divergence processes. Devia- 
tions from the distribution obtained by hori- 
zontal exchange processes are, however, 
chiefly to be expected in middle latitudes where 
horizontal variations of vertical motions (i.e. 
differential tilting) and agradient motions ac- 
companying travelling cyclones and anticy- 
clones are generally greatest. The larger-scale 
features of the planetary vorticity distribution 
must still be explainable mainly on the basis 
of horizontal exchange processes, as the mean 
gradient of vertical velocity from pole to 
equator is very small. The vorticity-exchange 
theory of RossBy (27, 29) is not incompatible 
with the observed fact that there may be 
several jet streams in middle latitudes, since 
that theory is not intended to explain the details 
but the planetary distribution of vorticity. 

The above results might be compared with 
the “confluence theory” of the jet stream, 
proposed by Namras and Crapp (15). These 
authors recognize the need for a direct sole- 
noidal circulation in the horizontal, in ac- 
counting for the generation of strong winds 
in the upper troposphere. This point has also 
been strongly emphasized by PALMÉN (18, 20), 
as a necessity for understanding the general 
circulation of the atmosphere. The difference 
between the circulation pattern outlined above 
(fig. 8) and that proposed by Namıas and 
Crapp in the vicinity of a developing jet, is 
that the vertical-motion branch of the circulation 
must be in an indirect rather than a direct 
solenoidal sense, at least in the region of 
increasing individual vorticity. This is not 
incompatible with the subsidence of cold air, 
so long as that subsidence is properly distri- 
buted. Since horizontal motions are so much 
greater than those in the vertical, the net 
circulation involved in generation of strong 
upper winds must still be in a direct sense. 

Although in this case the examples used were 
chiefly in the higher troposphere, the results 
are clearly applicable also to the middle trop- 
osphere, since the strongest vertical motions 
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are found at the principal level of nondiver- 
gence, located on the average near 600 mb. 
Although the conversion of vorticity through 
differential vertical motions (whose importance 
is a function of the frame of reference used) 
would not be a factor in numerical fore- 
casting models using potential temperature as 
a vertical coordinate, it is apparent that the 
lack of inclusion of this process in models 
using xyz-coordinates could lead to serious 
errors in the results obtained. 

HOUGHTON and AUSTIN (10) and others 
have emphasized the importance of studying 
the non-gradient motions in connection with 
the mechanism of pressure changes and genera- 
tion of kinetic energy. Since these motions 
cannot be computed but must be observed, 
it is clear that to obtain positive results in 
synoptic research the network of stations 
capable of observing winds to high levels un- 
der adverse conditions must be considerably 
increased. Otherwise, results are bound to be 
fragmentary and approximate. HOVMÖLLER 
(11) has recently demonstrated, in a very 
striking way, the difficulty of obtaining even 
a reliable first approximation to the wind 
field, from radiosonde data alone (although the 
subjective process of analysis improves the 
situation). A serious difficulty encountered in 
attempts to make a detailed analysis of the 
wind field is that the present wind code (at 
least in North America) provides reports only 
at 5,000-ft intervals above 20,000 ft. The 
usefulness of wind reports could be consider- 
ably augmented by the inclusion of “significant 
levels” as in the radiosonde code, that is, levels 
at which the vertical shear changes in a signif- 
icant manner. 
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Abstract 


First, a mean cross section along the meridian 140° E during three months (Dec. 1950—Feb. 
1951) is discussed. The main characteristics are: 

1) An extremely strong subtropical jet (75 m sec!) situated at 33° N near 190 mb; 

2) A semi-stationary sloping surface which divides almost barotropic warm tropical air in 
the south from more or less baroclinic temperate air situated in the north; 

3) A slight indication of a polar-front jet situated near 230 mb at 41° N; the weak intensity 
of this jet depends upon the strong variability in position of the polar front. 

4) Much warmer temperature in the upper troposphere to the south, and much colder 
temperature in the lower troposphere north of the subtropical jet, as compared with mean 
conditions at 76° E and 80° W. 

The computed mean winds at 140° E are combined with the mean isotachs given by YEH 
over China, at the 12-km level. Using the acceleration determined from the isotach pattern, 
the mean angle of cross-contour flow at 200 mb is determined to be about 8° (between longitudes 
110° and 140° E), with a mean cross-contour component of 8 m sec-1 toward lower heights, 
in the center of the mean jet stream. 

Second, daily meridional cross sections through Japan are presented for the period 8 to 15 
December 1950. These show an extremely strong individual jet stream in which the observed 
maximum wind speed reached a velocity cf more than 110 m sec-1, with near-zero absolute 
vorticity to the south. An associated nearly-isothermal layer underneath is much deeper (up 
to 4 and even 6 km) than in other parts of the globe. It is suggested that this unusual depth 
results from a combination of a stable layer associated with the semi-stationary subtropical jet, 
and the polar front, when the latter moves southward in east Asia. The behavior of the tropc- 
pause in the intermediate atmosphere south of the polar front during this series suggests sub- 
sidence of the tropopause and its transformation into the lower boundary of a deep stable layer 
which is transformed into some kind of front separating the real tropical air from a more tem- 
perate air moving in from the regions north of the Himalayas. 


Introduction 


During the colder season, the high tropo- 
sphere over east Asia and the western North 
Pacific is characterized by a remarkabl 
strong and well-defined jet stream. This has 
been discussed by CHAUDHURY (1950), YEH 
(1950), and Oor, MATSUMOTO, Iroo and 


ARAKAWA (I9SI, 1952). NAMIAS and CLarp 
(1949) have published a chart showing the 
average position and strength of the jet stream 
for January. According to their figure, the 
mean subtropical jet stream passes over North 
Africa and India, increases in speed over 
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India and south China, and reaches maximum 
intensity south of Japan, becoming weaker 
again towards the eastern Pacific. 

YEH (1950) made it clear that there exist two 
jet stream belts over east Asia. The main one 
(subtropical jet), characterized by very steady 
winds, comes from south of the Himalayas, 
the other (polar-front jet) from north of the 
Tibetan Plateau. According to the experience 
of Japanese meteorologists, these two belts of 
strong winds seem to be closely related to two 
distinct surface frontal systems, the one on the 
southern sea, the other on the northern sea of 
the Japanese Islands. 

Sometimes during the colder season we 
observe rather deep nearly-isothermal layers 
in the upper and middle troposphere over Jap- 
anese stations, associated with highly-de- 
veloped jet streams. These stable layers at 
times reach a depth of four and even six kilo- 
meters, much thicker than frontal layers ob- 
served in other parts of the world. So far as is 
known, this phenomenon (in its extreme form) 
is limited to the east Asiatic region, suggesting 
perhaps an orographic effect of the Himalayas 
and Tibetan Plateau. These considerations 
suggest that it would be interesting to analyse 
the wind and temperature fields of the high 
troposphere over Japan in the mean, and also 
in individual cases, and to compare the features 
of the general circulation pattern over cast 
Asia with those observed in other locations. 

Data for the following analyses were 
obtained from “Aerological data of Japan” 
published by the Japanese Central Meteorolog- 
ical Observatory, Tokyo, supplemented by 
synoptic data from the “Daily Series, Synoptic 
Weather Maps” published by the United 


States Weather Bureau. 


Part I. Mean conditions for three winter- 
months (December 1950—February 1051) 


Preparation of mean cross section. — The loca- 
tions of the radiosonde stations used in con- 
structing the mean cross section are shown in 
fig. 1; the number of observations used at 
various levels is shown in Table r. At least up 
to 200 mb there were enough observations to 
give quite homogeneous results, although some 
error might be introduced by the decreased 
number of observations at roo mb. 

To avoid the effects of radiation errors 
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Table. 1. List of stations and number of observa- 
tions. (Dec. 1950—Feb. 1951 inclusive). 


No. of observ- 


: ations 
Station dés herz 
ort East [s00|300|200|100 
mb] mb] mb| mb 


Wakkanai (401).| 45°25’ 
Sapporo (412)... 
Akita (582)..... 39°43’ 


141°41’| 86] 83] 69] 46 
141°20| 79] 67| 54| 28 
140°06’| 84| 83] 73} 54 


Sendai (590)....| 38°16/| 140°54’| 89] 89] 82| 56 
Tateno (646)... .} 36°03’! 140°08’| go} 90} 90} 172 
Shionomisaki 

(778)......... 33°27'| 135°46'| 84| 77| 69| 54 
Maren Ship): 29°00’| 135°00’| 86| 81| 72| 33 
Iwo Jima (115).| 24°47’| 141°20’| 67| 58| 52/133 
Guam (218)... .| 13°34/| 144°55/| 71| 69] 64] 148 


1 0300 GCT (1200 Japanese Standard Time). 


(discussed in a later section), 1500 GCT (mid- 
night Japanese Standard Time) observations 
were used. Data for Tateno, Iwo Jima and 
Guam were not available for that time, so 
observations at 0300 GCT (noon local time) 
were used for those stations, applying at 
Tateno a mean radiation correction deduced 
from the neighboring stations. Iwo Jima and 


120 50 130 140 150 


50 160 
[3 


__B0 


of stations used in cross sections. Index 
numbers in parentheses. 
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Guam, which are United States Air Force 
stations using a different type of radiosonde, 
were assumed to have been corrected for 
radiation. A slight mutual adjustment of the 
analyzed mean isotherms, amounting to about 
1° C in upper levels, was made between Iwo 
Jima and the Japanese ship station TARE, in 
order to achieve a hydrostatic agreement 
with the mean observed winds at Iwo Jima. 

Mean temperatures were computed at the 
standard levels 1000, 850, 700, 500, 300, 200, 
and 100 mb for all stations, and at the addi- 
tional levels 400, 250, 175, 150, 125, 80, and 
60 mb for Japanese stations. The data were 
projected from the station locations onto the 
meridian 140° E along the mean contours at 
the 300-mb level. 

The geostrophic zonal wind speed u, was 
computed from the slopes of the isobaric 
surfaces using mean heights at 700, 500, 300, 
200, and 100 mb for all stations, and in addi- 
tion at 250, 150, and 80 mb for Japanese sta- 
tions. In making such computations in north- 
south cross sections, it is convenient to plot 
the heights of individual isobaric surfaces 
against a horizontal scale proportional to the 
cosine of the latitude. Then the geostrophic 
wind u, is given by 


res EC 


where ç is the acceleration of gravity, w the 
angular velocity of the earth, z the height of 
an isobaric surface, a the radius of the earth, 
p the latitude, and p the pressure. For a given 
value of u,, the slope of a height profile 
plotted in this manner is the same at all lati- 
tudes. 

The question of how to correct for the effect 
of curvature in the mean flow is obviously not 
simple. As a first approximation, it might be 
assumed that the air flows approximately 
along latitude circles. In that case the gradient 
wind, which might be called the geogradient 
wind because of the assumption made, may be 
computed from the formula (PALMEN, 1948) 


ase 


2 © 


Ug 


ot () 
U+ — tan y= Uy, à 
À af 2 g 
where u is the geogradient wind and f the 
Coriolis parameter. 
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After the geogradient winds were computed 
using the procedure described above, they 
were compared with the zonal components of 
the mean observed winds, wherever the num- 
ber of direct wind observations was fairly 
large. The result is shown in Table 2, at 8, 9, 
and 12 km (cf. fig. 3). Winds at 0300 GCT 
were used because of the paucity of observa- 
tions at 1500 GCT. At Iwo Jima and Guam, 
the mean isotachs were analyzed initially from 
the wind data, so no comparison is shown. 


Table 2. Comparison between geogradient wind 
and observed wind (0300 GCT). 
u: geogradient wind component (m sec’) 
uy: observed wind component (m sec) 
n: number of observed winds 


8 km 9 km ı2 km 
Station je en 
u | Uy (n) |u | Ug (n) |u | Uy (N) 
Shionomisaki(778)|48]47 (38) |55/54 (31)\75[71(14)" 
Tateno (646)..... 44144 (89) 150150 (85)[59[57(51) 
Sendai (590)..... 38136 (23) 
Ne (GE) ooo 550 36133 (32) 
Sapporo (412)....|32|29 (32) 
Wakkanai (401). .|23|18 (28) 


1 Near the main jet center. The value given here was 
computed on the following basis: the mean vertical 
shear for the 14 cases where winds were observed at 
both 9 and 12 km was added to the mean value of wind 
speed for all 31 cases at the lower level. This was done in 
order to eliminate the artificially low mean value at the 
higher level caused by the tendency for balloons to be 
blown out of range with strong winds. 


Fortunately Tateno, with excellent high- 
level wind data, is located near the latitude of 
the mean jet stream, where the wind is also 
very steady. At that station and at stations 778, 
590, 582, and 412, the agreement between the 
independently computed geogradient wind 
and observed wind components is very good. 
It is to be noted that, in all cases where there 
is a discrepancy between geogradient and 
observed westerly components, the geogra- 
dient wind is the larger. This is natural since 
there are more radiosonde data than wind 
observations at high levels, and the wind 
observations tend to be missing when thereare 
strong winds. 

At the northernmost station 401, the agree- 
ment is not as good. The upper level winds 
at this station are much more unsteady in 
direction than at the stations further south, 
because of frequent passages of troughs and 
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Fig. 2. Distribution of mean temperature (deg C) along meridian 140° E in winter (Dec. 1950—Feb. 
1951). Heavy lines indicate level of lowest temperature; J, and J, locations of principal and 
secondary mean jet streams. 


ridges in the middle latitudes. Obviously no 
attempt can be made here to consider the 
effects of curvature on the mean wind com- 
puted from the pressure field, since the curva- 
ture changes strongly from day to day. 

General description. Figure 2 shows the mean 
temperature field and Fig. 3 the mean wind 
and potential temperature fields for the three 
winter months December 1950—February 
1951. The lines indicating the tropopauses are 
located somewhat subjectively according to 
the normal concept of tropopause, and do 
not necessarily correspond to the mean loca- 
tions of the real tropopauses. 

The meridian 140° E corresponds to the 
position of a mean trough in the middle- 
latitude westerlies. According to the results of 
Namras and Crapp (1949) and others, the 
subtropical jet appears very strong even in 
mean conditions, indicating great steadiness 
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of the high-tropospheric wind near the latitude 
of the subtropical highs. Thus the longitude of 
apan corresponds to a region where the 
middle-latitude and subtropical jets are on the 
average quite close together. This suggests 
that there should be some indication of two 
jet streams in the mean cross section. As seen 
from fig. 3, the southern jet is very clear at 
33°N, and some indication of the middle- 
latitude jet is noticed at 41° N. A similar in- 
dication of a double wind maximum can be 
noticed in the mean conditions at 80° W 
(Hess, 1949); however, there is no such in- 
dication at 150° E (Loewe and RADOK, 1950), 
or 170°E (HUTCHINGS, 1950) in the southern 
hemisphere. 

The latitude of the principal jet stream, 
33° N, is about to degrees north of the posi- 
tion indicated at this longitude by Namias and 
Crapp (1949). This difference is not likely to 
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Fig. 3. Mean geogradient west wind (thin solid lines, speeds] in m sec”! given by slanting figures, 
knots by upright figures) and mean potential temperature (deg K, dashed lines) along meridian 
140° E in winter. 


be due to an abnormality in the particular 
winter studied here, but rather to the fact that 
more direct observations are available in this 
case. 

The mean zonal wind speed at the jet center 
reaches the remarkably high value of 75 m 
sec-1, or 146 knots. This value cannot be 
directly compared with the results obtained in 
mean cross sections published for other loca- 
tions, since these are for different periods; 
however, such a comparison might be qualita- 
tively useful. YEH (1950) found a winter 
maximum mean observed wind speed, near 
120°E, of about 58 m sec-!. For the cross 
section shown here, the maximum mean 
zonal geostrophic speed was 82 m sec-!. At 
80° W (in the mean trough in eastern North 
America), Hess (1948) found a maximum 
value of ss m sec-1, while CHAUDHURY (1950) 
computed, for central India, about 75 m sec-1. 


In the Southern Hemisphere, Loewe and 
Rapok (1950) found a winter maximum 
geostrophic wind speed of ss m sec-1 at 
150° E, and HurcxNes (1950) found the 
same value at 170° E. The geogradient correc- 
tion would reduce these values by 3 to 7 m 
Secure 

The much larger values of wind speed ob- 
served in winter over the eastern Asiatic coast 
are in large part due to the steadiness of the 
subtropical jet in this location, as pointed 
out by VEH (1950). Another factor, however, 
is the fact. that the! jet as very strong in the 
individual cases that make up the mean; this 
will be discussed later. 

Fig. 4 shows a composite mean isotach 
chart at the 12-km level (near 200 mb) made 
by combining the analysis given by YEH (1950) 
over China with 12-km wind speeds taken 
from fig. 3 at 140° E. Wind and radiosonde 
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Fig. 4. Distribution of mean west wind (m sec!) at 
ı2 km in winter, obtained by combining mean isot- 
achs over China and vicinity given by YEH (1950), 
shown by thin dashed lines, with wind speeds at 140° E 
from fig. 3 (thin solid lines further east). Heavy line 
indicates axis of mean jet stream. Hatching in upper 
left shows approximate land area above 4 km elevation. 


observations fronı China and Japan are not 
available for identical time periods. However, 
the data combined in fig. 4 fit very well 
despite the different periods. 

The following discussion does not depend 
upon whether fig. 4 is correct in all details, 
since other data are available for substantiation. 
As shown in fig. 4, the mean speed in the jet 
center increases downstream from 46 m sec! 
at 110° E to 75 msec-! at 140° E. This indicates 
that on the average the streamlines must 
deviate northward across the pressure-contour 
lines. With certain justifiable assumptions, the 
magnitude of the mean cross-contour flow 
may be computed. 

If the x-axis is taken along a contour on a 
constant-pressure surface (fig. 5) the compo- 
nent of acceleration along that axis is given 
by du/dt = fv. Expressing the components u 
and v in terms of the total velocity v, along a 
streamline and the angle « between streamline 
and contour, and substituting into this ex- 
pression, we get 


x (contour) 


u = VÇ COS & 


Fig. s. Sketch of wind components related to direc- 
tion of pressure contour and streamline. 
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dv, 
m tana: (f+) (3) 


The acceleration may be expressed in the form 


dv, dv dv, dv, 
+ Ww 


Taine Ooms De (4) 


If the acceleration is computed from mean 
data, the first term 0v,/dt is zero. According 
to the mean cross section in fig. 3 and that 
given by YEH in eastern China, the 12-km 
level corresponds nearly to the level of maxi- 
mum wind. This agrees with the general 
synoptic experience that the subtropical jet 
stream varies little from the 200-mb level from 
day to day. This being the case, the last term 


can be neglected since dv,/dz & 0. Then the 
mean acceleration can be evaluated from the 
second, or horizontal-advective term, provided 
the direction of a mean streamline can be 
established. 

Figure 4 shows that, even in the mean con- 
dition, the jet axis separates a region of high 
vorticity (averaging about 1.3 x 107! sec~*) 
from a region of low vorticity (about 0.3 x 1074 
sec-!). Neglecting the vertical transport of 
momentum, which as stated above is likely 
to be negligible at this level, changes of the 


absolute vorticity are given by 


Eule, &)= — (f+ à) divav= 2 (f+ ¢).(5) 


Clearly if a mean streamline near the jet axis 
is chosen in any direction except parallel to 
that axis, particles crossing the jet must undergo 
marked changes in vorticity, which would 
require large values of mean divergence. It 
therefore appears justifiable to assume that the 
mean jet axis corresponds approximately to 
a mean streamline. 

Combining equation (3) with equation (4) 
retaining only the term 1, ° (9v,/0s) in the 
latter, 


dv, |0s 


= (6) 


For steady state, da/dt = v,: (du/ds). The 
angle x, defined as the angle of cross-contour 
flow, evidently changes little between 110° E 
and 140° E since, according to fig. 4, the 


variation of dv,/ds along the jet axis is small. 


It is therefore reasonable to neglect dx/dt in 
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comparison with f in the denominator of 


equation (6). Then & = tan-! [(dv;/ds)/f]. 

The change in maximum wind speed be- 
tween 110° and 140° E, a distance of 3,000 km, 
is 30 m sec-!, giving a value of dv,/ds = 
—0.10 x 1014 sec-t, Using a mean value of 
f = 0.73 x10”* sec“! corresponding to lati- 
tude 30°, tan & = 0.137 and « = 7.8°. Since 
(fig. 5) v =», sin x, if we use the average 
value v, = 63 msec”? in the region considered, 
the mean cross-contour flow v is 8.5 m sec-!, 
directed toward lower contours. This amount 
of mean cross-contour flow is remarkable, 
particularly since it represents an average over 
30° of longitude or 1/12.0f the circumference 
of the earth. It should be pointed out that 
fig. 4 gives only west wind speeds; the above 
values, however, have been computed using 
the total wind speed. 


Although fig. 4 was made by combining 
data from different winters over China and 
Japan, the results would not be appreciably 
changed if only the isotachs over China were 
used, and these were from a single season. The 
question whether the particular seasons used 
in the analysis are representative of mean 
conditions may of course be raised. 


In this regard, the results might be compared 
with the data given in the British publication 
“Upper winds over the world” (Brooks et al., 
1950). At the 300- and 200-mb levels over 
east Asia, the charts in that publication show 
contours running almost straight west-east, 
in these latitudes. Mean streamlines are given 
at the 300-mb level only up to latitude 25° N, 
slightly south of the region we are considering. 
Near 25° latitude, the mean streamlines be- 
tween 100° and 140°E are oriented from 
about 10° south of west, in good agreement 
with the above computations. On the basis of 
the available information, admittedly some- 
what inadequate, there is no reason to doubt 
the results. 

In fig. 4, the jet axis is oriented from about 
15° south of west in the mean. This does not 
necessarily deny the validity of the computed 
cross-contour component, since it is entirely 
possible that in the winter season considered 
by YEH (1950) the mean contours were ori- 
ented from a few degrees south of west. It 
must be realized also that the location of the 
jet axis depends in part upon whether the 
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observations available to YEH represented 
true mean values. To what extent this is 
true cannot determined. 

Figure 4 incidentally gives some justification 
to the assumption, used in obtaining the mean 
winds at 140° E, that the mean curvature cor- 
responds to that of a latitude circle (geogradient 
assumption). The mean jet axis in fig. 4 makes 
almost the same angle with the meridians 
everywhere, so that the curvature of the jet 
nearly corresponds to that of a parallel of 
latitude. It is assumed that the curvature over 
Japan is the same as that found a short distance 
to the west. 

An interesting thing to be noted from fig. 4 
is that the mean subtropical jet deviates north- 
ward as it approaches the longitude of a mean 
trough in the middle-latitude westerlies. Thus 
the large-scale wave patterns (streamlines) in 
lower and in middle latitudes are out of phase 
in this region. 

Relation between acceleration pattern and general 
circulation over east Asia. — It may be worth 
while to discuss the above results in the light 
of the findings of other investigators. In 
particular, the role of the Tibetan Plateau in 
the circulation of this region has been the 
subject of much discussion (e.g., CHAUDHURY, 
1950; YEH, 1950; Bouin, 1950). Both CHaup- 
HURY and YEH point out that the large mean 
values of wind speed near 30° N are due 
largely to the steadiness in position of the 
subtropical jet stream, this being attributed to 
a tendency for the strong westerlies to flow 
around the Tibetan Plateau in winter. 

Over a very large region, this plateau is 
more than 4 km above sea level, while peaks 
rising to 6 km (20,000 ft) or higher cover 
large enough areas to present an almost solid 
block to westerly flow at that level. The 
Himalayas are limited in the north-south 
direction, and present an obstacle which the 
bulk of the westerly stream can more easily 
flow around than over (Bou, 1950). 

The mean jet stream maps for winter, given 
by Namias and Crapp (1949), show that the 
subtropical jet is well-developed around most 
of the hemisphere. This indicates that, in 
contrast with the higher-latitude jets com- 
monly associated with middle-latitude frontal 
systems, the subtropical jet is quite steady 
in location at most longitudes. It hardly seems 
likely that this steadiness at all longitudes can 
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be attributed to orography alone, but certainly 
an increased steadiness should be expected in 
the east Asiatic region where the Himalayas at 
least present a barrier to northward fluctua- 
tions of the jet stream. 

Borm (1950) has pointed out that the regions 
cast of large mountain barriers are, because 
of the effect of the mountains in dividing the 
flow, regions of confluence. Following the 
reasoning of NAMIAS and Crapp (1949), this 
must result in an intensification to the sole- 
noidal field if the two streams undergoing 
confluence are of different thermal character. 
Bourn connects this feature of the flow with 
the fact that in the mean the most intense jets 
are found to the east of the major mountain 
barriers (as shown in the charts given by 
Namras and Crapp). The strong cross-contour 
flow mentioned above is in agreement with 
the ideas presented by NAMIAS and Crapp. If 
indeed a westerly current does divide in order 
to pass the Tibetan Plateau, it is clear that 
since the thermal influences are quite different 
on the north and south sides of that plateau 
the thermal contrast should be greater where 
the currents flow together again, than where 
they separated. 

Another extremely important effect of the 
Tibetan Plateau is that it prevents the south- 
ward flow of cold air in the lower levels from 
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the Central Asiatic source region. From near 
60° Eto near 110° E, the Tibetan and associated 
plateaus rise everywhere above 2 km. This 
gives rise to the well-known fact that the 
southward flow of cold air is stronger in the 
region from this plateau to Japan in winter 
than anywhere else around the hemisphere. 

The Central Asiatic sea-level high is well- 
developed from about October to March, 
with a very strong decrease of pressure south- 
ward. Thus there must be a very pronounced 
flow of air southward in the lower levels in 
this region, due to frictional cross-isobar flow 
and other effects. The charts of frequency of 
anticyclone occurrence and rate of alternation 
of cyclones and anticyclones in winter, given 
by PETTERSSEN (1950), bring out in a very 
striking manner the concentration of south- 
ward-moving cold anticyclones between lon- 
gitudes 110° and 130° E. Synoptic studies 
(e.g., PALMEN and NEWTON, 1951) suggest 
that very strong southward nongeostrophic 
flow occurs in outbreaks of subsiding cold air 
in the lower middle latitudes. This takes 
place through deep layers and adds con- 
siderably to the “frictional” cross-isobar flow 
in the lower levels. 

The strong northward nongeostrophic flow 
at 12 km, discussed earlier, is thus closely 
connected with a pronounced southward 
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nongeostrophic flow in the lower troposphere, 
which takes place in the same geographic 
region. The strong acceleration of the mean 
flow in upper levels agrees with expectations 
from the strong conversion of potential 
energy as southward-moving cold domes 
subside in this region (RossBy, 1949 a, 1949 b; 
PHILLIPS, 1949). 

Mean vorticity field. Figure 6 shows the field 
of mean absolute vorticity (vertical compo- 
nent), computed from the wind field of figure 
3. Near the mean subtropical jet stream, there 
is a sharp gradient of vorticity in a band 4°—5° 
latitude wide, with more gradual changes 
elsewhere. This agrees in general with the 
pattern described by other writers (PALMÉN 
and NEWTON, 1948; CHAUDHURY, 1950; YEH, 
1950). However, in the mean pattern shown 
here the zone of zero or negative absolute 
vorticity south of the jet stream, shown in 
CHAUDHURY’S mean section and in some of 
YEHS mean monthly vorticity profiles, is ab- 
sent. Here the mean anticyclonic shear reaches 
half the value of the Coriolis parameter 
300 km south, and one third the value 1,000 
km south of the mean subtropical jet. 

In the vicinity of the weak secondary jet 
further north, there are similar but much 
weaker variations of mean vorticity. It should 
be pointed out that because of the large lati- 
tudinal fluctuation of the polar-front jet the 
mean vorticity field in this region is very 
much smoothed, while this effect is not so 
prominent in the case of the more steady 
subtropical jet. 

The maximum value of the mean cyclonic 
shear 200 km north of the subtropical jet 
stream is about 6 x r0-5 sec-1, This is slightly 
larger than the value of the criterion for the 
development of heavy (horizontal) dynamic 
turbulence in zonal flow, 


Ou of _ 2 


n 
= De, tan ®, 


given by Arakawa (1951), which is 5.5 x 10-5 
sec”! in the same region. 

Mean temperature distribution. — The mean 
temperature field shown in fig. 2 is in general 
similar to that observed in other locations. 
One feature which stands out somewhat 
stronger than in the mean temperature fields 
in other locations (Hess, 1948; LOEwE and 
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RADOK, 1950; HUTCHINGS, 1950; CHAUDHURY, 
1950) is the rather abrupt sloping zone south 
of the main jet, dividing the almost barotropic 
air from the baroclinic air farther north. This 
might be interpreted as an approximate limit 
to the southward movement of the polar 
front. The reason for the sharpness of this 
transition zone is probably connected with 
the steadiness of the position of the subtropical 
jet stream, which would probably hinder the 
southward movement of cold air in the upper 
levels. 

The charts given by PETTERSSEN (1950) in- 
dicate that surface anticyclones frequently 
move almost straight southward over east 
China and Southern Japan, but turn abruptly 
eastward on reaching a latitude somewhat 
south of 30° N. This is the region where the 
cold anticyclones would come under the strong 
steering influence of the subtropical jet stream. 
The thermal contrast through the troposphere 
near latitude 30° is thus maintained to a con- 
siderable extent by the southward movement 
of cold air masses, but the paths taken by these 
air masses are in part controlled by the sub- 
tropical jet. Thus, as suggested by Born 
(1950), the actual thermal distribution cast of 
the Tibetan Plateau must be in part controlled 
by dynamical influences from above (the 
subtropical jet, whose position is in part con- 
trolled by the mountains), and in part from 
below through thermal influences acting to 
some extent independently from the higher- 
level dynamical influences. 

Figure 7 shows a numerical comparison of 
the mean temperature field at 140° E with that 
over Indo-Pakistan (76° E; CHAUDHURY, 19 50) 
and that in eastern North America (80° W; 
Hess, 1948). The high troposphere is much 
warmer south of Japan, and the lower tropo- 
sphere much colder over and north of Japan, 
than at corresponding latitudes in the other 
locations. 

In the higher troposphere, e.g., between soo 
and 300 mb, the total temperature difference 
between 30° and 40° N is about one and a half 
times bigger than that at the other locations. 
This result is not affected much by the differ- 
ences in latitude of the strongest barocline 
zones at the three locations, since this is small 
(compare jet positions in fig. 7). The vertical 
gradient of the temperature differences in fig. 
7 also shows that, at least above 700 or 800 
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Fig. 7. Comparison of mean temperature at meridian 140° E with that at 80° W (Hess, 
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locations indicated by J with longitude. Solid lines, temperature at 140° E minus 
temperature at 80° W (C deg, upright numbers); dashed lines, 140 °E minus 76 °E 
(slanting numbers). Dotted lines indicate profile of mountains at 76° E. 


mb, the troposphere is on the average much 
more stable than in the other locations. This is 
natural in view of the frequency of cold-air 
outbreaks over Japan. 


Diurnal variation of observed temperatures. 
Figure 8 shows the mean temperature field 
over Japan using only observations at noon 
local time (0300 GCT), and the differences 
between day and night mean observed tem- 
peratures for the three-month period. Below 
850 mb, the variation of 1° to 3°C undoubtedly 
represents a real effect of surface heating and 
cooling. From 850 to 200 mb, the differences 
are rather uniformly of the order of 1° C. 
Above 200 mb, the day-to-night variation 
increases rapidly to values of 4° to 6° C at 80 
mb. Up to 200 mb, the difference in winds 
computed from day and night mean tempera- 
tures over the Japanese stations is only of the 
order o to 5 m sec-!, however, above 200 mb 
the differences become much more serious. 
Between the ship TARE and the U.S. Air 
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Force station at Iwo Jima, the use of daytime 
values leads to a completely fictitious wind 
field while by using night temperature values 
results can be obtained nearly compatible 
with observed winds at Iwo Jima. 

It is not possible to estimate what part of 
these temperature variations is real, or how 
much is due to solar heating of the instruments 
in the daytime soundings. WULF, HODGE, and 
Osroy (1946) in a study of the differences 
between daytime and nighttime soundings 
over the United States, found differences of 
0.5° to 2°C in the troposphere and rapidly 
increasing differences above the 10- to 12-km 
level, for winter observations. On the whole, 
their findings agree with the temperature 
variations shown in figure 8. From the nature 
of the changes of the diurnal temperature 
variations with height, these authors concluded 
that at least a considerable part of the varia- 
tions in the first 1o—20 km of altitude were 
real. This is a very important question which 
could bear further investigation. 
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Fig. 8. Mean observed daytime temperatures over Japanese stations, Dec. 

1950—Feb. 1951, thin solid lines (deg C). Dotted lines show difference 

(day ‘minus night, C deg) between daytime and nighttime mean ob- 
served temperatures during this period. 


Part II. Analysis of the jet stream and the 
deep stable layer during the period 8—15 
December 1950 


Purpose of the analysis—On 10 and 11 
December 1950, the Japanese Islands were 
covered by a moderate-sized anticyclone cell 
associated with a major cold-air outbreak 
behind a well-developed frontal cyclone (fig. 
9). During these days, a pronounced deep stable 
layer was observed in the middle troposphere 
over central and southern Japan, extending 
west-east at least 20° longitude. At the time 
of its strongest development, this nearly- 
isothermal layer was as deep as 4 to 6 km, 
thicker and more pronounced in total horizon- 
tal temperature contrast than the usual frontal 
zone studied hitherto in many other cases of 
analysis in other regions. At the same time, 


above the stable layer a very strongly devel- 
oped subtropical jet stream was observed in 
the upper troposphere, with a maximum 
observed wind of 116 m sec-1 (at 13 km, 
Tateno, 0300 GCT 11 December). 

The purpose of this analysis is to describe 
this nearly-isothermal layer, and to give some 
suggestions regarding its possible origin. The 
analysis presented below is based mainly on 
vertical cross sections along the meridian 
140° E twice a day. Cross sections are particu- 
larly useful in studying this type of phenom- 
enon in the region of Japan because of the 
lack of detailed upper-air data to the west, 
over China, and to the east, over the Pacific 
Ocean. Unfortunately, the wind observations 
are insufficient to permit a detailed analysis of 
the wind field, so they must be supplemented 
by computations using the thermal field. As 
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Fig. 9. Surface maps for 1230 GCT (a) 9 December, (b) 11 December and (c) 13 December 1950. Double 
shafted arrows indicate movements of pressure systems 24 hr before and after each map time. 


pointed out in the previous part, the subtropical 
jet is rather steady, whereas the polar-front jet 
and associated frontal systems vary strongly in 
position and intensity; individual north- 
south cross sections therefore may reveal a 
good picture of the relative position of both 
jets. 


General description —Ihe surface synoptic 
situation is shown in fig. 9. A cyclone formed 
on the southern coast of Japan on 8 December, 


temperate 
air 


cold air 


N 5 


Fig. 10. Schematic diagram showing main discontinuity 
surfaces observed over Japan and vicinity. Nomencla- 
ture used in text and following figures: P, polar front 
layer; S, subtropical front; A or B lower boundary of 
S, corresponding at times to “tropopause” of tempe- 
rate air; T, polar-air tropopause; Tr, tropical-air tro- 
popause; Jp and Js polar-frontal and subtropical jet 
streams. 
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Legend for figures 11—19: Meridional cross sections 
at 140°E, 1500 GCT 8 December to 1500 GCT 12 
December 1950. Thin dashed lines, isotherms (deg C); 
very heavy lines, boundaries of principal stable layers; 
minor and low-level discontinuities marked with thin- 
ner lines. Winds plotted at 3-km intervals, oriented 
with respect to north at top of figure; full barb 10 
knots, flag so knots. Potential temperature indicated 
beside lines for individual soundings (tens of degrees 
K.) Total sky converage and cloud types given at bott- 
om. On sections for 0300 GCT, isotachs of geogradient 
west wind (thin solid lines, m sec"). 
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Fig. 11. 1500 GCT 8 December 1950. (Note two frontal 
layers.) 
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of the winter meridional circulation given by 
» PALMÉN (1951, p. 353). The lower boundarys 
of the stable layer “S” in fig. 10 corresponds 
© to the tropopause commonly observed just 
sonth of the polar-front jet stream in other 
locations (see, e.g., PALMÉN and NAGLER, 
1948), which is found at much lower elevations 
than the true tropical tropopause. 
Ordinarily in other locations the layer of 
*°° pronounced stability above this tropopause is 
quite shallow, although it represents a real 
tropopause in the sense that the air above it 
x0 does not usually return to the state of instability 
characteristic of the troposphere below it. In 
the examples shown in this paper, the layer of 
pronounced stability is quite deep, and there 
20 18 a more-or-less distinct upper boundary above 
which the lapse rate becomes again somewhat 


® more unstable. This stable layer thus may be 
ro regarded as some sort of front in the upper 


troposphere, although in its southern parts it 
* gradually becomes indistinct and evidently 
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Fig. 12. 0300 GCT 9 December 1950. (Note two frontal 
layers approaching each other.) 


deepening rapidly as it moved northeastward. 
A cold-air outbreak covered the Japanese 
Islands from 9 to 13 December with a typical 
traveling high cell over Japan on the ııth 
and 12th. A weak cyclone formed on the 
south coast of Japan on the 14th, and a small 
high cell covered Japan again in the 15th. 

In the cross sections of figs. 11—19, all sta- 
tions are projected onto the meridian 140° E 
along the contour lines at 200 mb (locations 
of stations shown in fig. r). All available wind 
data and geogradient winds computed from 
the slope of the isobaric surfaces were used to 
obtain the wind field. Discontinuity lines 
(including frontal zones, tropopauses and 
inversion layers) were determined from the 
individual soundings plotted on tephigrams. 

In order to describe the sequence of phe- 
nomena clearly, the discontinuity lines and 
jets in the cross sections are presented schemat- 
ically in fig. 10, which gives the nomenclature 
of the various features referred to in the text. 
The discontinuities in fig. 10 agree in general 
with those shown in the schematic diagram 


«does not reach the ground as a surface front. 
The stable layer is throughout the development 
most marked near the subtropical jet stream, 
and by reason of this association will be termed 
the “subtropical front”. 

The tropospheric air north of the sub- 
tropical front has temperatures characteristic 
of cool tropical air (e.g., at soo mb, mostl 
around — 15 to —25°C). Above the stable 
layer, the air is mostly somewhat warmer than 
tropical air observed in other locations: ces 
at 200 mb in the series shown here the air is 
around 5°C or more warmer than in cross 
sections published for other locations (this was 
also true for mean conditions; see fig. 7). 

The fact that the subtropical front seems to 
exist in such strength only in this geographical 
region suggests that its cause may be somehow 
connected with the influence of the Tibetan 
Plateau on the westerlies. Prof. E. PALMÉN 
suggested to the writer that the subtropical 
front is formed in this special location through 
a confluence of real tropical air masses moving 
in from the region south of the Himalayas, 
and cooler “temperate” air, originally tropical, 
which has been modified in passing over the 
regions north of the plateau of Tibet. Over 
Europe and North America where there is no 
pronounced orographic splitting of the wester- 
lies, the modification does not vary so markedly 
with latitude, and the temperate air south of 
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the real polar front may be regarded as part of 
the tropical air mass. 

Detailed description —Figure 11 shows a 
meridional cross section at 1500 GCT 8 De- 
cember, when a young surface cyclone was 
developing and shifting along the southeastern 
coast of Honshu (Japanese main island). There 
is a definite polar front with potential tempera- 
ture between 290 and 300 A. The polar front 
tropopause is also clear. 

The upper boundary of the subtropical 
front is rather clear, connecting 300 mb at 
Shionomisaki (778) and 400 mb at TARE. 
In this stage the frontal systems P and S (see 
fig. 10) are separated by a broad zone of 
temperate air with weak baroclinity and are 
quite distinct as two different stable layers. 
In this stage there exist a polar tropopause and 
a tropical tropopause, whereas in the inter- 
mediate zone the tropopause to some extent 
can be regarded as the lower boundary of the 
subtropical frontal layer. 

After 1500 GCT on the 8th, the polar front 
P shifted southward whereas the upper 
boundary of S was almost stationary with a 
slight tendency to become lower. Thus at 
0300 GCT on the oth (fig. 12) the polar front 
and the subtropical front began to form a deep 
transitional zone between the cold polar air 
and the warm tropical air. However, still in 
this stage the subtropical front S and polar 
front P are both distinct over some stations, 
such as Shionomisaki (778) and TARE, while 
the zone of temperate air has become very 
narrow. 

Tateno (646), situated almost under the 
jet center, has an observed zonal wind com- 
ponent of 86 m sec! at 9 km, and thus the 
computed geogradient wind of nearly 100 m 
sec ! at the jet center is reasonable. At this 
time, the calculated maximum anticyclonic 
wind shear (along an isentrope) south of the 
jet center was nearly 8.5 m sec”! per 100 km, 
or 8.5 x 105 sec-!. This approaches the crite- 
rion of dynamic instability for zonal flow 
(PALMEN, 1948), 


au u 
(>) f+ tan p, 
since at latitude 34° fis 8.1 x 1075 sec”! and the 
correction term for vorticity due to the curva- 
ture of latitude circles, (#/a) tan , is about 
10-3 sec} for speeds of this size. 
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A comparison with soundings at earlier 
times showed that both the subtropical front S 
and the polar front P became more stable 
during the past 24 hours, contributing to a 
sharpening of the horizontal temperature gra- 
dient and therefore to an increased wind speed 
in the main jet. At 1500 GCT on the oth (fig. 
13) the polar front and the subtropical front 
are being united into one deep stable layer 
and the temperate air is disappearing. The 
horizontal temperature gradient at 400—450 
mb reached a value of nearly 4.5° C per 100 
km, corresponding to a vertical wind shear 
of 20 m sec! km-t1. 


Table 3. Stable layer at 0300 GCT 10 December. 


Station | Depth (km) |Height (km) Reine 

TARE 3.5 2.0—5.5 1.4 
646 6.5 3.5— 10.0 23 
590 5.5 5.5— 11.0 dei 


By 0300 GCT 10 December (fig. 14), the 
nearly-isothermal layer in the middle tropo- 
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sphere reached a remarkably pronounced 
development. The depths of the combined 
stable layer over some stations are shown in 
Table 3. At this time, the mean horizontal 
temperature gradient within the stable layer 
was approximately 3.4° C per 100 km at the 
the 7-km level, corresponding to a vertical 
wind shear of 15 m sec"! km-1. Actually, over 
Tateno (646) the zonal component of the 
observed vertical wind shear was 22 m sect 
km! between 6 and 7 km, and 17 m sec-1 
km-1 between 5 and 8 km. The computed 
zonal geogradient wind speed, 105 m sec! at 
the jet center at 0300 GCT on the roth might 
be regarded as reasonable since it is verified 
by the observed wind at 9 km over Tateno 
extrapolated according to the horizontal 
temperature gradient. The calculated maxi- 
mum anticyclonic shear south of the jet near 
210 mb is 8 x 105 sec}, whereas u/a tan pr 
= 1.0 x 10~*sec~}; thus the vertical component 
of absolute zonal vorticity is 


Ou u 
= C 
-— — (—) +f+-tanpw 
: bak ae à 
Fels SO FSC Cae. 


This is very small, but it does not reach zero 
vorticity. 

In the analyzed wind field of this and several 
other sections, there appeared to be branch of 
the jet extending downward toward the south, 
with strongest computed winds near 300—400 
mb and decreasing winds above that level. It 
is not known to what extent this is real, since 
wind observations were lacking in this region. 
Undoubtedly part of the increase in tempera- 
ture northward in the upper levels between 
Iwo Jima and TARE may be due to the differ- 
ent types of instruments used at these sta- 
tions. However, a reversal of the horizontal 
temperature gradient at relatively low levels 
is also observed at some times north of TARE. 
_ After 0300 CGT 10 December (figs. 14—16) 
the polar front subsides and moves southward 
in the lowest layers. During this process new 
temperate air masses gradually occupy the 
space between the subsiding polar air and the 
sloping subtropical front. Again after 1500 
GCT 11 December (figs. 17—19), the sub- 
tropical front appeared to split into two 
layers, the layer marked “A” subsiding in 
very much the same manner as the polar frontal 
Tellus V (1953), 3 
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Fig. 18. 0300 GCT 12 December 1950. (Note boundary 
A now subsiding after second splitting of subtropical 
front). 


layer did previously. This is difficult to under- 
stand but might become more clear if previous 
events upstream from Japan were known. 
At the end of the series (fig. 19) conditions 
again appear very much as they did at the 
beginning. 

At first sight, the stage in figs. 14—16 
appears to be a reversal of the process involved 
in the formation of the deep stable layer. 
However, a characteristic difference is that in 
the formative stage the polar front P shifted 
southward and did not change its inclination 
so much, thus a shifting of relatively parallel 
frontal layers was observed in the cross sec- 
tions, whereas in the weakening stage of the 
isothermal layer, the polar front P reduced 
its inclination strikingly and this front became 
a rather flat inversion layer below the 700 or 
800 mb level. During the formative stage the 
main jet center kept almost the same position 
and also its strong speed, but in the weakening 
stage it shifted southward and decreased in 
intensity (see fig. 20). 

The stable layer above tropopause A near 
the end of the series is deepest at 0300 GCT 11 
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Fig. 19. 1500 GCT 12 December 1950. (Note subtropi- 
cal front again well developed above discontinuity B.) 


December, reaching a depth of 3.5 km over 
Tateno (646) and 4 km over Wazima 300 km 
northwest, the lapse rate being 1° C km! in 
both cases. This tropopause is recognized over 
Kagoshima (131° E, 32° N in western Japan) 
and over the fixed ship X-Ray (153° E, 39° N 
in the eastern sea of Japan) and thus is not a 
purely local phenomenon. 

After 10 December (figs. 15—19), a region 
of cold air (< — 50° C) between 200 and 300 
mb was observed to move southward. Asso- 
ciated with this southward shift of the cold 
region, a new jet appeared at 300 mb over 
Sapporo (412) at 0300 GCT 11 December 
(fig. 16). This jet shifted very rapidly south- 
ward, as seen in figs. 16 to 18. As shown in 
fig. 20 this jet moved to higher elevation and 
higher potential temperature with time, (cf. 
Puituips, 1950) while the subtropical jet moved 
much less. Thus the main jet itself is of a 
rather stationary character, whereas the polar- 
front jet varies much in its position and merges 
into the main jet. The vertical wind shear above 
tropopause A is remarkable; over Tateno a 
wind of 116 m sec”! was observed at 13 km at 
0300 GCT on the ııth. 
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It might also be interesting to note that on 
the roth a trough at soo mb passed with a 
slight wind shift. It can be said that the deep 
isothermal layer was observed on the east side 
of the trough, and the layer split after its 
passage. However, the detailed relationship is 
not clear at present. 

After 1500 GCT 11 December (fig. 17), 
tropopause A subsided and transformed into a 
lower boundary of some kind of front in the 
middle troposphere, and a new tropopause B 
appeared. The statement that a tropopause 
transformed into some kind of front might 
be subject to some discussion. It is difficult to 
define what is a tropopause and what is a 
front and the pkenomenon observed here 
further complicates the matter. However, we 
know that in cases with multiple tropopauses 
the potential temperature at each one of the 
tropopauses is usually relatively constant at a 
given time, even though the tropopause height 
varies (BJERKNES and PALMÉN 1939). Therefore 


wothe successive positions of the tropopause on 


the cross sections might be determined with 
the aid of potential temperature. Table 4 
shows the potential temperatures of tropo- 


pauses A and B. 
Table 4. Tropopause A. 


Station 
Date/Time 7718 | 646 | $90 | 582 
HO) lS Cr CAT 315 as 314 311 
II 03 308 310 313 320 
5 314 305 313 (312) 
ee 306 (304) 306 a 
= (297) cee 303 301 
13 03 (298) — Be ae 
Tropopause B. 
INT 336 EM 7 330 
I2 03 328 322 326 aaa 
eo 318 B22 321 = 
13 03 328 <= 48e = 


Summary.—To understand the phenomena 
as analyzed above more clearly, it might be 
useful if we formulate the four stages into a 
series of models. As already stated at the be- 
ginning of Part II, the main point is the forma- 
tion and dissolution of the deep nearly- 
isothermal layer. The changes observed in figs. 
II to 19 are illustrated schematically in fig. 21, 
and may be described in four stages as follows: 
Stage I— The polar front and the sub- 
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tropical front exist as completely different 
layers separated by a broad zone of temperate 
air with weak baroclinity. In this stage there 
exist a polar tropopause and a tropical tro- 
popause, whereas in the intermediate zone the 
tropopause to some extent can be regarded 
as the lower boundary of the subtropical 
frontal layer. 
Stage II— The two frontal layers are 
approaching each other so that the zone with 
temperate air becomes very narrow and 
gradually disappears. 
Stage III — Only one very deep almost 
isothermal zone separates the real tropical air 
in the middle troposphere from the polar air. 
Stage IV — The polar air subsides and 
moves southward in the lowest layers. During 
this process new temperate air masses occupy 
gradually the space between the subsiding 
polar air and the sloping subtropical front. At 
the end of this stage the type I gradually forms. 
There were not enough direct wind observa- 
tions to study the changes of the wind field 
exactly. However, from the observed tempe- 
rature fields it appears likely that at fırst 
separate jets (marked J, and J, in fig. au are 
associated with the subtropical and polar 
fronts, merging as these fronts combine into a 
single layer (stage III). Fig. 21 is only intended 
to give a simplified picture of the larger-scale 
process. As pointed out above, the subtropical 
front split a second time, repeating the process 
in stages III and IV. There also were several 
weaker stable layers and secondary fronts in 
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Fig. 20. Changes in latitude and potential temperature 

at centers of jet streams, 9 to IS December 1950 (all 

0300 GCT), dates given beside dots showing daily 

positions. J,, main subtropical jet (maximum wind 

speed in parenthesis, m sec); Jz, polarfront jet (note 

large latitudinal movement compared with subtropical 
jet on same days). 


lower levels during the above series, which 
have not been discussed in detail. 
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À Case Study of Variations in Structure and Circulation about 


Westerly Jet Streams over Europe 


By WILLIAM E. HUBERT, University of Stockholm. 


(Manussript received May 16, 1953) 


Abstract 


This paper contains a case study of multiple wind maxima over western Europe during 
January 1951. One stratospheric and two tropospheric jet streams (600 km apart) are shown 
over the British Isles, where the flow was almost zonal and quite steady latitudinally for the 
period discussed. The northernmost tropospheric jet stream rises locally as much as 3,000 me- 
ters in height and 13 degrees in potential temperature during a 12-hour period. The southern- 
most maximum curves sharply southward downstream to pass over the Mediterranean where 
it is associated with a wave train separate from that over northern Europe. Two 30-hour mean 
cross sections (means of six observation times), at longitude 4° West and at longitude 10° East, 
show the space changes in wind, temperature and potential temperature in the exit region of 
the jet stream. Mean vertical velocities over the same 30-hour period are computed using several 
different techniques, and the errors in the computations due to restrictive assumptions are 
discussed. Neglect of ageostrophic components may change the vertical motion results by as 
much as 50%. The vertical-motion patterns are significantly different from those suggested 
by some previous studies, with rising motions on the right side of the jet in the difluence region. 


Introduction 


During the last few years, more and more 
attention has been directed toward the in- 
vestigation of multiple velocity maxima in the 
oceans and in the atmosphere. As new observa- 
tional data become available, the indications 
are that the “streakiness” in oceanic and 
atmospheric current systems is considerably 
more pronounced than previously believed. 
The forecasting of these narrow streaks 
imposes a strong challenge to the meteorol- 
ogist. As Rosspy (1953) has pointed out, the 
development of a sound theory to explain the 
concentration of momentum into parallel, 
narrow currents is of utmost importance. 
This investigation was undertaken in an 
attempt to shed additional light on the be- 
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haviour of multiple jet streams under a special 
case of fairly straight westerly flow. 

The recent multiple-ship investigation of 
the Gulf Stream (FUGLISTER, 1951) made 
possible one of the first semi-synoptic surveys 
of oceanic velocity maxima in the form of 
narrow currents. Such a detailed analysis was 
only possible by use of a dense network of 
observations; this should also be true in the 
case of the atmosphere. The British stations 
with their excellent upper-air wind data 
appear to offer the best chance for studying 
the structure of narrow jets. These wind data 
are also admirably suited for the calculation 
of vertical motions in the vicinity of the jet. 


The synoptic situation from 13 through 
15 January 1951 


Twelve-hourly soo- and 300-mb charts for 
13—18 January have been analysed, but a 
shorter period (13—15 January) was finally 
subjected to the most detailed study for a 
number of reasons. The flow over Western 
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Fig. 1. 300-mb chart, 0300 GCT 14 January 1951. Thin lines, 300-mb contours at inter- 


vals of 400 feet. Heavy lines, isotachs at intervals of 20 knots. Regions of wind speed 
greater than 100 knots indicated by stippling. 


Europe, and especially the British Isles, was 
remarkably steady and exhibited à minimum 
of curvature in the region over the polar front. 
Furthermore, the upper-air wind data were so 
complete that even a casual inspection re- 
vealed the presence of two tropospheric, and 
one stratospheric, wind maxima over the 
British Isles alone. 

In Fig. 1 is shown the 300-mb chart for 0300 
GCT 14 January 1951 with an isotach analysis 
superimposed. The pattern over the Atlantic 
is, of course, smoothed and subject to con- 
siderable conjecture. Luckily, three of the 
ocean weather stations were in the process of 
relief; the increase from 10 to 13 ship soundings 
was a big aid in the analysis. 

A typical high-tropospheric shear line 
similar to that discussed by Hsten (1950) may 
be seen over the United States. A double jet 
structure is observed extending across the 
entire North Atlantic. The jet which dipped 


down over North Africa was associated with 


a wave train in the Mediterranean, entirely 
distinct from the wave train over northern 
and central Europe, which is associated with 
the jet farther north. 

A rather large pool of cold stratospheric air 
had been moving slowly southeastward from 
the polar region and reached its southernmost 
extension during the period under study. The 
100-mb temperature pattern at 0300 GCT 
14 January 1951 is shown in Fig. 2. The loca- 
tion of jet streams at 300 mb with respect to 
the high-level field of temperature has been 
discussed by PALMÉN and NAGLER (1948) and 
RIEHL (1950). In this particular case, the 
southernmost jet was located to the south of 
the warmest temperature at 100 mb; a marked 
decrease in wind speed would be indicated by 
the time the ıoo-mb level is reached. The 
maximum farther north (see Fig. 1) is, on the 
other hand, sometimes directly under the 
warmest zone at higher levels. This fact may 
best be seen over the British Isles where the 
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Fig. 2. 100-mb isotherms, 0300 GCT 14 January 1951. Intervals, 4 Centigrade. 


slarge number of soundings to high level 
lends credence to both the 300- and 100-mb 
analyses. To the north side of the relatively 
warm zone at 100 mb, the direction of the 
thermal wind is such as to indicate an increase 
of the westerlies with height. This warm 
zone follows the general large-scale pattern 
of the westerlies, reaching its northernmost 
location over Alaska. The warm stratospheric 
temperatures over Alaska (in the vicinity of a 
mean upper ridge) are characteristic of winter 
months and explain why cross sections passing 
through this longitude (e.g. WILLETT, 1944) 
rarely reveal a polar stratospheric win 
maximum, which is generally located too far 
north to be observed by the network. Cold 
stratospheric outbreaks over the northeastern 
Atlantic are a pre-requisite for intensification 
of a polar stratospheric jet over northern 
Europe. 

The flow over the eastern Atlantic continued 
to be westerly throughout the 14th and most 
of the ısth of January. By 0300 GCT on the 
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16th a rapidly intensifying ridge had moved 
into the area and the flow over northern 
Europe gradually veered toward northwesterly. 
The 300-mb charts for 0300 GCT 15 and 16 
January 1951 are presented in Figs. 3 a and 3 b. 


Successive individual cross sections 


Throughout the 14th of January two 
tropospheric jet streams could be found in 
each of the six-hourly cross sections which 
were constructed in a north-south direction 
through the British Isles. The southernmost of 
these two maxima remained at nearly the 
same altitude, and the potential temperature 
in the center varied only slightly from 323 K. 
The northern jet, however, rose 3,000 meters 
in altitude in one 12-hour period and showed 
an increase in potential temperature at the 
center of 13 degrees. 

Figures 4 a, 4 b and 4 c are cross sections at 
6-hourly intervals along longitude 4° West 
covering the period when this rapid change 
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300-mb chart at 0300 GCT for (a) 15 January 1951 and (b) 16 January 1951. Contours at intervals 


of 200 feet. 
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Fig. 4. Vertical cross sections from Lerwick (Shetland Islands) to Camborne (England) at (a) 0900 GCT, (b) 
1500 GCT and (c) 2100 GCT 14 January 1951. Thin dashed lines, potential temperature (deg. K.); thin solid 
lines, isotachs of observed wind component (knots) normal to cross section; heavy lines, frontal boundaries 
and tropopauses; stars, highest level to which wind observations were available. 


took place. At o9co GCT the jet can be seen 
at approximately the 380-mb level; the 
potential temperature in the center is 308 K. 
There is little doubt that the jet center was 
actually this low, for the winds at both Liver- 
pool and Aldergrove decreased above 380 mb. 
The small stars on each sounding represent the 


highest level to which wind reports were 
available. The reversal of horizontal tempera- 
ture gradient above the center serves to further 
corroborate the location. 

The position of the same jet six hours later 
could not be fixed with as much certainty. The 
rawin at Liverpool indicated the maximum 
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wind to be at 324 mb, and the center was 
therefore drawn at this level even though the 
horizontal temperature gradient would require 
that the maximum be somewhat higher. If 
one makes use of the winds as reported and 
assumes that all stations are projected correctly 
strong negative absolute vorticity results 
south of the jet center. This is bound to happen 
at times in regions where the observational 
network is very dense. If the absolute vorticity 
on the south side of a well-developed jet is in 
reality near zero, as seems to be the case quite 
frequently, an error in the reported wind on 
either side of the zone where zero absolute 
vorticity occurs may make the computed value 
negative. Since the reported winds varied from 
123 knots to 143 knots and back to 123 knots 
in slightly over one kilometer, the maximum 
was reduced enough to eliminate the negative 
absolute vorticity. 

At 2100 GCT the location of the maximum 
wind center was again more reliable; Alder- 
grove’s rawin indicated a maximum at the 
tropopause. In the preceding 12 hours the 
level of the highest velocity had changed from 
380 to 255 mb, an increase in height of about 3 
kilometers. The potential temperature in the 
center at 2100 GCT was 321 K. Murray and 
Danıers (1953) recently reported that over 
the British Isles the jet axis is, in the mean, 
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Fig. 5. Time section of observed wind speeds at ocean 
weather ship Weather Observer (52°N 20° W) from 
0900 GCT 13 January to 1500 GCT Is January 1951. 
Heavy line, level of maximum wind speed. Thin solid 
lines, isotachs at 20 knot intervals. Circles indicate height 
and intensity of jet stream center over central England. 


about 610 meters higher in the entrance than 
in the exit region. The remarkable change 
shown in the present case took place in the 
12-hour period just prior to the passage of the 
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Fig. 6. Vertical cross sections from 

(a) Göteborg (Sweden) to Wiesbaden 

(Germany) at 1500 GCT 14 January 

and (b) Gardemoen (Norway) to 

München (Germany) at 0300 GCT 15 

15 January 1951. Legend same as in 
figure 4. 
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maximum; in other words, it occurred for the 
most part in the exit region. 

Figure 5 is a time section of wind speeds at 
the ship Weather Observer, stationed about 900 
km west of Liverpool. The level of maximum 
wind at the ship is shown by the heavy solid 
line; the height and intensity of the jet center 
over England are shown by the circles. There 
was obviously a considerable downward slope 
of the level of maximum wind toward the east 
throughout the period from 2100 GCT on the 
13th to 0300 GCT on the rsth of January 
(it was clear from synoptic charts that this 
ship was located under the same jet as discussed 
above). This slope is rather interesting since 
the direction of flow remained almost constant. 

The same rapid change of the jet to a higher 
level was also observed some 900 km down- 
stream. At 0300 GCT 14 January, the maxi- 
mum wind shown in a cross section along 
longitude 10° East was only 75 knots, and 
although a strong polar front was in evidence 
over England at this time, none could be 
found over Germany in upper levels. 

During the next twelve hours, the winds 
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increased in speed in the downwind section, 
but there was little change of height or poten- 
tial temperature in the jet center. In the 12-hour 
period prior to 0300 GCT 15 January, however, 
the height rose about 1,600 meters and a 
10-degree increase in potential temperature 
occurred. These changes are illustrated in 
Figures 6a and 6 b. It seems likely that the 
center continued to rise for several more 
hours and probably reached the same peak 
potential temperature as over England (321 K). 
The speed of propagation of the sharply- 
sloping part of the jet axis would be, therefore, 
about 70 knots, a value almost twice the rate 
at which the high-level trough (cf. Figs. 1, 
3 a, and 3 b) moved across the area. The varia- 
tions in height described by BERGGREN, BoLIN 
and RossBy (1949) were more closely con- 
nected to the passage of a series of frontal 
waves. 


A mean cross section along longitude 4° West 


During the period from 2100 GCT on the 
13th to 0300 GCT on the 15th, the horizontal 
circulation pattern was particularly steady over 
western Europe even though, as has already 
been shown, there was considerable variation 
in the height of the polar-frontal jet stream. 
The latitude at which the center of this jet 
stream crossed England never varied more 
than 80 km on the six cross sections which 
cover this period. In addition, the wind 
directions in the vicinity of the jet were, to 
all intents and purposes, constant with time. 
This feature is shown in Table 1, which also 
shows that there was a mean difluence of the 
flow over the British Isles during this 30-hour 


period. 


Table 1. A summary of the mean wind direc- 
tions and speeds at 300 mb from 2100 GCT 13 
January to 0300 GCT 15 January 1951. 


EEE NEE una 


Direction Speed 
Station et | 
i Mean Mean 
Mean De Mean Del 
alles 243° 40° 18k 5k 
Stornoway....| 271 22 36 6 
Leuchars..... 277 6 72 15 
Aldergrove...| 276 6 114 13 
Liverpool.....| 279 Io 108 10 
ask 287 8 84 12 
Camborne....| 286 6 85 107 
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Only in the area of relatively light winds to 
the north of the jet was there any appreciable 
fluctuation in wind direction. 

In Fig. 7 is shown the mean cross section for 
this period. For all the British stations six 
observations were available; the data for 
Brest and Bordeaux represent the mean of 
the four 12-hourly radiosonde reports begin- 
ning at 1500 GCT 13 January. The location 
and intensity of the wind maximum between 
Camborne and Brest were so constant with 
time that this inhomogeneity in the sample 
should not be serious. The wind speeds in this 
cross section represent the mean value of the 
observed wind regardless of direction. The in- 
dividual cross sections were used to fill in 
some missing winds, especially at higher levels. 
All stations were projected onto a straight line 
using the direction of the mean streamlines 
at the 300-mb level. The height and tempera- 
ture of the tropopause at each station re- 
presents an arithmetic mean of the values 
determined from the six (four for the Freach 
stations) soundings taken during the period. 
An attempt was made to show the position 
ofthe mean polar frontal zone from variations 
in the horizontal temperature gradient. The 
front was characterized by very strong tem- 
perature gradients on the individual cross 
sections; however, these gradients are somewhat 
weakened in using averages with respect to 
fixed geographical locations. 

Two tropospheric wind maxima show up 
very clearly in this mean cross section, and the 
picture is quite typical: a relatively low polar 
tropopause; strong cyclonic shear north of the 
polar jet; the polar jet lower than the tropical 
tropopause and almost above the intersection 
of the polar front and the soo-mb surface; the 
second jet farther south located at a higher 
level. Murray and Jonnson (1952) found that 
double maxima occur fairly frequently in this 
area. The two maxima in this cross section 
are rather close together (600 km between 
centers) to be so clear-cut. The northernmost 
maximum continues eastward across northern 
Germany, but the southern stream curves 
sharply to the right downstream from this 
mean cross section and passes south-eastward 
over the Mediterranean (see Fig. or 

The increase of wind with height in the 
polar stratosphere is unmistakable; further- 
more, the temperature pattern indicates that 
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Fig. 8. 30-hour mean observed winds (solid lines) and 

mean geostrophic winds (dashed lines) att 300 and 

too mb over the British Isles as a function of latitude. 
Period same as figure 7. 


the winds continue to increase above the 
100-mb level. The fact that the maximum 
appears to be located only 300 km north of 
the polar tropospheric jet is surprising, for 
the two are usually found farther apart (e.g. 
Hess, 1948). From the temperature field in 
Fig. 2 one might indeed expect the maximum 
to be at a higher latitude. It is possible that 
this cross section shows only the lower portion 
of a center which slopes northward above 
100 mb. 

A crude attempt was made to study the 
relation in intensity between stratospheric and 
tropospheric jets over the British Isles. Using 
January. data for six different years, 300-mb 
winds at Larkhill (in southern England near 
latitude 51° N) with directions from 225 to 
315 degrees were plotted against 100-mb 
winds at Lerwick, near latitude 60° N in the 
Shetland Islands. Two years showed excellent 
correspondence, and even though the other 
years were less definite, a positive correla- 
tion was indicated. Intensification of the polar 
tropospheric jet might intensify the warm zone at 
higher levels (see Fig. 2) leading in turn to in- 
creased winds farther north in the polar stra- 
tosphere. 

In the troposphere the mean geostrophic 
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winds computed for the 30-hour period agreed 
quite well with the mean observed winds except 
in the northern part of the cross section where 
the mean geostrophic wind normal to the sec- 
tion is naturally less than the actual mean 
speeds because of the considerable fluctuation 
in direction there (Table 1). The mean observed 
winds at 100 mb were, however, consistently 
subgeostrophic. This is shown in Fig. 8 
where the mean observed and mean geo- 
strophic winds at 300 and 100 mb are plotted 
as a function of latitude. Above the polar tro- 
pospheric jet, the mean observed winds de- 
creased about twice as fast as the thermal wind 
indicated by the field of temperature in 
agreement with the subgeostrophic flow at the 
100-mb level. 


À mean cross section along longitude 
10° East 


In the 30-hour period covered by the pre- 
vious mean cross section, the flow 900 km 
downstream was continuously difluent in 
nature. While there was more latitudinal 
fluctuation of the polar front jet stream over 
Germany than over England (200 km extreme 
range compared with 80 km), it was neverthe- 
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Fig. 9. 30-hour mean cross section from Gardemoen 
(Norway) to Lyon (France) covering period 2100 GCT 13 
January — 0300 GCT Is January 1951. Legend same as 
in figure 7, except mean geostrophic winds shown 
Gardemoen— Schleswig and München—Lyon. 
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less deemed worthwhile to construct a second 
mean cross section covering the same period. 
The two sections would then show up the 
space changes in wind, temperature, potential 
temperature, etc. in the jet exit. 

In Fig. 9 is shown the downstream mean 
cross section covering this same period. For 
the British stations in Germany and the 
German station in München six-hourly observa- 
tions were again available; the means of the 
four 12-hourly radiosonde reports beginning 
at 1500 GCT 13 January were used at Garde- 
moen, Göteborg and Lyon. Mean observed 
winds regardless of direction were analysed 
for the German stations; however, on both 
ends of this cross section the analysis was 
based upon geostrophic wind computations. 

The wind maximum which shows up in 
this section has its center at the same height 
and potential temperature as the northernmost 
mean tropospheric maximum over England. 
The intensity, however, is about 35 knots less, 
and the vertical and horizontal wind shear are 
both much smaller. 

The second tropospheric stream which was 
so clearly defined just 900 km upstream, is not 
obvious here. Geostrophic computations be- 
tween Miinchen and Lyon indicated increasing 
winds with height at the latter station; this 
was at 200 mb, above the tropopause. Although 
the temperature pattern, as analysed, would 
support this increase, it is dangerous to base a 
maximum upon geostrophic computations 
between only two stations. As mentioned 
previously, the second stream must curve 
sharply enough to pass south of Lyon and 
out over the Mediterranean and North Africa. 


Vertical velocity calculations 


There are a number of different methods 
which have been used for determining vertical 
motion in the atmosphere (PANOFSKY 1946, 
BELLAMY 1949, ELIASSEN and HUBERT 1953). 
Some synoptic techniques become indeter- 
minate when there are very strong winds 
blowing nearly parallel to the isotherms. 
Because of this difficulty it was decided to use 
a single-station method in the form presented 
by Arnason (1942). The British data, which 
are published at so-mb intervals for observa- 
tions taken every six hours, allow rapid com- 
putation using this method. 
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Assuming that temperature changes occur 
adiabatically, one may write 


di 0 
d Ge à 2 


which upon development yields an equation 
for the vertical velocity, w, in the form 


oT 
AE ag NTT 
p 
dp 
[$+v-vo| (2) 


If we now define w as the vertical motion 
relative to constant pressure surfaces and let 


V= Vi V () 
where V is the actual wind, V, the geostrophic 


component and V’ the non-geostrophic 
component, equation (2) may be replaced by 


oT LEON. 
fi ete —* Em 
EI a va 
NEL 
er (4) 


The last term in equation (4) drops out if it is 

further assumed that the geostrophic approxi- 

mation is valid; ARNASON then obtains the 
following expression 

aT fT ,ay 

w(ya y) dt 7 g v 2z (5) 


Here w is the vertical velocity, ya the adiabatic 
lapse rate (assumed to be dry adiabatic in this 
study), y the actual lapse rate, JT /0t the local 
temperature change, f the Coriolis parameter, 
T the absolute temperature, v the observed 
wind speed and dyp/dz the observed change 
in wind direction, positive for winds backing 
with height. The advective term prescribes 
descending motion for indicated cold-air 
advection and ascending motion for warm-air 
advection. 

Obviously, the stability factor and the 
advective term may be computed from a 
single sounding showing the variation of 
temperature and wind with height, and thus 
represent instantaneous values. The local 
temperature change, on the other hand, must 
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Fig. 10. Same 30-hour mean cross section as figure 7. 
Thin dashed lines, temperature (Deg. C); thin solid 
lines, mean isotachs (knots); heavy solid lines, mean 
tropopauses and frontal boundaries; heavy dot-dashed 
lines, mean vertical velocity (cm/sec) positive upward. 
Vertical motions computed using equation (5). 


of necessity be determined from two soundings 
and therefore is not an instantaneous value. In 
this study it was decided to assume the local 
temperature change to be linear from the 
sounding six hours previous to that six hours 
after map time and to use the mean value of 
the stability and advection computed from 
soundings six hours before, current with, 
and six hours after map time. In this way a 
smoothed picture was obtained of the mean 
vertical velocities over a 12-hour period. The 
temperature lapse rate and vertical wind shear 
were evaluated through layers 100 mb in 
thickness; T and v were assumed to be the 
mean temperature and wind, respectively, in 
the 100-mb thick layer. 

The pattern of vertical motion computed 
from equation (5), associated with the 30-hour 
mean cross section along longitude 4° West is 
shown in Fig. 10. Unfortunately, the French 
wind data were not complete enough to allow 
computations in the southern portion of the 
section. As is usually the case, no wind reports 
were available at high levels above the jet 
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stream so that it was not possible to get a 
clear picture of the vertical motion directly 
over the jet center. It was possible, however, 
to compute vertical velocities up to the 200-mb 
level at the four northernmost stations so that 
some idea of the vertical motion in the stra- 
tosphere could be obtained. 

The descending motion which one would 
expect in the cold air to the north side of the 
polar front shows up quite clearly. The 
computed ascending motion between 900 and 
800 mb in the cold air underneath the jet seems 
to be connected with surface frictional effects. 
There was appreciably more veering of the 
wind with height in this layer at those stations 
where the jet was overhead. In the mean 
there appears to be a narrow band of ascending 
motion along the warm-air side of the polar 
front and a more well-defined region of 
upward motion in the warm air to the south 
of the polar tropospheric jet. In general, 
there was a change in sign of the vertical 
motion above the tropopause. This distribu- 
tion agrees essentially with that computed by 
NYBERG (1950), apparently in a region of 
difluence. 

From one six-hourly section to the next, the 
field of vertical motion was by no means 
stationary. At 0900 GCT 14 January ascending 
motion was calculated (using equation s) not 
only on the south side of the jet but also in the 
center itself and for some distance to the north. 
Ascending motion of about 6 cm/sec. was 
calculated in the center at this time, and for 
the next twelve hours the center moved ver- 
tically upward at a rate of almost 7 cm/sec. In 
what manner these two results are connected, 
if at all, is difficult to say. Advection of a 
sloping jet stream could account for the rise 
of the center; however, ascending motion 
over a wide area surrounding such a current 
also appears able to accomplish the same end. 
As will be shown later, the vertical motions 
shown above are probably much too large. 

The strongest winds passed over England 
near 2100 GCT on the 14th, and the flow was 
clearly confluent after this time. The computa- 
tions for 1500 and 2100 GCT demonstrated 
that the centers of vertical motion moved southward 
with respect to the jet axis until finally there 
was descending motion in the troposphere for 
a distance of several hundred kilometers to 
the south of the polar-front wind maximum. 
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The reliability of the vertical motion 
computations 


A mean ascending motion of 8 cm/sec. was 
obtained over Camborne near 400 mb using 
the single-station method. One should expect 
saturation and considerable precipitation if 
such strong upward motion actually occurred 
for very long. The Larkhill and Camborne 
soundings both indicated relative humidities 
far from saturation, even with respect to 
ice, at high levels except at 0300 GCT 15 
January when the peak of a stable wave passed. 
The air south of the jet seemed to be most 
moist in the low levels. Nineteen mm of rain 
fell at Guernsey, well south of the jet axis, 
during the night of 14—15 January. 

An attempt was made to check the single- 
station vertical velocities using a method 
described by BELLAMY (1949). The horizontal 
divergence in a triangular area bounded by 
Liverpool, Downham Market and Larkhill, 
all south of the polar front wind maximum, 
was determined from the observed winds at 
the corners of the triangle. Assuming zero 
vertical motion at the ground, vertical veloc- 
ities at upper levels were obtained by inte- 
grating the continuity equation through 
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Fig. 11. 30-hour mean horizontal convergence, —V p - v, 

and vertical motion, w, over the triangle bounded by 

Liverpool, Downham Market and Larkhill. Period 

covered is 2100 GCT-13 January to 0300 GCT 15 

January 1951. Convergence units 105 sec-l; vertical 

velocity units cm sec (positive upward). Bellamy’s 
method. 
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layers 100 mb in thickness. The vertical varia- 
tion of density was taken into consideration. 
In Fig. 11 are represented the 30-hour mean 
horizontal divergence and vertical velocity 
over the triangle as a function of pressure. 
Even stronger ascending motion than that 
computed by the single-station method re- 
sulted. The fact that there were two parallel 
wind maxima over southern England and 
thus probably a non-linear wind distribution 
in the horizontal (an assumption made in 
BerrAMmyY’s method is that the wind field is 
linear) would offer an explanation for an 
error which increases with height. 

Considering the results from equation (s) 
and the deep layer of convergence shown in 
Fig. 11, one can say without too much hesita- 
tion that ascending motions really occurred on 
the south side of the polar tropospheric wind 
maximum. The magnitude of the motion is 
questionable, however, and is undoubtedly 
much less than the results obtained here. An 
explanation has been given for errors in the 
triangular method; the omission of terms in 
the complete equation for vertical motion 
surely contributes toward excessive values 
using the single-station technique. 

It is possible to make some estimate of the 
error resulting from the neglect of the ageo- 
strophic term in equation (4). The accelera- 
tion along a streamline may be written 


dv dv dv dv dv Ov 
PS ne 0 (v; — v;) TVR (6) 


where dv/dt is the acceleration of an individual 
particle, 2v/dt the local change in wind speed, 
v, the observed speed at some point along a 
certain streamline, v; the speed at which the 
isotach corresponding to v, is moving, dv/ds 
the change in speed along the streamline, w 
the vertical velocity and dv/dz the vertical 
wind shear. Neglecting at first the vertical 
motion term in equation (6), mean decelera- 
tions in the center of the jet exit zone of 
28, 105" misece and, 8.4.x 10 4 msec? 
were obtained from isotach charts at 500 and 
300 mb, respectively, for the 30-hour period 
between 2100 GCT 13 January and 0300 GCT 
15 January. These decelerations gave mean 
cross-contour angles of 5.5 degrees at 500 mb 
and 7.9 degrees at 300 mb. A vertical velocity 
of 4 cm/sec and a vertical shear of 10 m/sec 
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per kilometer, both large values, would 
change the above results by an amount one 
order of magnitude less, so that neglecting 
the last term in equation (6) is permissible here. 

From these values of the cross-contour 
angles it is possible to see the importance of 
the last term in equation (4). In the jet exit 
zone the effect of this non-geostrophic com- 
ponent is to decrease the apparent warm-air 
advection computed to the south side of the 
jet axis. The reason for this decrease may best 
be seen with the aid of a simple sketch, Fig #12, 
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Fig. 12. Sketch showing the difference between appar- 
ent and real warm air advection on the south side of 
the jet exit. Slight anticyclonic curvature depicted 
here; greater cross-contour angle at the upper level. 


where V, and V, are observed winds, «, and 
&, the angles of cross-contour flow and V, ‚and 
V,, the geostrophic winds at levels 1 and 2, 
respectively. The advective term in equation 
(5) contains the assumption that the mean iso- 
therms in the layer from 1 to 2 are parallel to 
V.—V,, whereas, actually, they are parallel 
to V,,—V,,. Obviously, the magnitude of 
the ageostrophic component depends upon 
the curvature of the trajectories at the two 
levels, since it is the geostrophic wind shear 
which determines the mean temperature gra- 
dient. The error is directly proportional to the 
sine of ß, the angle between the directions of 
the real and apparent temperature gradients, 
and to the difference in magnitude of the 
vectors. Over Camborne and Larkhill the 
apparent warm-air advection was reduced by 
about 25 %. Since the local change term and 
the advective term were of opposite sign, the 
resulting decrease in the computed ascending 
motion was about so %. We thus get more 
reasonable values of w; at least they are closer 
COMOLUT pre-conceived notions concerning 
large-scale vertical motions in the atmosphere. 
It must be remembered, however, that these 
motions are still referred to constant pressure 
surfaces even though these surfaces do change 
in height rather slowly. 
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From the mean cross sections and the indi- 
vidual cross section for longitudes 4° West and 
10° East at the beginning and end of the 
30-hour period, it is convenient to compute 
the mean vertical velocities between the two 
sections using the isentropic method. Assuming 
that air particles follow constant potential 
temperature surfaces, one can obtain the 
isentropic up-gliding or down-gliding simply 
by multiplying the wind speed and the slope 
of the isentrope along a streamline. In this 
case the location of the endpoints of a certain 
streamline (isentropic) on the two mean 
cross sections was made by using the angles 
of cross-contour flow interpolated from the 
values determined synoptically (see above, 
equation 6) at 300 and 500 mb. The wind 
speed was taken as the mean of the speeds read 
from the mean cross sections at both ends of 
the streamline under consideration. 
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Fig. 13. 30-hour mean vertical velocity (cm/sec) along 

isentropic surfaces 290, 300 and 310 K. between longi- 

tudes 4° West and 10° East. Period same as figures 
7 and 9. Jet axis used as reference. 


The total vertical motion was then calculated 
by addition of the motion along the isentropic 
surfaces and the local change of the surfaces 
themselves. The local change, as interpreted 
here, was the mean of the 30-hour changes 
evaluated from the individual cross sections at 
longitudes 4° West and 10° East. This method 
was used to determine the 30-hour mean 
vertical velocities along several mean stream- 
lines at potential temperatures of 290, 300 
and 310 K; the results are shown in Fig. 13. 

On the north side of the polar tropospheric 
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jet stream, the difluence of the contours in the 
polar troposphere was so great that it was 
impossible to locate the endpoints of stream- 
lines with any degree of certainty. For this 
reason, vertical motions at potential tempe- 
rature 290 K were calculated only on the 
south side of the maximum. The weak as- 
cending motion near the jet axis and descend- 
ing motion farther south at a lower height 
agree reasonably well in sign with the single- 
station computations and with the low-level 
divergence indicated by the triangular method. 

At 300 K ascending motion was computed 
on both sides of the jet stream with a maximum 
about. 100 km south of the center. This 
maximum agrees favorably with the narrow 
zone of ascending motion found along the 
warm-air side of the polar front using equa- 
tion (5). To the north of the jet axis, the 300 K 
isentrope was located above the polar tropo- 
pause. There is certainly some disagreement 
with Fig. 10 in this area; however, ascending 
motion was calculated at high levels over 
Lerwick. If, as seems probable, there is des- 
cending motion in the polar troposphere and 
a change in sign of w above the tropopause, 
the results found here are not unreasonable. 

Finally, at 310 K there was again ascending 
motion indicated on the right side of the jet 
with a maximum about 400—s500 km south 
of the center. The location of this maximum 
agrees very well, both in height and distance 
from the jet axis, with the maximum shown 
near latitude so° in Fig. 10. There is a difference 
in the magnitude. The weak descending mo- 
tion just south of the jet also appears to have 
its counterpart in Fig. 10, where there is at 
least a suggestion of downward motion. To 
the north of the jet stream, this isentrope is 
also above the tropopause. The ascending 
motion here is substantiated by the upward 
motion computed in the layer from 250 to 
300 mb over Lerwick, Stornoway and Leu- 
chars using the single-station method. 


Discussion of the results 


The vertical motion patterns in this particu- 
lar case are significantly different from those 
suggested by some previous studies. RIEHL et al. 
(1952) reasoned that in the vicinity of a local- 
ized wind maximum moving at less than the 
speed of the winds, there should be horizontal 
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mass divergence in the area where the absolute 
vorticity decreases downstream along a stream- 
line. Mass continuity is then provided by 
upward motions below the region of diver- 
gence. This would imply upward motion on 
the left side and downward motion on the 
right side in the jet exit region (in the tropo- 
sphere). 

In the case studied in this paper, the strongest 
rising motions occurred on the right side of the 
jet; as the jet maximum approached, the area 
of ascending motion moved southward, 
however, with respect to the jet axis. Computa- 
tions were made using three different methods, 
all of which substantiated each other in sign 
if not in magnitude. Furthermore, the maxi- 
mum precipitation was associated with a stable 
wave which moved eastward along the right- 
hand side of the jet-stream axis. Apparently 
our notion that deceleration and the resulting 
cross-contour flow toward higher pressure 
give rise immediately to a vertical motion 
pattern such as that shown. e.g., by MURRAY 
and DANIELS is not always valid. The difference 
between the pattern calculated in this study 
and that based upon dynamical reasoning is 
shown schematically in Fig. 14. Some reasons 
for possible differences are: 


(a) (b) 


Fig. 14. Schematic representation of circulation pattern 
in the jet exit region (a) from dynamic considerations 
and (b) as computed in this case study. 


1) The relative speed of the winds with 
respect to the movement of the isotach pattern 
must be of importance. Near the center of the 
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jet stream, for instance, the air moves more 
rapidly than the isotach pattern; not very far 
to the left side of the jet, however, the wind 
speeds may even be less than the movement of 
the isotachs. This may effect the reasoning 
derived from the vorticity-divergence equa- 
tion in this region. 

2) Factors other than divergence may be 
important in changing the vorticity. 

The northernmost tropospheric jet stream 
in this study was rather local in that it was not 
closely associated in a constant way with the 
long wave over Europe. It seems likely that 
the vertical-motion patterns associated with a 
local jet stream should differ from the large- 
scale vertical-motion patterns in long waves. 
A comprehensive investigation of the relations 
between the patterns associated with these 
different-scale phenomena is much to be 
desired. In a case described by Rızkr and 
TEWELES (1953), the axis of strongest winds 
ascended downstream from the main jet center; 
the opposite was true in this case. Here is 
another difference which needs to be studied 
in further detail. 

In conclusion, it is desirable to point out 
the need for more research along these lines 
since there are differences in the details of 
the vertical-motion patterns associated with 
jet streams in different synoptic situations. 
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Abstract 


The previous work by RossBy and CAHN on the adjustment of a non-balanced velocity 
field towards geostrophic equilibrium has been generalized to incorporate the corresponding 
process in a stratified but incompressible fluid. It is shown that the character of the process 
essentially depends upon the width of the current, the velocity profile in the vertical and 
the vertical density gradient. As long as the vertical density gradient is small the adjust- 

Do 
ment of the mean motion of the fluid (f Udz } exactly corresponds to the one described 


0 
by CAEN. On the other hand vertical variations of the unbalanced motion will set up 


internal oscillations which have considerable larger (vertical) amplitudes than is found for 
the adjustment of the mean motion. Furthermore, the speed of propagation of the gravity 
inertia waves thus generated (cx) is considerably smaller than that of the waves generated 
during the adjustment of the mean motion (cy). For values of the vertical density gradient 
as found in the oceans cx < 0.05 c,. In the final state of equilibrium the mean motion of the 
fluid will be approximately the same as before the adjustment, while a considerable smooth- 
ing of the vertical gradients of the velocity field will take place, the more the broader the 


original current is. 


I. Introduction 


The motion of the atmosphere as well as the 
oceans takes place under approximate geo- 
strophic balance. This has been known for a 
long time and has been used both in meteorol- 
ogy and oceanography to compute the state 
of motion more accurately than it can be 
observed directly. The geostrophic relation 
has been very useful as a diagnostic tool. The 
relation is merely an expression for the fact 
that usually the horizontal acceleration is 
one order of magnitude less than the Coriolis 
force and the horizontal pressure gradient. 
Thus it may be neglected in a first approxi- 
mation. However, then it also follows that 
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the geostrophic relation in itself cannot be 
used as a prognostic tool. Having realized this 
fact meteorologists for a long time have been 
studying the departures from geostrophic 
equilibrium to obtain a better understanding 
of the atmospheric processes and to derive 
relations that might be useful in forecasting. 
It must, however, be admitted that in most 
cases these attempts have not been very 
successful, probably to a large extent depending 
upon the difficulty of making the proper 
approximations ın order to separate various 
physical processes from each other. 

Lately CHARNEY and collaborators, however, 
(cf. CHARNEY 1949) have been able to develop 
useful methods for forecasting the upper flow 
patterns in the atmosphere by using the 
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geostrophic approximation in the -barotropic 
vorticity equation. This procedure essentially 
means à filtering out of the inertia oscillations 
that necessarily must develop for the adjust- 
ment of the wind field and mass field to each 
other in order to retain an approximate 
geostrophic equilibrium. One assumes that 
this adjustment is complete and takes place 
with an infinite speed and that the displace- 
ments that must occur are small in comparison 
to the large-scale motion of the atmosphere. 
The method has been quite successful and gives 
a first approximation of the development 
of the mean field of motion that even may be 
useful in practical forecasting. The realiza- 
tion of the physical sequence of events made 
it possible to apply the proper approxima- 
tions at the right instant in the process of 
the development of the equations. 
Undoubtedly there exist cases where it is 
not permissible to neglect this adjustment 
process towards geostrophic equilibrium to 
obtain acceptable results. This is probably still 
more important when trying to study the 
changes of the vertical variation of the wind 
field, where the stratification of the atmosphere 
plays an important role for the adjustment 
process. It is quite well-known, both from 
synoptic experience and from theoreticai 
investigations (RossBy, 1938), that the adjust- 
ment of an unbalanced current in a stratified 
fluid towards geostrophic equilibrium in- 
volves a considerable redistribution of the 
mass field. We shall also see that the speed of 
propagation of the internal gravity-inertia 
waves, by which the adjustment takes place, 
is considerably smaller than the speed of the 
waves that develop during the adjustment in a 
homogeneous (barotropic) atmosphere. It is 
likely that some of the systematic errors that 
appear when forecasting with, for example, 
a two-parameter model of the atmosphere 
(CHARNEY, PHILLIPS, 1953) are due to the 
neglect of this adjustment process. To account 
for the apparence of such inertia-gravity 
waves in the process of numerical forecasting 
one may proceed in different ways. One may 
use the hydrodynamic equations without ever 
introducing the geostrophic approximation. 
This would probably increase the amount 
of computations for a 24-hour forecast 
by several magnitudes. It therefore seems very 
desirable to try to develop some simplified 
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method in which the essential characteristics 
of the adjustment process have been considered. 
In order to be able to do this we must learn 
more about the adjustment of the flow and 
the pressure field to each other in idealized 
cases. We already now know some of the 
main features of this process essentially through 
the work by RossBy (1938), CAHN (1945) and 
RAETHJEN (1950). However, as yet no syste- 
matic treatment of a stratified atmosphere has 
been presented. Some principles have been 
derived by Rosssy, but in particular a study 
of the process of adjustment in a fluid with a 
continuous density distribution is lacking. 

This problem of maintaining an approximate 
geostrophic balance is also an important aspect 
of the dynamics of the ocean currents. The 
main difference from a hydrodynamic point 
of view between the oceans and the atmosphere 
is, of course, the facts that the sea-water may 
be considered as an incompressible fluid, the 
oceans have an upper free surface and the 
density difference between the top and the 
bottom is quite small. These characteristics 
simplify the mathematical treatment consider- 
ably and we shall therefore first discuss the 
adjustment towards geostrophic equilibrium 
in an incompressible, stratified fluid of an approxi- 
mately constant depth, D. These restrictions will 
be removed in part II of this paper, which 
is going to appear in a later issue of this journal. 
It would, of course, be possible to derive the 
equations for the most general case first and 
then simplify the formulae obtained to apply 
to the more special problems. The procedure 
followed here is used primarily because the 
discussion of the upper boundary condition is 
believed to be more clear in this way, secondly 
because the method of approach is most easily 
followed in a relatively simple case. 

RossBy in 1938 described the general features 
of the adjustment within an infinite current 
in a homogeneous incompressible fluid of 
uniform depth, initially not in geostrophic 
equilibrium. Let us assume that a certain 
amount of momentum has been communicated 
by some process (e.g. wind action) to an 
infinite strip parallell with the x-axis. However, 
no pressure gradients exist at this time. The 
momentum of the fluid is associated with a 
certain Coriolis force which will try to deflect 
the moving particles towards right (looking 
down-stream). Gradually fluid is accumulated 
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to the right of the current while the free 
surface is lowered to the left of the current. 
In such a way the proper pressure gradient is 
built up and geostrophic equilibrium is ap- 
proached. Rossby pointed out that certain 
inertia oscillations must be generated and a 
certain portion of the initial energy of the 
current is thus transformed into such oscilla- 
tions. It was also shown how these considera- 
tions for the adjustment of a current in a 
single homogeneous layer may be generalized 
to the corresponding process in a fluid con- 
sisting of two or. several homogeneous layers 
on top of each other but with different den- 
sities. The internal boundaries between the 
layers will be considerably more deformed 
than the free surface if the density differences 
between the various layers is small. In this 
case proportionally a larger portion of the 
kinetic energy of the initially unbalanced 
current is transformed into inertia-gravity 
oscillations. 

Recently also RAETHJEN (1950) has published 
a study of the adaptation of the wind and 
pressure fields towards each other when ini- 
tially not in balance. He points out that a 
eurrent extending through the whole atmos- 
phere will change very little during the adjust- 
ment, while a current only occupying a 
certain fraction of the atmosphere will be 
changed considerably more. 

The papers by RossBy and RAETHJEN were 
mainly devoted to a study of the final state of 
equilibrium. No attempts were made to 
study the process of adjustment. This problem 
was attacked by CAHN (1945) who solved the 
problem for a single homogeneous layer of 
fluid. He demonstrated how the energy of the 
inertia oscillations very rapidly is carried away 
from the source region by damped travelling 
gravity waves the speed of which is ¥gD, (Do 
being the depth of the fluid). The final state of 
equilibrium is very closely reached already 
after a few oscillations. 

The problem of how the adjustment of the 
velocity field towards geostrophic equilibrium 
takes place in a stratified fluid has remained 
unsolved up to the present time. It is the pur- 
pose this paper to discuss this problem in 
some detail. In order to describe the physical 
process most clearly we shall first treat a case 
similar to the one discussed by Rosssy and 
CAHN (l.c.). 
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2. The basic differential equations 


Let us consider an incompressible fluid of 
the average depth, Dy, which has an infinite 
extent in the horizontal directions x and y. 
A certain vertical density gradient exists in 
the fluid. We assume that the density is given by 


© = Q (1 — ao) (1) 


where o is a function of the vertical coordinate 
(z) being zero at the bottom and unity at the 
upper free surface. Thus, both the bottom 
and the free surface are assumed to be isosteric 
surfaces. It will furthermore be assumed that 
the vertical density gradient is small (« <r). 
We shall consider an infinite current, uo 
along the x-axis which is assumed to be in- 
dependent of x (9/9x = o). Thus it is sufficient 
to study what happens in a plane perpendicular 
to this axis (yz-plane). Let e and ¢ denote 
the horizontal and vertical displacements in 
this plane. Through making use of the assump- 
tion of incompressibility we obtain the fol- 
lowing continuity equation 
Oe we 
I ne O. (2) 


We want to use o as our independent vertical 
coordinate and transform (2) accordingly. We 
may write 


dz [dz\ a at 
= = ( hie Dy + 5 (3) 


dz/do is an expression for the vertical stability 
of the fluid and (dz/0c),) = D, is the value of 
dz/do in an undisturbed state. We have here 
assumed that o is a linear function of z. Now 
the assumption of small perturbations means 


a 


— < D 
do ray (4) 
and if u = ¢/D, we may write (2) as 
de Ou 
St ae (5) 


The two horizontal components of the equa- 
tion of motion are 


lz = fo (6) 


a (7) 
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where already the assumption of d/dx = o has 
been introduced. f is the Coriolis parameter 
and is assumed to be constant. u and v are the 
horizontal components of velocity along the 
x and y-axes and p denotes pressure. Neglecting 
higher order terms we obtain by integration 
of equation (6) 


ee du 
Bei, =, €. 


We shall a priori exclude the possibility for 
dynamic instability to occur and assume 
duo/0y < f. It is then seen from equation (7) 
that any geostrophically balanced field of 
motion may be added without changing the 
character of the adjustment process. We may 
then simply assume that no horizontal pressure 
gradients exist initially i.e. the density surfaces 
as well as the free surface are horizontal. Thus 
u, denotes the initially unbalanced field of 
motion along the x-axis and 


U = Uo + fe. (8) 


In equation (7) we must transform dp/dy into 
an expression only containing our depending 
variables defined previously. By making use 
of the hydrostatic relation and assuming that 
no external forces act on the free surface we 
obtain 


D 
AN (9) 


where D is the actual depth of the fluid and g 
acceleration of gravity. Through integration 
by parts and making use of (1) in differen- 


tiated form we get 
I 
p=g (es D— 02) +a@g f zdo (10) 


o, denotes the density at the free surface and z 
is the height of the density surfaces (function 
of o). Now 


(2 op _dp 9 op 02 
dy} \02)2 dz dy \dy), 2° 


(11) 


\ 


Differentiation of (ro) with respect to y, 
keeping o constant, gives 
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Combination of (11) and (12) yields 


(14) 

where 2, is the height of the o-surfaces in the 

undisturbed state. Thus 
dep, de 
dy dy 


z= +6 = + UDs 


(15) 


Assuming small perturbations allows us to 
neglect the convective accelerations in dv/dt. 
Furthermore, « < 1 and thus 0, may be ap- 
proximated by 0, in (13). With the aid of (13) 
and (15) we may thus transform (7) into 


i, 
dv oD Ou 
ne u Le. (16) 


The three equations (5), (8) and (16) and the 
definition of v 


dE 


er (17) 


represent a complete system of equations for 
the four dependent variables &, u, u and v as 
functions of y, o and t. We observe that 
D = D, (I + u,), index “s” indicating values 
at the free surface of the fluid. We shall next 
eliminate three of those variables in order to 
obtain a single differential equation with only 
one dependent variable. Because of the 
character of the boundary conditions it is 
most suitable to retain u. It is easily verified 
that the following differential equation is 
obtained 


u " CDR 

9t2do? Jody 

If we introduce the vertical velocity as a new 
variable defined as 


du 
we get 
AW FW PW 
Tee rag cere hae dy?” sl 


Exactly the same equation is satisfied by v. 
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It is suitable to introduce non-dimensional 
variables here. In analogy with Rossby we 
may define a “radius of deformation” R = 


= yagD, :f!. As unit of time we choose 
ft. The new non-dimensional variables are 
then defined by the following relations 


e = Re’ 

yr ky 

Beer (21) 
p= Rife V 


u, w and o are already non-dimensional. 
Equation (20) now becomes 


PW PW aw a 


00?97T° do? on? 


(2) 


We also shall need a relation between W and 
V which is obtained from (5) by differentiation 
with respect to time 


av 2W. 


Er a (23) 
3. Adjustment within a single stratified 
layer of fluid 


a. Boundary and initial conditions 


The bottom of the fluid remains fixed at all 
times and thus 
(24) 


o =0: W=o. 
At the free surface we get by putting o = 1 in 
equation (16) and introducing the expression 
for D 


Ov du 
ar —— fu gDo dy ( 


This equation is transformed into non-dimen- 
sional form. In order to eliminate U as a 
dependent variable we differentiate with re- 
spect to t and make use of (8) and (17). Thus 
we get 


25) 


PV 
o =I a = —— 
which will be the boundary condition at the 
free surface. 

The only lateral boundary conditions that 
may be applied are the requirements that W 
and V remain finite when 7 > ©. 

We shall investigate the adjustment towards 
geostrophic equilibrium of an arbitrary current 
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within this stratified fluid, which initially is 
not in geostrophic balance. Let us assume that 
no motion exists initially in the plane perpen- 
dicular to the current 


V=W=o. (27) 


However, if geostrophic balance does not 
exist, we find from equation (7) that 2/07 + o. 
Thus the fluid will acquire a velocity in the 
n-direction and vertical motions will also 
appear as soon as 9 (9V/2r/dn + o. It is 
obvious from equation (7) that it will be 
sufficient to know the unbalanced component 
of the motion in the x-direction to be able to 
determine the accelerations completely and 
thus also the following development. Thus, 
as was mentioned before, it is sufficient to 
study a case where no horizontal pressure 
gradients exist initially, since any geostroph- 
ically balanced motion may be superimposed 
upon the solution obtained. If U, is the value 
of this non-balanced component of the motion 
in non-dimensional form we obtain 


T —= O: 


7 = — Uf (28) 


Hg eRe} WU, (29) 


It is necessary to transform equation (28) into 
one containing W instead of V for reasons 
that will appear later. Differentiation with 
respect to 7 gives 


0 foV 2.0, d (OW Go) 
x \on dy a) Ÿ 
where we have made use of (23). We know 


that W=o at o = o and thus by integration 
with respect to o we obtain 


where 


This will be the second initial condition to be 
used together with (27). 


b. Solution of the differential equation 
Let us assume that W may be written 


W = X'Ax (n, t) sin Axo (32) 
K 


by which assumption the boundary condition 
(24) is automatically fulfilled. Since the fluid 
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has a finite extension in the vertical it is 
reasonable to assume a representation in the 
form of a series, i.e. only certain values of 
Ax (eigen values) may be chosen in order to 
satisfy both the differential equation and the 
boundary conditions at the upper and lower 
boundaries. We shall later see that this assump- 
tion is correct and that Ax is determined in 
such a way that the functions, sin Axo, fulfil the 
necessary orthogonal requirements. Thus any 
continous function W may be expressed in 
the form of a series as the one given in (32). 
(The reader is referred to, for example, 
RIEMANN- WEBER, 1918, COURANT-HILBERT, 
1931, for a more detailed discussion of these 
and other problems arising in connection with 
the solution of partial differential equations.) 
Introducing (32) into the differential equation 
(22) we obtain 


> | , A 4 PA 
K % 1 
(33) 


This relation must be valid for all values of o. 
It follows that 


x sin AOK= 0. 


Ax I AK 
912 AR Mm: 


+ Ak= 0 (34) 


as the summation over sin Ago is a unique and 
complete representation. This differential equa- 
tion is hyperbolic and is most easily solved by 
Riemann’s method provided the initial condi- 
tions may be properly expressed in terms of Ax. 

Next we must satisfy the boundary condi- 
tion at the free surface. From (23) we obtain 


aV oW > 
RE de AKAx cos Axe. (35) 


K 


In order to express all terms in (26) in series 
with respect to Ax we must differentiate this 
boundary condition with respect to 7. In- 
troduction of the expressions for W and 
OV dn then yields 


> | AK 

— AK | Get + Ax eo: Àr + 
K 
I PAK 
= an? 


(36) 
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Making use of the basic differential equation 
(34) we obtain 


> | I ion PAK 
| 5.008 de in Ax | Ont = ©. 


Thus the upper boundary condition is satisfied 
provided 


(37) 


tg dna je (38) 


Axmay be chosen in this way, since the func- 
tions sin Axo then fulfil the orthogonal require- 
ments mentioned above (COURANT-HILBERT, 
1931). 

ae having satisfied both the upper and 
lower boundary conditions, the initial con- 
ditions given by (27) and (31) have to be 
expressed in terms of Ax. Equation (27) gives 


Z'AK sin Axo = 0. (39) 
K 


This should be valid for all values of o and 


thus 


t=0: Ag=o. (40) 


The second initial requirement (31) gives 


Ane FU, 
“ae sin ino fT de. (41) 
O 


The right hand side of (41) may be expanded 
in a series of the same type as the one applied 
to W. We may write 


oO 


OU, 
g(m,0) = ff —— do = 2 Besindxo (4) 
on K 
o 
or 
OU, 
Mm Erin AKO. (43) 


It follows from the boundary condition that 
g (7,0) = o and thus the representation in (42) 
is unique and complete. It is possible to 
express the coefficients Bx in terms of AU, /on. 
We finally get 


5 2 f g(n,0) cos Axo do 


BE ur 
K FR er we ; (44) 
Se sin 2ÂK 
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By combination of (41) and (42) we obtain 


(45) 
as the second initial condition to the hyper- 
bolic equation (34) where BK is determined by 


(44). We now get as the complete solution 
of (34) 


E Miss) ds. (46) 


Here J, denotes the zero order Bessel func- 
tion. 

Thus W may be computed from (32) and V 
is then obtained from (35) by integration 
with respect ton (V =oforn = ©): 


n 
V=—f LUKAK cos Axodn. 


—o K 


(47) 


The displacements of the particles at every 
moment are obtained from (17) and (19) 


[2 = jae 
| + (48) 
= f War. 


c. Final state of equilibrium 


It seems not possible to evaluate the two 
integrals (48) exactly when t > ©. We may, 
however, obtain the final state of equilibrium 
directly from the differential equation (18) by 
putting 2/0r =o. Let us also introduce non- 
dimensional quantities and we obtain 


TE HT LER 
00? In: dom 


(49) 


The boundary condition at the bottom of the 
fluid is as before 


(50) 


Putting dv/#t =o in equation (25) and in- 
troducing the expression for u given by (8) 
gives us the following relation at the free 
surface (a ir): 


02= 0 Wu=.0: 


ou 
filo + fre = — Doz (s1) 
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or in non-dimensional form 


(52) 


Let us assume that the solution of equation 
(49) may be expressed in the form 


u = 2 Px(n) sin Axo. 
K 


(53) 


Thus the lower boundary condition (so) is 
satisfied. Substituting (53) and (43) into (49) 
gives 


5 | dP 
K 


Since this relation should be valid at all levels 
we get 
d?P 
ie (55) 


In the same way as before the boundary con- 
dition (52) at o = 1 gives us a relation tor the 
determination of Ax, which becomes identical 
with (38). 

In the following applications we shall con- 
sider a distribution of U, which is symmetrical 
around 7 =o. Thus Bx is an antisymmetric 
function and the same will be true for PK. We 
may then also assume that Px=o for 7 = 0. 
If the initial current is limited to a region 
In| <a, Bx = 0 for |n| = a. Hence we obtain 
from (55) that Px will approach zero when 
n — © as exp (—Axn), which is in agreement 
with the results obtained earlier by RossBy 

Le) 

Equation (55) is most easily solved nu- 
merically. For small values of Kanda, Pk<Bk 
and we may neglect Px for |n| <a which 
simplifies the integration for this region. For 
large values of K, Ax becomes large and we 
may immediately write down the approximate 
solution Px = Br. 

To obtain the final velocity distribution we 
transform equation (8) into non-dimensional 


form 
Dee (56) 


From the continuity equation (5) we get 


(57) 


ARR = mn LD 


ù 
ef = — Dix cos Àro f PK dy 
K — 00 


and from (43) 


(58) 


n 
U, = Z'AK cos Axo f BK dy. 
K — 00 


These formulae will be discussed in the follow- 
ing section. 


d. Discussion of the results 


First some general comments will be given, 
then a description of the adjustment process 
in a few specific cases will be presented. These 
examples have been chosen to be of interest 
both to oceanographers and meteorologists. 
However, the application to the atmosphere 
should be made with caution, in particular 
since atmospheric conditions may be treated 
in a more exact way as will be shown in a 
forthcoming paper. 

By and large the adjustment of the initially 
unbalanced current will follow the scheme 
outlined by Rosssy (1938). However, it is 
seen from the preceeding sections that the 
detailed character of this process is deter- 
mined by the velocity profile of the basic flow 
along the vertical. Each value of K corresponds 
to a certain periodic (sinusoidal) distribution 
of the basic motion with respect to o in such a 
way that the basic velocity profile is practi- 
cally independent of height for K= 0, it is 
zero at one intermediate level for K = 1, at 
two! levels for K=2, etc? (ci. Fier) Any 
given velocity distribution may be decomposed 
in such a series of components (modes). Each 
one of these modes will give rise to certain 


Fig. 1. The distribution of the basic velocity with 
depth which gives rise to oscillations of zero, first, 
second and third mode (K = 0, 1, 2, 3). 
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adjustment oscillations, which travel from the 
region of the original, unbalanced current in 
the direction of both the positive and negative 
y-axis. The amplitudes of the waves thus 
generated decrease with time and the motion 
gradually approaches an equilibrium state. 
The speed of the waves depends upon the 
value of K. Let us for the time being consider a 
point disturbance, e.g. Bx+ o only in a small 
region around the origin, 7 =o. It is then 
easily seen from (46) that W = V = o as long 
as tT <Ax|n|. Thus the influence will prop- 
agate with a maximum velocity Cx which is 
given by 
I 

CK = ME (59) 
Since « is a small quantity we get the following 
approximate expressions for Ax from equation 


(38) 
fo = Va 


‘ a 


[x= Ka+—, K>o0. 


(60) 


Kr 


Thus Cx becomes (expressed in ordinary 
units and then denoted by cx) 


Ci VgDo 
6 
eo ee (61) 


Hence, ¢ is independent of the vertical stratifica- 
tion of the fluid as long as the total density differ- 
ence is small and it has the same value as was 
found by Caun (1945) to be the speed of pro- 
pagation of the waves generated during the adjust- 
ment of a homogeneous fluid. It is seen from (43) 
that the basic current should be approximately 
the same at all levels in order only to generate 
this kind of waves (cf. also fig. 1, K = 0). For 
a value of « = 2: 10-3, which corresponds to 
conditions in the ocean, the speed at the surface 
should be 99.9% of the speed at the bottom 
of the fluid. Thus K = o describes the adjustment 
of the mean motion of the fluid. 

As soon as vertical shear exists in the current, 
waves will be generated with one or several 
nodal surfaces. The speed of propagation of 
the waves thus generated will be considerable 
smaller than that of the waves of zero mode. 
For the value of « chosen above we obtain 
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{0 = 0.014 Cy 


Ine 


The speed of these waves will only be a few per 
cent or less of the speed of the waves that occur dur- 
ing the adjustment of the zero mode or barotropic 
component of the motion. 

The amplitude of the waves depends upon 
the horizontal velocity profile and the mode. 
Equation (43) shows that the horizontal shear 
(for the particular mode studied) is propor- 
tional to AxBx. If the current is very narrow 
and we consider some of the lower modes, 
where Ax is small, it means that Be+o for 
only a small interval of s in equation (46). 
Over this interval J, (VT?—s?) varies only 
slightly. Let s denote the distance from the 
point we are considering to the centre of the 
current and let 2a be the width of the current. 
With the assumption that a < 5, < tT we may 
transform (46) into 


So Jo’ €) 
Ax = |. Uk 1-5) ds. 


Here U,x denotes the basic velocity profile cor- 
responding to Bx. The relation (63) shows the 
decrease in amplitude with time as well as the 
dependency upon the width and strength of 
the original unbalanced current. 

We have assumed small perturbations in the 
derivation of the formulae above. It is quite 
obvious that the vertical amplitude has to be 
small compared with D, for K= 0; for K>o 
it must be small compared with D,/K. To 
secure that this is the case the unbalanced 
current must not be too strong and the limit 
is lower the higher the mode is with which we 
are concerned. In reality strong geostrophically 
unbalanced motions seldom exist at least not 
for the lower modes. The physical reason 
behind this upper bound of the momentum is 
easily found. A certain mean field of motion 
(zero mode) must be balanced by a slope of 
the free surface of the fluid. If the current be 
extremely broad and strong the difference in 
depth on both sides of the current becomes 
comparable with the total depth itself in 
which case it is not permissible to linearize the 
equations in the way we have done. However, 
such a case is probably of little practical in- 
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terest. Conditions become quite different if 
we have vertical velocity gradients. The 
slopes of the isosteric surfaces within the fluid 
become appreciable already for a moderate 
increase of velocity with height, in particular 
for small values of « or large values of f. For 
example let us assume « =2-10"3 and an 
average increase of the velocity of 2 m/sec 
per km. The slope of the internal density 
surfaces must then be about 5 m/km in order 
to obtain geostrophic balance (f = 10” sec-1). 
If the depth of the fluid is 1,000 m, geo- 
strophic equilibrium cannot be established for 
a current of this type broader than about 200 
km. For the higher modes this effect becomes 
still more important, since the slope of the 
density surfaces must change sign for a change 
of o given by Ao = 1/K. Our initial assump- 
tion, that the free surface and the bottom of 
the fluid coincide with isosteric surfaces cannot 
be maintained any longer. This example shows 
clearly that the stratification or static stability 
and the rotation of the earth causing a dynamic 
stability are the two important factors that 
determine the general character of the motions 
within the fluid. These problems have lately 
been discussed by Ettassen (1952). 

We shall next study the changes of the 
velocity distribution obtained in the final 
state of equilibrium. It was already shown by 
RossBy (1938) that for a homogeneous current 
the changes largely depend upon the width of 
the current in such a way that they are less 
the more narrow the current is. It is seen from 
equation (55) that if 74x = £ we obtain 

rn bee Be. (64) 
Thus Ax is merely a scale factor. If Bx is the 
same function of € for the different modes 
the final state of equilibrium Px will be the 
same, expressed as function of the same vari- 
able €. The character of this state of equilibrium 
will mainly depend upon the width of the 
original unbalanced current in a way that is 
very similar to the results obtained by Rossy 
(l.c.). Figure 2 shows how an original velocity 
profile, U, (solid line), is modified during the 
process of adjustment. A norrow current will 
remain practically unchanged while a broad 
current will decrease considerably in intensity 
and counter-currents will develop on both 
sides of it. We also see that the different modes 


Fig. 2. The modification of a given horizontal veloc- 
ity profile (U,, solid line) as a result of the adjust- 
ment towards geostrophic equilibrium. a is the half- 


width of the current in the unit: VD, > F1 (~45 km). 
For a given mode (a given value of AK from eq.(60)) 
the various dashed curves show the dependency of the 
final adjustment upon the width of the current. For 
the value a= I the curves show the final horizontal 
velocity profiles for the four lowest modes. 
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will be affected in different ways when the 
width of the current is given. Thus the higher 
modes will be considerably more reduced 
than the lower ones. A larger portion of the 
initial kinetic energy will be transformed into 
oscillatory energy of the system and is dispersed 
into the surrounding fluid masses. The final 
velocity profile in the surroundings is exactly 
the one found by Rossby as is easily seen 
from equation (55). Since Bx = o in the sur- 
roundings the solution will be proportional to 
exp (— Ax|n)). 

Since the higher modes always are reduced 
more than the lower ones the adjustment of 
an arbitrary unbalanced current towards geo- 
strophic equilibrium always means a smoothing 
of the original vertical velocity profile. It 
may be of some interest to study such a case 
somewhat closer. As before we choose « = 
= 2- 1078, Dy = 1,000 m and f = 10-4 seca 
thus R = 45 km. Let us assume that the original 
unbalanced velocity distribution is defined by 


OU _ ee ae EP) 
Di me =) x 2 (65) 


This velocity field is given in figure 3 a for 
the particular case when H = 0.25 and a = 1 
(e.g. the width of the current is 90 km). The 
horizontal velocity distribution is the one 
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Fig. 3. The adjustment of a given current to geostrophic equilibrium. The upper figure shows the unbalanced 


basic current, at f = 0, the lower figure gives the final state of equilibrium (t—+> oo) 
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corresponding to the solid curve in figure 2 
and the vertical velocity profiles at different 
distance from the centre of the current are 
shown as solid lines in figure 4. For the width 
here chosen all higher modes (K >3) will 
disappear almost completely in the final state 
of equilibrium and the lower ones are reduced 
considerably except the zero mode. The 
percentage reduction is shown in figure 2, 
where the values of Axa have been chosen to 
illustrate the changes for the various modes in 
this particular case. The final velocity distribu- 
tion is given in figure 3b and the vertical 
velocity profiles are shown as dashed curves 
in figure 4. The changes of the horizontal 
velocity profiles are given in figure 5. We 
notice the following facts: 


1) The main current has become more uniform 
in the centre. 


The average speed of the current (f Udo) 


has remained approximately ane 


3) The counter-currents have their strongest 
intensity at the boundary of the original 
current, and the vertical velocity gradients 
are large compared with the intensity of 
the counter-currents themselves. 

4) The counter-currents become more uni- 
form the further away from the centre of 
the original current we proceed. 


ie) 
nt 


We shall finally give an illustration of how 
the final equilibrium is gradually approached. 
Since the amount of computations is large, 
we shall here restrict ourselves to a description 
of the adjustment of the first mode. The 
changes of the other modes are very similar. 
Figures 6 shows the shape of the density 
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Fig. 4. Vertical profiles of the basic current before 

solid lines) and after the adjustment (dashed lines) as 

a function of the distance from the centre of the 

current. The figure is based on the velocity distibution 
in figure 3. 
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Fig. 5. Horizontal velocity profiles at different heights 

above the bottom before and after the adjustment. The 

curves represent horizontal sections in the case given 
in figure 3. 


surfaces, originally horizontal, at three dif- 
ferent instances after the beginning of the 
adjustment viz. after 6" 5", 15 30" and 25". 
The originally unbalanced current was restricted 
to the region inside the two vertical solid 
lines and the original horizontal velocity 
profile was given by the solid curve in Fig. 7. 
As before a = 1. In order to see the changes 
more clearly the deformations of the density 
surfaces have been made larger than is per- 
missible according to the linearized theory. The 
final state of equilibrium is shown as dashed 
lines. 

The discussion above has been carried out 
starting with an unbalanced velocity field. Of 
course it applies as well to a mass field initially 
not in geostrophic balance. The discussion 
becomes quite analogus since we always may 
define the geostrophic velocity corresponding 
to the actual mass distribution and thus also 
define an unbalanced velocity field. It is then 
clear that the higher modes of the mass field 
distribution will change very little while the 
lower modes are practically completely ad- 
justed towards the existing geostrophic wind 
field. 

At this stage of the work it would be 
premature to discuss the implications that 


384 BERT BOLIN 


i 


BBR LI) 


| 


151 30" 


| 
i 


Al 
SE 


Fig 6. The process of adjustment of the first mode illustrated by three successive cross-sections through the 

current 6hsm, 1$h3om and 25h after the instant at which the adjustment started. The solid lines represent the 

density surfaces at these times and the dashed lines in the third figure are the corresponding density surfaces 

in the final state of equilibrium. Initially the depth and the width of the current are the same. The dashed 
vertical lines define the influence region. «= o.r. 
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these results may have for the numerical 
forecasting procedure as developed at present 
(CHARNEY, PHILLIPS, 1953). It seems, however, 
to the author that the geostrophic approxima- 
tion may be sufficient when forecasting the 
mean motion of the atmosphere since the 
adjustment to geostrophic equilibrium, that is 
assumed to take place instantaneously, probably 
means a very slight change of the velocity 
field. This assumption is less valid when we 
consider the variation of the velocity with 
height. We have seen that the adjustment to 
geostrophic equilibrium of the higher modes 
y no means takes place instantaneuosly and 
that the non-geostrophic components, that 
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develop during the adjustment, may be of 
considerable magnitude. It may then turn out 
that the assumption of an instantaneous and 
complete adjustment of the mass field to the 
new velocity field is one of the major defects 
of all multiple-parameter models for numerical 
forecasting purposes. 
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Abstract 


A theory for the application to numerical forecasting of a 3-parameter model of the tropo- 
sphere is developed and then tested on one synoptic case. The model itself has been described 
in an earlier paper. An essential feature of this model, beyond other models so far introduced, 
is that the static stability may vary arbitrarily in a horizontal direction and with time as well. 
This implies a thermal wind which may change direction with height, and it is shown that this 
non-parallelism of the isotherms in the vertical is important from the standpoint of thermody- 
namics. Furthermore, it is shown that the rotation of the thermal wind with height is closely 
connected with cyclogenesis and the deepening and filling of existing cyclones. 

The case selected for numerical computation was the synoptic situation of November 24, 
1951, at 03z over Western Europe and the easternmost part of the Atlantic. Tendencies for 
sea level pressure and for the two parameters defining the tropospheric temperature distribution 
with height were computed; they compared fairly well with observed changes. 


Introduction 


In a previous paper, published in the Novem- 
ber 1952 number of Tellus, the writer intro- 
duced a four-parameter model of the atmos- 
phere, Arnason (1952). This model was based 
upon the observed characteristics of the distri- 
bution of temperature with height; namely, 
that the atmosphere is divided into a tropo- 
sphere and a stratosphere, both of which show 
approximately constant lapse-rate in the ver- 
tical. It was found that three parameters were 
needed to account for the main features of 
the observed temperature distribution; those 
selected were the following: sea level tem- 
perature (of the model) t, the tropospheric 
temperature lapse-rate k (independent of height) 
and the height h of the tropopause. In order 

.to describe the vertical distribution of pressure 
one more parameter was needed, and the sea 
level pressure po was chosen. 


ı This work has been made possible by a grant 
from Naturvetenskapliga Forskningsrädet, Stockholm. 


Regarding the details of the model, the 
reader is directed to the paper quoted above, 
which in this article will be referred to as 
part I. 

The main application of this model in I was 
an integration of the vorticity equation with 
regard to height followed by some discussion 
of the resulting two-dimensional equation. Two 
levels of particular interest to numerical fore- 
casting, namely the levels of mean wind and 
non-divergence were discussed in some detail 
by means of the integrated vorticity equation. 
Certain valuable information regarding the 
heights of these two levels was gained. 

The present paper is a continuation of I and 
is devoted to the application of the model to 
numerical forecasting of the fields of tempera- 
ture and pressure in the troposphere. Some 
use is made of the information gained in I 
regarding the two important levels mentioned 
above. A forecast for the stratosphere has not 
been attempted in this our first approach 
toward three-dimensional forecasting, and 
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this reduces the number of parameters to 


three; the tropopause height h is not required 
in this case. 


Clearly three prognostic equations are needed 
in order to predict the future values of the 
three parameters tT), k, and py. We assume 
that the thermodynamics of the model are 
described with sufficient accuracy by the 
adiabatic equations, which then can be con- 
sidered as a prognostic equation for T, and k. 
A drawback is the appearance of a new 
unknown quantity, the vertical velocity; 
however, the boundary condition w =o at 
z = 0 applied to the adiabatic equation pro- 
vides us with a prognostic equation without a 
vertical velocity term. 


It was shown in I that the vorticity equation 
can be written as follows: 


E EB ea = ] a a (ow 
D | +v-\ = n? — | — 
ee 7 1 Dz n (1, 1) 


At the level of non-divergence both sides of 
(1.1) are zero. It is common in methods for 
numerical forecasting to take advantage of 
this by integrating the resulting barotropic 
equation to obtain height tendencies. In our 
case we make use of the fact that the right 
hand side of (1.1) is zero at this particular 
level. It is shown in the next section that 
this piece of information makes it possible 
to get rid of the vertical velocity in the adia- 
batic equation when the latter is applied to 
the level of non-divergence. This results in a 
second prognostic equation essentially derived 
from the thermodynamics. 


In practice, the level of non-divergence is 
approximated by a surface p = const. or a 
plane z = const. It is conceivable that the 
dynamics and the thermodynamics may react 
differently for this approximation. From re- 
peated integration of the barotropic equation 
one has gathered a considerable amount of 
experience as far as the dynamics are concern- 
ed. To the authors knowledge, however, 
this is the first time this approximation has 
been introduced explicitly in the thermodynam- 
ics. Judging from the single case of applica- 
tion to numerical forecasting dealt with in 
this paper, it would seem that the thermody- 
namics might be less sensitive than the dynam- 
ics for this approximation. 
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The remaining problem, to find a prog- 
nostic equation for po, could be solved in 
different ways, but use will have to be made 
of the vorticity equation. The most conven- 
ient way seems to be to compute the height 
tendency of the soo mb level, or another 
upper level, as an auxiliary quantity and then 
make use of the hydrostatic equation for 
finding 22 . Methods so far designed for the 

(4 

purpose of numerical forecasting have mainly 
dealt with the forecast of the 500 mb height; 
several methods exist. Some authors make 
use of the barotropic vorticity equation, 
Fyortorr (1952), THOMPSON (1952); others, 
Eapy (1952), ELIASSEN (1952), have preferred 
to solve an integrated (with respect to height) 
version of the vorticity equation. The latter 
alternative is used in this paper. 


The temperature lapse-rate, k, of the model 
is a function of the horizontal coordinates; 
this implies that the isotherms may change 
direction with height. This non-parallelism 
turns out to be important from the standpoint 
of thermodynamics and contributes essentially 
to the vertical velocity when the latter is 
determined from the adiabatic equation. 
Moreover, this change in direction of the 
isotherms with height has bearing upon 
cyclogenesis and the filling or deepening of 
existing cyclones. These aspects are discussed 
in some detail in the latter half of section 2. 
The main results are that, advection of lower 
lapse-rate favours pressure falls (cyclogenesis, 
deepening) and advection of higher lapse-rate 
favours pressure rises (filling of a cyclone, 
intensification of an anticyclone). Moreover, 
ascending motion is intimately connected with 
warm air advection and descending motion 
intimately connected with cold air advection. 


Section 3 deals with the predicted tenden- 
cies of po, To, and k for the synoptic situation 
of Nov. 24, 1951 at 03 zover Western Europe 
and the Eastern Atlantic. By and large the 
forecast is successful. The prediction of sea 
level pressure is fairly good but suffers some- 
what from a poor 500 mb forecast in certain 
areas. The importance of the non-parallelism 
of the isotherms with height shows up clearly 
in the numerical forecast and this effect 
partially explains the sudden deepening of 
an old cyclone off the Norwegian coast. 
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2. Theory for the application to numerical 
forecasting 


The prognostic equations. When applied to 
the tropospheric part of the model, the adia- 
batic equation may be written as follows: 


aD a ee = O 
au? Or 


(2, 1) 


Here s = k, —k and is an expression for the 
static stability, where k, denotes the adiabatic 
lapse-rate and k the actual one, c, is the specific 
heat of the air at constant pressure, and v is 
the geostrophic wind. From I, (2, 3) and (2, 12), 
we obtain the following expression for the 
advection term v- VT: 


T T 
VONT NON To 2 No VE 
To To 
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AL 
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(2, 2) 


when the conditions v’- Vt, =v”: Vk =o 


I > 
and v’:- Vt), = — - v:Vk have been uti- 
2 


lized. 


At the lower boundary z = 0, we assume 
w = 0, and equ. (2, 1) is there reduced to: 


Equ. (2, 3) is the first prognostic equation; it 
renders a relationship between the time deri- 
vatives of two of the parameters and does 
not contain other unknown quantities. The 
last term is in general considerably smaller 


ae 
than either of the other terms, and —® is 


dt 
therefore essentially determined by the advec- 
tion term vs: Vt. The latter is computed 
from the charts for Po and To. 

The next prognostic equation will be derived 
by making use of the assumption that we know 
the height of the level of non-divergence. 
At this particular level the following condition 
applies (see 1,1): 


0 [ow 
Ka). 


(2, 4) 
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By means of this equation the vertical velocity 
can be eliminated from (2, 1). We multiply 
the latter by o/n and differentiate with respect 
to z. At the level of non-divergence the verti- 
cal velocity term drops out because of (2, 4), 
and we arrive at the following equation: 


CNG. 2, CE )-2(2)5 
AG er a dz\n Em 
tee el Op ee 

| 02 (; 4) 2 (2, 5) 


In deriving (2, 5), variation with height of the 
static stability s has been disregarded. In 
carrying out the differentiation of the various 
terms of (2, 5), we will make use of (2, 2), 
(2, 3) and the hydrostatic equation. Applied 
to the troposphere of the model, the hydro- 
static equation, when integrated with respect 
to height, takes the form: 


TOP u Op ag Bee phe 
Osto oF 2, *\ a 2 dt 


(2, 6) 


The details of the differentiation and rearrange- 
ment of the different terms in (2, 5) will not be 
given here. Rather lengthy computations result 
in the following relation between the time deri- 


vatives ely and dpe of two of the three param- 
dt ot 
eters: 
Id 
Bears) 
| D dk 
+ 22-4, (as | 7 3) | 7 
a E = (a +2] % 
0 TRE TRE dt 
DA E > mats I 07 
= To it 5) | ve: ve — 
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(2, 7) 
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where 2 is the height of the level of non- 
Ky 


divergence and 54 = eas k, ive. the difference 
p 

between the dry-adiabatic lapse-rate and the 

lapse-rate k of the model. The quantities a,... 

ag have the following meaning: 


T 
a= > ($+); age. 
En nr AD 
I 
a3 = 5; up. Are (£ +8); 
p 0 


After inserting reasonable values for the 
different quantities composing the coefficients 
of (2, 7), it becomes obvious that the term with 


a can safely be neglected. This means that 


the only unknown quantity in (2, 7) is Er 
Equation (2, 7) is our second prognostic equation. 

The advection terms appearing on the right 
hand side of (2, 7) are all determinable from 
the charts for po, tu and k. Moreover, the 
variations in k, t and r, are of such minor 
importance to the value of the coefficients in 
this equation, that for practical purposes mean 
values will give sufficient accuracy. We have 
chosen-k = 6:5° Ckm,er, = 285°, t= 253, 
and the following values for a,)...a, are 
eprined: ss) = 1.527104) 4, = 0.175.108; 
A138 NOTIERT, LAST 
To And: T2" TON. 

Inserting these values into (2,7) and neglect- 


et) 
ing the term with “Le, this equation becomes: 
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(2, 9) 


It appears from this equation that the term 


i @) fe x 
— = can be neglected only if it is considerably 
N 

less than to“ mt. This is certainly not the 
case in general. For instance, a relative change 
of 35 % in y from the earths surface up to 5 km 
is presumably not uncommon; this corresponds 
to an average value of 0.70 - 104 mt for 
I on 

n dz 


at 2 1 
For positive values of a the coefficient 


Jk N 
for > may become zero; in case of 2 = 5 km 


and k =6.5° C/km, the critical value for 
= Mu is 0.64 - 10” m. 
n Oz 


The term È _ in the equ. (2, 7) and (2, 9) 


a on 
refers to the level z = 2, 7 and — are to be 


Oz 


computed from the respective equations: 


(2512) 


. on 

In the computation of (n)»-zand (—) _ 

Oz] 2=2 

it is sufficient to use mean values for 7, 
and 7. 
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The two prognostic equations (2, 3) and 
(2, 9) contain the three unknown tendencies 
Ip Mo d ok 
PRIT see 
third prognostic equation, we will have to 
make use of the vorticity equation in one 
form or another. In the derivation of the 
second prognostic equation, a knowledge of 
the height of the level of non-divergence was 
_assumed, and it would therefore seem logical to 
make a barotropic tendency computation for 
this level. It is quite clear from hydrostatic 
consideration that the knowledge of the height 
tendency at this level would provide us with 
the third and last prognostic equation (see 
for inst. (2, 6) ). It has, however, to be realized 
that the assumption made in connection with 
the thermodynamics does not necessarily have 
to be applied when dealing with the dynam- 
ics. Nothing prevents us from making a 
height tendency computation which should 
improve on that of the barotropic case. 
The integrated vorticity equation 


In order to produce the 


0 & 
Un 
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derived in part I of this paper will probably 
yield such an improved forecast. It is to be 
applied to the level of mean wind as indicated 
by the bars, and the quantities vr and ¢; mean 
the thermal wind and thermal vorticity for 
the layer between this level and sea level. In 
our model the constant y is to be put equal 
to 0.6. 


It still is an open question what levels should 
be chosen to represent the surfaces of non- 
divergence and mean wind. A study, in part I, 
of the vorticity equation integrated with 
respect to height gave the result that in our 
model the height of the former was in general 
somewhat above that of the soo mb surface, 
whereas the latter was somewhat below. For 
practical reasons it is therefore tempting to 
let the soo mb surface represent both levels 
in the numerical computations. This is, 
however, not necessary, since the advection 
terms (Jacobians) occurring in the vorticity 
equation and the other prognostic equations 
are known functions of height. As a suggestion, 
the 4 and 6 km levels respectively could 
replace the two surfaces in question. 
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It is, however, not our intention to give a 
detailed discussion on this particular matter 
nor to comment further on the relative 
merits of different methods of computing 
height or pressure tendencies at some upper 
level. We assume that such a tendency compu- 
tation has been carried out by means of the 
vorticity equation in one form or another. 
This implies that we assume the left hand side 
of (2, 6) p. 000 to be known for a certain z = 
const. or p = const., and that this equation 
thereby renders a new relationship between 
the three tendencies to be determined. Sub- 


stituting for z # in (2, 6) from the hydro- 


static equation 
a So (2, 13) 


and for = from (2, 3), our third prognostic 


equation takes the form: 


I [ Sa | dPo H? ok OH 
a (el H 
JO To Go Der dt 
+ — Vo: VI (2, 14) 


where H is the height of the pressure surface, 
the tendency of which is assumed to be 
known. Putting H = 5 km, r, = 285° abso- 


re as 818, we obtain: 
00 


2 OV ME VETE 


(2,15) 


where po, k and H are expressed in mbs, °C 
km, and dekameters respectively. All the 
terms on the right hand side are of the same 
order of magnitude, but near fronts and in 
cold air outbreaks the last term may dominate. 
A more detailed discussion of this equation 
will be given later in connection with a dis- 
cussion of deepening and filling of sea level 
cyclones. 


The vertical velocity. Since the three tenden- 


Ip, It dk 
en 


can be computed from 
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the prognostic equations (2, 3), (2, 7) and (2, 
14), the vertical velocity is the only unknown 
in the adiabatic equation (2, 1). Utilizing the 
equations (2, 2), (2, 3) and (2, 6), we arrive 
at the following expression for the vertical ve- 
locity: 


Su — E k 
A vie ad Yorn === 


nice à __ _1 Po | 
To (vo ER Cp00 


+ [iv vR ts. ve g 2] 
2 To 20, To Ot 


(2, 16) 


dPo 


The term containing can safely be 


neglected, and for our purposes the simplified 
equation 


a x 
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will give sufficiently accurate results. 
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(2, 17) 


The static stability s of an ascending air 
sample will change with height in connection 
with condensation of the water vapour; for 
descending motion, however, we can consider 
s to be a constant, and equ. (2, 17) then gives a 
parabolic distribution with height for the ver- 
tical velocity. This distribution is certainly 
more smooth than the actual one, but as in 
the case of temperature, pressure and geo- 
strophic wind, the essential features are kept 
in the theoretical representation. A merit of 
the expressen (2, 17) beyond the form B (2) : 
C (x, y, t) used in the so-called 2 %-dimensional 
models, ELIASSEN (1952), EADY (1952), is that 
(2, 17) allows for a variable level of maximum 
velocity, whereas the latter prescribes this 
level to be independent of x, y and t. 


ok 
We will now eliminate ER from (3, 17) 
by means of (2, 9). In the latter equation the 
coefficients for 1 and v,:Vk differ so little 


that we may put them equal; solving for 
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(2, 18) 


where a and b are known functions of 2 and 


I dn soi dk 
e nie Substituting for En 


(2) 17), wel arrive at: 


sw = —2|av, OT (12-2) v-vk| 
| (2, 19) 


Except for rather high positive values of 


1d a aa 
= A , both the coefficients a and b are positive; 
z 


+v,:Vkin 


the former will in general be within the inter- 
val o—2 : 10 and the latter will mainly keep 
within the range 1—6. For 2 =5 km bis 
given by the expression 


I on À 
t aaa de 


which is depicted in fig. 1. In general the 


(2, 20) 
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quantity Œ _ ) will be positive and since 
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Fig. 1. The quantity b in equation (2, 20) as a func- 
: I dn 
tion of — —. 

n Oz 


The dashed lines are the asymptotes 


I 
b = 0.5 and — = 0.64: 1074. 
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this also applies to a, the coefficients for vo‘ VT 
and v’: V kin (2, 19) are in most cases negative. 


Equation (2, 19) gives a rather interesting 
relationship between the vertical velocity and 
the thermal field. This applies especially to the 
second right hand term which relates the 
change in direction of the horizontal tem- 
perature gradient with height to the vertical 
velocity. Models sofar applied to numerical 
forecasting have disregarded this non-parallel- 
ism in the temperature gradient along the 
vertical, but this effect is obviouly important 
from the standpoint of the termodynamics. 
Actual computations have shown that the 
second right hand term in (2, 19) is not only 
of the same order of magnitude as the fırst 
one, but may also become the dominating one. 

The relationship expressed by (2, 19) can 
briefly be summarized as follows: 


a) The vertical velocity is proportional to the 
gradient in To. 


b) In the case of uniform lapse-rate (V k = 0), 
the vertical velocity is determined by the 
sea level temperature advection of the 
model; warm air advection gives rise to 
ascending motion and cold air advection 
gives rise to descending motion. 


c) In a region where vy° Vt = 0, a non- 
vanishing vertical velocity requires that 
the horizontal temperature gradient changes 
direction with height; advection of low 
lapse-rate corresponds to descending mo- 
tion and advection of high lapse-rate 
corresponds to ascending motion. 


Fig. 2 gives a schematic picture of the case 
Vo 3 Vie = ©. 


In the still more special case v, = © (centra 
of highs and lows, hyperbolic points) it 
appears from equ. (2, 2) page 000 that the 
term v’ : Vk is proportional to the tempera- 
ture-advection term in the adiabatic equation 
(2, 1). The sign of the latter has a well known 
relationship with the rotation of the geo- 
strophic wind with height, Arnason (1942). 


It is easily shown that in those points of 


the sea level pressure chart characterized by 
the condition v,= 0, the sign of the vertical 
velocity can be determined qualitatively from 
a wind observation along the vertical in 
accordance with the following rule: 
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o) Ascending motion b) Descending motion 


Fig. 2. The solid lines are isopleths for Tt), and the 

dashed lines are isopleths for k. In the case a) there 

is an advection of high k-values corresponding to 

ascending motion, in the case b) the advection is the 

opposite and the motion is a descending one. These 

results apply only in areas where the sea level tempera- 
ture advection — vy- V To — is negligible. 


À clockwise rotation of the wind with height 
(warm air advection) gives descending motion and 
a counter-clockwise rotation (cold air advection) 


gives ascending motion. 


Remarks on intensity changes of sea level 
pressure systems. Our third prognostic equation 
in the form (2, 15) expresses the hydrostatic 
relationship between the pressure tendency at 
sea level, the height tendency of the 500 mb 
surface and the thermal conditions within the 
layer bounded by these two levels. 

Assuming the height tendency of the soo mb 
to be known, it is of some interest to study 
the contribution of this layer to the change 
in sea level pressure. The last term in (2, 15) 
is easily interpreted; it is the contribution 
due to temperature advection at sea level and 
gives rise to increasing pressure in the case of 
cold air advection and to decreasing pressure 
in the case of warm air advection. This term 
cannot contribute to pressure changes in the 
centra of lows and highs (deepening, filling). 
The first term on the right hand side gives 
the effect of lapse-rate changes, and this term 
may actually account for intensity changes 
of a pressure system. Obviously a decrease in 
the temperature lapse-rate contributes to a 
pressure fall, and an increase in the lapse- 
rate contributes to pressure rise. 

In order to study alone that part of the ther- 
mal effect which is associated with deepening 
and filling, we will put v, = o. This 
special case applies to low and high centra 
and approximately to regions of cyclogenesis. 
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By making use of (2, 18), equ. (2, 15) is 
reduced to: 


à = 

E =—shav-vkers © 
where Z is the height of the level of non- 
divergence and b is a positive quantity dis- 
cussed earlier. The first right hand term in 
(2, 21) is what now is left of the influence of 
the thermal field upon sea level pressure. It 
appears quite clearly that non-parallelism with 
height of the isotherms is closely connected 


with intensity changes of pressure systems at 
sea level. 


The validity of what has been said above 
is obviously not restricted by the particular 
choice of the upper boundary (soo mb sur- 
face) of the layer discussed. The latter could 
just as well have been chosen anywhere 
within the troposphere. In connection with 
cyclogenesis it is conceivable that the pressure 
(height) tendency at some upper tropospheric 
level is zero, in which case the initiation of 
the low would be explained exclusively by 
the rotation of the thermal wind with height. 


It is of some interest to quote the following 
statement made on p. 9 in Technical Report 
No. 11, “Research on Atmospheric Pressure 
Changes”, published by the Department of 
Meteorology, Massachusetts Institute of Tech- 
nology: “Cyclones develop and, therefore, 
pressure falls are created in regions of strong 
temperature contrast near the earths surface. 
However, the development of a particular 
cyclone is not determined by the magnitude 
of the temperature contrast. A strong tropo- 
spheric temperature gradient is a necessary but 
not sufficient condition for the development 
of anew pressure fall”. These empirical findings 
compare well with theory. The theory shows 
first, that temperature contrast in the tropo- 
sphere are necessary, and secondly, it distin- 
guishes between cases when the temperature 
‘contrast is favourable and when it is not. With 
reservation on the contribution of the tendency 
at the upper boundary of the tropospheric 
layer under consideration, and with reference 
to the discussion of the term v’ - Vk in the 
section on vertical velocity, one can express the 
following relationship between cyclogenesis 
and the rotation of the wind with height: 

In a region where Vo © 0, cyclogenesis (deep- 
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ening) is favoured if the tropospheric wind rotates 
clockwise with height (warm air advection), the 
condition being more favourable the stronger the 
rotation and the stronger the tropospheric tempe- 
rature gradient. Opposite rotation (cold air advec- 
tion) is unfavourable for cyclogenesis (deepening), 
and a strong temperature gradient is adverse in this 
case. The reverse applies to the strengthening 
or genesis of an anticyclone. 


Returning to equ. (2, 21) where the last 
term is the soo mb tendency, it may be seen 
that the latter is essentially determined by 
the vorticity advection at this level, since the 
soo mb surface coincides approximately with 
the level of non-divergence. An inspection of 
the contour pattern of the soo mb chart may 
often reveal the approximate position of areas 
of fall and rise and thus give an idea of the 
sign of the contribution of the height tendency 
at this level to eventual cyclogenesis in a 
certain region. This information together 
with the rule given above may at least in 
some cases enable the forecaster to predict 
qualitatively cyclogenesis and deepening of 
existing lows. 


The stratosphere. So far only the troposphere 
has been dealt with. Three parameters po, 
t, and k were required for the definition of 
this part of the model, and three prognostic 
equations were obtained for the purpose of 
predicting the changes in these three param- 
eters. One more parameter—the tropopause 
height h—is needed if the stratosphere is to 
be included and a forecast for the stratosphere 
requires a prognostic equation for this quan- 
tity. This, the fourth prognostic equation, is 
obtained from the kinematic boundary condi- 
tion for the tropopause 


ah vla 
Ot at h h 


(2, 22) 
where the subscript h refers to the tropopause 
level. 

The change in the stratospheric temperature 
7, of the model is determined from the dy- 
namic boundary condition for the tropo- 
pause, written in the form: 


OTs IT oh na 
a 5 CS ot (2, 23) 
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Regarding the vertical velocity in the stra- 
tosphere, it appears from the adiabatic equa- 
tion, when applied to the stratosphere, that 
it remains practically constant with height. 
This is not believed to be realistic, but an 
improvement would require one more param- 
eter for describing the stratospheric distri- 
bution of temperature. The distribution of 
the vertical velocity in the stratosphere is not 
thought to be of primary interest in numerical 
forecasting and probably does not justify the 
additional labour involved in a further in- 
crease in the number of parameters. 


3. Application to a synoptic case 


Method of determining the parameters from 
observations. Before one can apply the prog- 
nostic equations derived in the preceding sec- 
tion, the parameters Po To, k, and h have to be 
determined from actual observations. We can 
obviously put py equal to the observed sea 
level pressure, thus making sure that the sea 
level distribution of pressure is correctly given 
by the model. It is not advisable to do the 
same with 7, because of the lack of represent- 
ativeness of the observed sea level tempera- 
tures. In fact the best procedure for deter- 
mining the three remaining parameters is not 
obvious. Generally speaking we have three 
degrees of freedom in adjusting our model to 
the atmosphere and we can therefore select 
three conditions to be fulfilled. We may, for 
instance, require that the temperature be cor- 
rectly reproduced at three levels z,, z,, and 
23 or that the heights of three selected pressure 
surfaces be the same in the model as those 
observed. One of these levels must, however, 
be in the stratosphere. From a practical point 
of view the latter alternative would be pref- 
erable, but we have still some freedom in 
selecting the three pressure levels. One of 
these pressure levels should be close to or 
within the transition zone between the tro- 
posphere and the stratosphere and another 
near the middle (with regard to pressure) of 
this one and sea level. The last one should be 
chosen well within the stratosphere, suitably, 
at the greatest height reached by the majority 
of the soundings. As an example the pressure 
levels 700, 300 and 100 mb could be chosen. 
In subtropical regions 600, 200 and 100 
might be a better choice. 
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The equations expressing these requirements 
are not given here since in the case treated 
below, a somewhat more simple procedure 
has been chosen. In the first place a forecast 
for the stratosphere has not been attempted 
and this allows us to drop the parameter h 
(tropopause height) of the model. Secondly 
the following compromise between the two 
alternatives discussed above has been chosen: 


a) k has been put equal to the temperature 
difference divided by the height difference 
between the 850 mb and the highest 
standard pressure level (400, 300, or 200 mb) 
in the troposphere. 


b) r, has been determined by requiring that 
the thickness of the layer between the 850 
mb surface and the upper pressure surface 
(400, 300 or 200 mb) be correctly given by 
the model. 


The temperature lapse-rate k was computed 
by a slide rule, whereas t) was determined by 
means of a graph of the type shown in fig. 3. 

The procedure used here neglects entirely 
the influence of the layer between sea level 
and the 850 mb surface. In the particular case 
selected for numerical computations, an in- 
spection of the ascent curves showed that the 
k-values were very little influenced by this 
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Fig. 3. A graph for determining the temperature at 
850 mb in the model atmosphere corresponding to 
observed mean lapse-rate and observed thickness of the 
layer 300—8s50 mb. The slanting lines are those of 
constant temperature lapse-rate in °C per km, the 
horizontal lines give the thickness} of the 300—850 mb 
layer in dekameters, and the vertical lines the tempera- 
ture at 850 mb in °C. Example: thickness 755, lapse-rate 
CS CITE OMC: 
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Fig. 4. Sea level pressure chart Nov. 24, 1951 at 03 GMT. The dashed rectangle shows the 
area of computations. 


procedure. As the thermal conditions within 
this layer may be seriously influenced by non- 
adiabatic processes and since such effects are 
not included in the prognostic equations, the 
forecast is more satisfactorily tested by ex- 
cluding the influence of this layer. 


The synoptic situation. The case used for 
the numerical computations was the synoptic 
situation over Western Europe and the East- 
ern Atlantic on Nov. 24 1951 at 03z. The 
synoptic pattern is shown on the sea level 
chart (fig. 4) and the soo mb chart (fig. 5). 
The predominant features at sea level are the 
high pressure over Greenland and southward 
over the ocean, and two lows, one centred 
just west of Scotland and the other off the 
Norwegian coast. The Scotland low moved 
from the west and deepened somewhat during 
the preceding 24 hours, whereas the other 
one—an old low—had been almost station- 
ary during the same period, but slowly fall- 
ing pressure to the west of the centre since 18 z 
of the preceding day indicated slow move- 
ment toward the west. It had deepened 
about 3 mb during the last six hours. 

Between these two lows and the high 
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pressure area to the west, a strong cold air 
outbreak was taking place over the ocean. 

The soo mb chart is dominated by a cold 
tilted trough extending from the northern 
edge to the southwestern corner of the map. 
Another cold trough extends from Scandina- 
via toward the Adriatic Sea. Isolines (dashed) 
for absolute vorticity at this level, in units of 
(60 hour), have been superimposed on the 
chart. There is rather strong advection of 
vorticity west and southwest of the British 
Isles, just behind the sea level cold front. 

The charts for 7, and k are shown on figs. 
6 and 7. These are new types of charts— 
especially the latter—so that previous maps 
for these elements were not available. In 
analysing them one therefore did not have the 
advantage of a continuous series of charts. 
Fortunately the upper air network within the 
area of computation (see the dashed rectangle 
in fig. 4) is sufficiently dense that these charts 
still can be considered reasonably reliable. 
Details in the 7, distributions over Western 
France and Scandinavia are, however, some- 
what doubtful. 

Isolines (dashed) for k (fig. 7) have been 


superimposed upon the sea level pressure 


396 


eg 


nu 
Een 


G. ARNASON 


76 ALP) 


Fig 5. A soo mb chart for Nov. 24, 1951 at 03 GMT. The dashed lines are the isopleths 
for absolute geostrophic vorticity at this level. The vorticity figures correspond to a time unit 
of (60 hours) 1. 


chart; the unit is °C per km. There is a very 
pronounced gradient in lapse-rate within the 
cold air outbreak, and an especially low 
lapse-rate may be noted behind the central 
portion of the cold front in the Atlantic. 
Another noticeable feature is the region of 
high lapse-rate over Scandinavia. 

The distribution of absolute vorticity at 
sea level and of relative vorticity (dashed lines) 
are shown in figs. 8 and 9 resp. The units 
are (60 hours) t. 

The grid used for the computations had a 
mesh-size of 300 km at 45° lat., and the 
number of points was 14x 13. The area, 
rectangular in shape, is outlined on fig. 4 by 


dashed lines. 


The numerical forecast. Instantaneous changes 
in k, t) and po have been computed from the 
prognostic equations (2, 3), (2, 9), and (2, 
15). In order to determine the change in po 
from the last equation quoted, a soo mb 
tendency was computed by means of the 
integrated vorticity equation (2, 12), where 
the constant y was assumed to be 0.6. 

Fig. 10 shows the computed tendency for k 
expressed in °C km! (6 hours) 1. The predom- 


inant features of this prognostic chart are 
the fall areas east of Iceland, west of Ireland 
and over the Baltic Sea. The areas of increase 
in temperature lapse-rate are much less 
pronounced. In order to check the results, 
the 6-hourly observations from 2 British 
weather ships, 8 upper air stations in Great 
Britain and 7 in Germany—altogether 17 
upper air stations—have been compared 
with the predicted changes. These stations 
are shown as dots on the chart, and the figures 
beside are the observed changes. The arrange- 
ment of the figures is explained in the legend 
of fig. 10. In addition to these 17 stations 
there are some few upper air stations indicated 
by crosses; these stations make 12-hourly 
observations only. The figures beside them 
show half the observed change from one 
observation to the next and are arranged in 
the same manner as the figures beside the dot- 
stations. On the whole there is a fair agree- 
ment between the computed changes and 
those observed. The strong fall region north- 
cast of Iceland could not be checked directly 
due to lack of observations, but observed 
changes in sea level pressure (see later) support 
indirectly the computed changes in k. The 
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Fig. 6. Isopleths for 7, labelled in °C. 


Fig. 7. The dashed lines are isopleths for k labelled in °C per km. 
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Fig. 8. The dashed lines are isopleths for absolute vorticity at sea level in unit of (60 hours)-1. 


Fig. 9. The dashed lines are isopleths for the relative vorticity for the layer o—s km computed 
from the t) and k maps. The unit is (60 hours), 
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Fig. 10. 24 Nov. 1951 03 GMT. The isopleths give 
the computed instantaneous change in the tropospheric 
temperature lapse-rate expressed in °C per km per six 
hours. The dots indicate stations from which six-hourly 
observations are available. Of the figures beside the 
points, the uppermost one is the observed change for 
the preceding six hours ard the lowest one the observed 
change for the following six hours. The middle figure 
is half the change for the twelve hours 21—09 GMT. 
The crosses and the figures beside them refer in a similar 
way to stations making twelve-hourly observations. 


Fig. 11. 24 Nov. 1951 03 GMT. The isopleths give 


the computed instanteneous change in the surface 
temperature 7, expressed in °C per six hours. Other- 
wise reference is made to the lapse-rate tendency map. 


existence of the negative area with its centre 
over the Baltic Sea is directly verified by the 
upper air stations in Southern Scandinavia 
and indirectly by computed vertical velocities 
together with the observed state of the sky in 
this region (discussed later). 
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Fig. 11 shows the computed distribution of 
the 7, tendencies expressed in °C per six hours. 
The observed six-hour changes are shown in 
the same way as on the tendency chart for k. 
On the whole the computed tendencies are 
in à good agreement with observations. An 
exception is the British weather ship at 59° N, 
where the forecast is in error by about 2°C. 
An inspection of the charts for ty and py in- 
dicate that here the instantaneous temperature 
advection vy* Yt »—which essentially deter- 
mines the change in 7,—is not representative 
for a time interval as long as six hours. 

In order to obtain the tendencies for the 
sea level pressure, the soo mb height changes 
were first computed and the former there- 
after determined from (2, 15). The forecast 
of the soo mb changes was rather unsuccessful 
and this contributes essentially to the dis- 
crepancy between the computed sea level 
pressure changes and those observed, (see 
table 1). The chart for the computed changes 
in p, is given in fig. 12. The solid lines show 
the observed change (mb) in sea level pressure 
from oc—06z the 24th and the dashed lines 
the computed tendency expressed in mb 
per 6 hours. The general pattern is very 
much the same in both cases, and the dom- 
inating fall area over Scotland is fairly well 
predicted. Regarding the details there are, 
however, a considerable number of discrep- 
ancies, and it is of some interest to attempt an 


The solid lines are observed changes in sea 
level pressure py (mb) from 00—06 z Nov. 24, 1951. 
Dashed lines represent the computed tendency in the 
sea level pressure expressed per six hours. 


Fig. 12. 
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Tab. 1. Observed A H means the observed change in the height (in dekameters) of the 500 mb 

surface. The 6th column shows the difference in observed change per six hours in H and its com- 

puted tendency expressed as change per six hours. Next column shows in the same way the differ- 

ence in the observed change in p, from 00—06 z and the computed change, and in the last one is 
given the portion of the error in the p,-forecast which may be attributed to the k, t)-forecast. 
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analysis of those. We notice in the first place 
that the computed changes over Western and 
Northern Europe are 2—4 mb below those 
observed. This difference is mainly a result 
of the rather poor soo mb forecast over this 
area. The same applies to the interesting fall 
region in the western part of the old low off 
the Norwegian coast. This fall was predicted 
to only around so % of the observed values. 
The predicted fall area over the Baltic Sea is 
mainly to be attributed to the predicted change 
in k (see fig. 10); since this fall region is not 
observed we may infer that the predicted k- 
distribution is somewhat erraneous or at least 
not representative for a time interval of six 
hours. The existence of the two centres of 
rising pressure near the left edge of the fore- 
cast chart is not verified by observation. This 
discrepancy is at least partly explained by the 
lack of representativeness in the computed 
advection term vs : VT» (see equ. (2, 15) ) as 
mentioned previously in connection with the 
T -forecast. 


A feature of special interest is the deepening 
of the old cyclone off the Norwegian coast. 
Fig. 13 shows the sea level chart for ı2z of 
the 24th, 9 hours later than the charts upon 


which the computations are based. The low 
has deepened about 9 mb and has developed 
into a cyclone of considerable intensity. The 
isobar spacing indicates strong winds to the 
north and west of the centre and surface 
winds at the coastal stations of Norway have 
increased from force 3 to 6 Beaufort. As 
mentioned above, this deepening was not 
predicted to its full extent. Upon inspection 
of the three right hand terms of (2, 15) it 
appears that the deepening may be attributed 
to the first and second terms, whereas the 
third one contributes to a pressure rise. The 
contribution of each of the three terms is 
roughly equal in magnitude and also approxi- 
mately equal to the magnitude of the observed 
pressure fall. Since the height tendency term 
in (2, 15) is thus approximately cancelled out 
by the advective term, the deepening of the 
old cyclone cannot be explained without the 
first term, i.e. in this case the change in inten- 
sity was essentially connected with the non-uni- 
formity in the horizontal temperature lapse-rate. 

On the whole the computations shows that 


the term 5 7 in (2, 15) is, in the synoptic 


situation treated here, comparable in magni- 
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Fig. 13. Sea level pressure chart Nov. 24, 1951 at 12 GMT. 


tude with the two other right hand terms, 
thus verifying the importance of horizontal 
gradients in temperature lapse-rate as advocated 
in the theoretical considerations. 

It may be worth while to mention that the 
greatest computed values of the first, second 
and third right hand terms of (2, 15) were Io, 
s and 14 mb respectively. 

Table ı shows the observed changes in the 
height of the soo mb level over the 17 stations 
mentioned earlier. The computed changes are 
found in column $ and the differences between 
the observed and computed changes are given 
in the 6th column. The 7th shows the dif- 
ferences between observed and computed 
changes (in mb) for the sea level pressure, 
and the last column the portion of error in 
the p, forecast, for each station, attributed to 
error in the forecast of T) and k. These errors 
are greatest for Stornoway, Aldergrove and 
the weather ship at 59°,6 N, 15°,6 W; it 
appears from the po, To maps that this depends, 
to some extant at least, on the lack of repre- 
sentativeness of the computed values of 
temperature advection at these stations during 
the succeeding six hours. 

The distribution of computed vertical veloc- 
ity at 5 km, obtained by use of (2, 19), is 
Tellus V (1953), 3 
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shown in fig. 14. The dashed lines are iso- 
pleths labelled in cm/sec. On the whole the 
picture of the vertical velocity distribution 
seems reasonable as judged from the synoptic 
situation. The strong subsidence in the cold 
air outbreak and the ascending motion ahead 
of the warm front are in good agreement 
with our general experience. It should be 
mentioned that in the computations the dry- 
adiabatic lapse-rate has been used for k, in 
the expression s = k, —k in the equation for 
vertical velocity. In a region of ascending 
motion this will not hold true when conden- 
sation takes place, and one should preferably 
use the saturation adiabatic lapse-rate. This 
has roughly been taken into account by 
doubling the computed velocity figures in 
areas of ascent. The doubled figures are shown 
in brackets following the computed figures. 
The vertical velocity pattern cannot be 
checked directly by observations, but cloud 
reports give some indication as to whether 
the distribution is reasonable or not. At 06 z, 
stations within the cold air outbreak report 
alternately some showers (present and past) 
or cumulus cloud but the amount of cloudiness 
is less than 5/10 and no other clouds are re- 
ported. Because of considerable non-adiabatic 
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Fig. 14. The dashed lines give the vertical velocity in cm/sec at 5 km. The figures in brackets 
in the regions of ascending motion correspond roughly to a saturation-adiabatic change in the 
temperature of a rising particle. Otherwise the dry-adiabetic temperature change has been used. 


heating of the cold air while traversing the 
warmer sea, it is conceivable that such showers 
may develop in spite of general subsidence. 

The region of subsidence centred over the 
Baltic Sea is supported by the cloudless skies 
at a number of stations in eastern Sweden, 
whereas the overcast sky over the costal re- 
gion of the Lathaunia, Latvia and Estonia 
indicates that this subsidence area may be 
overestimated in the computations. The area 
of ascending motion over northern Scandi- 
navia is indirectly verified by the overcast 
sky and some precipitation reported at 067. 
Finally, reports of rain and overcast sky from 
ships in the Atlantic support the computed 
vertical motion west of Portugal. 
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Abstract 


After a brief theoretical discussion of different approximations of the horizontal windcom- 
ponents the accuracy of these approximations is proved with the aid of simple but exact solu- 
tions of the hydrodynamic equations. In addition to the generally applied geostrophic approxi- 
mation a second geostrophic approximation proposed by H. Pnıripps and a stationary approxi- 
mation suggested by C. G. Rossy is dealt with. The theoretical models show that the improve- 
ment of higher approximations than the geostrophic depends essentially on the pressure distri- 
bution. Moreover the statement is derived that in case of stationary nondivergent motion the 
ageostrophic windcomponents are perpendicular to the isogons, i.e., the lines of equal &, where 

tg a = v/u, and directed to areas of lower values of the angle «. 


1. Einleitung 


Zur Ueberwindung der analytischen Schwie- 
rigkeiten, die einer Integration der atmosphä- 
rischen Gleichungen entgegenstehen, werden 
zur Zeit zwei verschiedene Wege eingeschla- 
gen: 


a) Linearisierung der Grundgleichungen 


b) Sukzessive Approximation der Geschwin- 
digkeiten. 


Die von V. BJERKNES in die dynamische 
Meteorologie eingeführte Methode der Li- 
nearisierung der Grundgleichungen untersucht 
Störungen eines bekannten Grundzustandes, 
der, da er selbst den nichtlinearen Gleichungen 
genügen muss, nur stark vereinfacht ange- 
nommen werden kann. Praktisch ist man 
kaum über stationäre Grundzustände mit 
konstanter oder linearer Geschwindigkeits- 


1 Die Arbeit wurde von den Autoren während 
eines dreimonatigen Aufenthaltes am meteorologischen 
Institut der Universität Stockholm (Vorstand Prof. C. 
G. Rosssy) durchgeführt. 
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verteilung hinausgekommen und hat damit 
notwendigerweise die Methode der Lineari- 
sierung auf sehr spezielle Felder beschränken 
müssen. Eine weitere Schwierigkeit entsteht 
dadurch, dass mit der Linearisierung der 
Grundgleichungen ein grosser Teil synoptisch 
geschener zweitrangiger Bewegungen (Schall-, 
Tragheits- und Gravitationswellen) erfasst 
wird, wodurch sich die Integration unnötig 
kompliziert und die synoptisch wichtigen 
Bewegungen u. U. unterdrückt werden. 
Um diesen sogenannten “meteorologischen 
Lärm” (J. G. CHARNEY 1948 und K. HINKEL- 
MANN 1951) aus den Bewegungsleichungen zu 
eliminieren und gleichzeitig allgemeinere Fel- 
der zu erfassen, bedient man sich in neuerer 
Zeit der Methode der sukzessiven Approxima- 
tion der horizontalen Geschwindigkeiten, das 
heisst man versucht die in den Eulerschen 
Gleichungen auftretenden nichtlinearen Terme 
durch höhere Ableitungen des Druckfeldes 
darzustellen. Der geostrophische Wind liefert 
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zwar erfahrungsgemäss eine gute Annäherung 
des Bewegungszustandes, versagt jedoch bei 
Anwendung auf die Kontinuitätsgleichung. 
Bekanntlich verschwindet die Divergenz der 
geostrophischen Impulsdichte — von der 
Breitenabhängigkeit des Coriolisparameter ab- 
gesehen — so dass keine Bodendruckänder- 
ungen zu erklären sind. 

Um diesen Mangel zu beheben, machte 
man sich die Erfahrungstatsache zunutze, 
dass zwar Abweichungen vom geostrophi- 
schen Wind vorhanden und zu fordern sind, 
diese Abweichungen jedoch im Verhältnis 
zum geostrophischen Wind selbst recht klein 
sind. Man kann also die geostrophischen 
Gleichungen als eine erste Näherungslösung 
der hydrodynamischen Gleichungen ansehen. 
Zwecks Gewinnung einer weiteren Näherung 
ersetzt man wie bei einer Iteration die in den 
Beschleunigungsgliedern auftretenden Ge- 
schwindigkeitsterme durch den geostrophi- 
schen Wind selbst. Die so erhaltene zweite 
Näherung kann dann abermals zu einer weite- 
ren Näherung verwendet werden. Wie zuerst 
von H. Pnımps (1939) gezeigt wurde, kon- 
vergiert ein solches Verfahren in vielen Fällen 
ziemlich rasch, so dass bereits die zweite 
Näherung eine für zahlreiche Zwecke brauch- 
bare Approximation liefert. 

Die im barotropen Modell für die nume- 
rische Vorhersage der soo mb Fläche heute 
verwendete divergenzfreie Vorticity-Gleichung 
wird durch den geostrophischen Wind selbst 
angenähert, was soviel bedeutet, dass die aus 
der ersten Philipps’schen Näherung — wie 
später noch gezeigt werden wird — zu berech- 
nende Divergenz gleich Null gesetzt wird. 

Die von C. G. RossBy (1939) eingeführte 
und von H. ERTEL (1941) geostrophisch ap- 
proximierte Vorticity-Gleichung hat sich bei 
der Berechnung von Tendenzfeldern an Hand 
aktueller Wetterlagen sehr bewährt (CHarney, 
FJORTOFT, v. NEUMANN 1950; BOLIN-CHAR- 
NEY, 1951; STAFF MEMBERS, UNIVERSITY OF 
STOCKHOLM, 1952). 

Obwohl die Konzeption der Erhaltung der 
absoluten Vorticity die in der baroklinen At- 
mosphäre auftretenden Entwicklungen aus- 
schliesst, erhebt sich die Frage, in welchem 
Ausmass Diskrepanzen zwischen berechneten 
und beobachteten Tendenzen auf die Barokli- 
nität oder mangelhafte Analyse oder die 


oO 
unzureichende Approximation zurückzufüh ren 
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sind. Deswegen scheint es uns angebracht zu 
sein, an Hand einiger einfacher aber exakter 
Lösungen der hydrodynamischen Gleichungen, 
die Genauigkeit verschiedener ‘Approxima- 
tionen zu untersuchen. 


2. Diskussion verschiedener Approxi- 
mationen 


Die Horizontalkomponenten der Bewe- 
gungsgleichungen schreiben sich in den unab- 
hängigen Variablen (x, y, p, f) bei Vernach- 


lässigung der generalisierten Vertikalge- 
schwindigkeit dp/dt folgendermassen: 


ou ou ou fe ID 
dt # ox : dy = ox 
Ov . Ov dv oD (1) 
ay arsine a tone, 


mit den üblichen Symbolen für die Geschwin- 
digkeitskomponenten (u, v), für das Geopo- 
tential ® und den Coriolisparameter f. Die 
x-Achse ist gegen E, die y-Achse gegen N 
gerichtet; p bedeutet den Druck, t die Zeit. 

Eine Integration von (1) bei bekanntem 
Geopotential ® gelingt nur in vereinzelten 
Fällen. Doch haben diese speziellen Fälle 
den Vorteil, dass man die exakten Geschwin- 
digkeiten mit den verschiedenen approxima- 
tiven Geschwindigkeiten vergleichen kann 
und zwar hinsichtlich der Absolutbeträge 
und bezüglich der Wirbel- und Divergenzei- 
genschaften. Bekanntlich bestimmen Wirbel 
& und Divergenz D, durch 


dv ou D ou _ dv 


rn 


definiert, die Geschwindigkeiten, nämlich 
durch die aus (2) folgenden Poissonschen 
Gleichungen 


Vin = on — 2 

Ox dy 

: oD a 
vv OS () 


Die einfachste Approximation ist offenbar 
die geostrophische 
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1 dD 
Ug = — F Oy 
Een 


Sie versagt naturgemäss bei der Divergenz- 
bildung und in der aus (1) folgenden Ener- 
giegleichung 


142 
mit K — 


dK 

Fa oi Le (5) 
Jedoch liefert sie in erster Näherung die Wir- 
belverteilung gemäss 


= 


= 7 ve, (6) 


(Die Breitenabhängigkeit von f lassen wir 
einstweilen unbeachtet.) 

Eine von H. Phıumpps (1939) entwickelte 
Methode zur Verbesserung dieser Approxi- 
mation besagt im wesentlichen, dass man die 
Terme der Eulerschen Beschleunigungen in (1) 
geostrophisch annähert, so dass sic 

I IR, Ov, 


A Ce : 
Wy =u, |! 53 aay Po 


ae ENTER EL 
Vi =v, (I— bee 5 
(7) 


ergibt. Die Divergenz verschwindet jetzt 
nicht mehr identisch wie im geostrophischen 
Fall. Das Philipps’sche Verfahren kann natur- 
gemäss beliebig oft wiederholt werden. Die 
Konvergenz der sich ergebenden Reihe ist 
gewährleistet, sofern 


I 


= 
S| a 


Eine andere von C. G. Rosssy vorgeschla- 
gene Approximation geht von der Vorausset- 
zung aus, dass die individuellen Geschwindig- 
keitsänderungen grösser sind als die lokalen. 
Es zeigt sich dies rein erfahrungsgemäss 
daran, dass in einem bewegten Strömungs- 
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system die Windgeschwindigkeit durchwegs 
grösser ist als die Verlagerungsgeschwindig- 
keit. Man kann also in (1), wofür auch mit 


n=C+f (8) 


als absoluter Vorticity (Vertikalkomponente 
des Wirbels der Absolutgeschwindigkeit) die 
Schreibweise 


ou am JE 
Jt 1 ox 
ie JE (9) 
ee 


möglich ist, in erster Näherung die lokale 
Beschleunigung vernachlässigen. Mit 


BTE, 46 (10) 
folgt aus (9) 
10h 
Us = — — — 
n oy 
v= 1 dE (11) 
ox 


(Der Index s kennzeichnet Stationärität.) Die 
auf der rechten Seite von (11) enhaltenen 
Geschwindigkeiten müssen allerdings geo- 
strophisch approximiert werden, also 


(12) 


Eine weitere Approximation wurde von 
G. HOLLMANN angegeben. Sie setzt divergenz- 
freie Bewegungen voraus, erscheint also für 
Rechnungen im divergenzfreien Niveau ent- 
wicklungsfreier Felder anwendbar. Sie ergibt 
sich aus (r), indem man zunächst zur ersten 
Gleichung die Identität 


dv dv 
t= — UT —= 0 
dy dy 
und zur zweiten Gleichung die Identitat 
ou ou 
mern AT 
IX IX 
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addiert, also 
du ou dv ID 
UH as a Sigel ie Demos 
ov dv du ID 
Er + Dv tun ap ihe 


(13) 


erhält. Führen wir den Azimutwinkel 


CRT = (14) 


ein, so können wir (13) auf die Form 


ou do ID 
pu ee a Se om 
Ov On ID 
Er Dv 4 2K > + fu = — Fi 


(15) 


bringen. Bei divergenzfreier Bewegung re- 
duziert sich (15) auf 


ou dx ID 
en ee 
Ov do | oD (16) 
nt 2 K Dee j fu = — dy 


und bei Stationärität auf 


2K du 
UD ru, Te 
DIK à 
eae Ou (17) 


Je 


Die Gleichung (17) stellt die analytische For- 
mulierung des folgenden Satzes dar: 


Bei stationärer divergenzfreier Bewegung steht 
die ageostrophische Windkomponente senkrecht 
auf den Linien « = const. (Isogonen) und weist 
zu Gebieten kleineren Azimuts. 


Für praktische Zwecke dürfte es genügen, 
das Azimut geostrophisch zu approximieren, 
da die Isobaren und Stromlinien nur wenig 
von einander abweichen. Hingegen ist es 
nicht ratsam, die kinetische Energie K geo- 
strophisch darzustellen. Eine bessere Annähe- 
rung erreicht man durch Quadrierung jeder 
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Gleichung von (17) und anschliessender Addi- 
tion. Die sich mit « & «, ergebende quadra- 
tische Gleichung 


We ( Ve . V “s) 
K? I + K + 
2 (V ae) uh 
2 
+ f ="0 


eae IK 
2 (V co), - 
liefert nach Reihenentwicklung der Wurzel 


f Ke | 2 f(V a)? Ke 
TV CE VIEN EN) 


In manchen Fällen dürfte es genügen, bereits 
nach dem ersten Glied abzubrechen. Für nicht 
stationäre Bewegungen liefert (17) ausserdem 
ungefähr die richtige Vorticity-Verteilung, da 
die lokale Änderung bei geostrophischer Dar- 
stellung, also 


DI? hy 1,020 
ND He ox fr Ox at 

IR IR tT 20 Gs) 
ED FG! FO A 


herausfallt, wenn man die Wirbeloperation 
durchführt 


220(K,<,) 
f Ay) 


Offenbar stellen das Azimut und die kine- 
tische Energie zwei Grössen dar, die das 
horizontale Geschwindigkeitsfeld bestimmen. 
Eine der Energiegleichung (s) analoge Be- 
zichung ergibt sich aus (15), indem man die 
erste Gleichung mit v, die zweite mit u multi- 
pliziert, dann beide Gleichungen voneinander 
subtrahiert und von (14) Gebrauch macht. 
Mit 


Cp = ce (19) 


OVg = V—V 


(20) 


gewinnt man 


da i 

Er (21) 
und entsprechend (5) 

dK 

dt vos (22) 


K = Einheitsvektor in der Vertikalen. 
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3. Die Genauigkeit einiger Approximationen 
bei starrer Rotation und bei Deforma- 
tion 


Wir wollen nunmehr die verschiedenen 
Approximationen (4), (7) und (12) an Hand 
zweier einfacher Bewegungen untersuchen. 


a) Starre Rotation: Bei Einführung von ebe- 
nen Polarkoordinaten (r, 9) gilt bei rotations- 
symmetrischer stationärer Bewegung 


v= (on) (3) 
und 


ID 


Ve" = 
ah er (24) 


mit 
ID 
v9 =@r, © = const., —- = fo;r 
or 


also 
wo? + fo = fag. (26) 


Der relative Fehler der geostrophischen Ap- 
proximation ergibt sich zu 


Wz — © @ 


“ (27) 


[42] 


Im Falle der Philipps’schen Approximation 
of +fo, =fo; 


findet man 


Ge On af i =) 
N) 


Um Rosssys stationäre Approximation zu 
untersuchen, ist 


272 
Wt 


Ne = Le LE Ng = 20 efi K, = 


a 


zu bilden, was wegen 


I 0 


(K, + ®) 


Ost oes 
: Nr or 


und (26) auf 
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0) Den 


führt. Zum Vergleich der Approximationen 
setzen wir 


Wo, 


also zyklonale Rotation an. Wir finden 


Wy — & On) 
wo = 0,5, a 0,625, 
D 0 
0,05. 
© 
Für 
= —05:f 
findet man 
De — 0), 0 
sé al 
== CS; Ze 0,3755 
© 
0-0 
= — 0,25 
© 


Es zeigt sich, dass in diesem Fall die stationäre 
Approximation am genauesten ist. 


b) Deformation: Es sei 
(30) 


Die Stromlinien sind Hyperbeln. Da der An- 
satz (30) auf (1) angewandt die Integrabilitäts- 
bedingung erfüllt, lässt sich das zugehörige 


Druckfeld (Potentialfeld) zu 


fn © 


U Ay DIE Ax 


2 


(A? + fA) r + const. 
(31) 


ermitteln. Die geostrophische Approximation 


ergibt 


ge: 


fa +2: 
Ug = u Vy 

fa—2 (32) 
Va er x, 


also aus (30) und (32) 
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(33) 


À 
HR dr Ee; 
und 
222 
oS Se . 
i 
Da das Feld (30) divergenz- und wirbelfrei ist, 
wird geostrophisch ein antizyklonaler Wirbel 
vorgetäuscht. Auf ahnliche Weise lassen sich 


die übrigen Approximationen untersuchen. 


Aus (7) und (32) folgt 


nr)? 
ke 


also als relative Abweichung 


(34) 


(35) 


13 
u) — 4 A 


u ee eee (36) 


und als Vorticity 


Im Deformationsfeld hängt die Genauigkeit 
der Approximationen vom Parameter À ab. 
Bei grossem A (starke Windscherung) wird 
die stationäre Approximation (38) ungenau 
und entartet völlig (Singularität), wenn 
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A= + f/V 2, was wegen f » 10"? sek“! bei 
À » 0.7. f der Fall ist. Wenn dies auch ein hoher 
Betrag für die Windscherung ist, unterliegt 
es keinem Zweifel, dass derartige Werte im 
Bereich des Jet-stream erreicht werden. Im 
ganzen geschen ist also im Deformationsfeld 
die Philipps’sche Approximation die ge- 
naueste. Es dürfte aber aus den bisherigen 
Entwicklungen ersichtlich sein, dass die Frage, 
welche Approximation die beste ist, nicht 
allgemein beantwortet werden kann. Es 
kommt wesentlich auf die Art der Feldver- 
teilung an. Daher werden wir im folgenden 
Absatz eine etwas allgemeinere Lösung der 
Bewegungsgleichungen heranziehen, in der 
u.a. auch Felder der oben behandelten Art 
auftreten. 


4. Prüfung verschiedener Approximationen 
an Hand der CRAIG-NEAMTAN’schen 
Lösung 


Unter der Voraussetzung divergenzfreier 
Strömung 


ou dv 


SE M) 
x 


existiert eine Stromfunktion 


so dass die Vorticity-Gleichung mit 


f=fo + By 


auf die Form 


Op MN dpav’y | 
dt * eda ye D 
dy 
BD ER (43) 


gebracht werden kann. Im Anschluss an 
CRAIG (1945) hat NEAMTAN (1946) eine 
Lösung der nichtlinearen Gleichung (43) 
angegeben, die sich folgendermassen schreibt: 
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y = — Uy + C sin (ay +e) + 
+ À sin k (x — ct) sin ly; 
worin 
aes LES = P 


Da es eine exakte Lösung ist, lässt sich auch die 
zugehörige Verteilung des Druck- bezw. Geo- 
potentialteldes bestimmen. Sie wurde von V. 
STARR (1950) angegeben. Eine ähnliche Lösung 
in Kugelkoordinaten mit der zugehörigen 
Geopotentialverteilung hat G. HOLLMANN 
(1950) hergeleitet. 

Wir wollen uns in den folgenden Zeilen 
mit einer etwas vereinfachten Lösung beschäf- 
tigen, nämlich 


y = — Uy — sin ky + sink @—a) 
(46) 
c-u—F (47) 


Sie setzt sich zusammen aus einer stationaren 
Zonalverteilung mit scherender Grundströ- 
mung, der eine in zonaler Richtung wandernde 
Welle überlagert ist. Die zu (46) gehörende 
Geopotentialverteilung ergibt sich zu 


D = —fUy =. sin ky + 


+ AV sin k(x — ci) sin ky + 2 yPU+ 


= f A sin k (x —ct) — Per ky + G(t). 
k k2 
(48) 


Die fiir unsere Zwecke unbedeutende Funk- 
tion G(t) lassen wir unbestimmt. Es wurden 
nunmehr folgende numerische Werte fiir die 
in (46) bis (48) auftretenden Parameter ange- 
nommen: 


U = 20 m/sek, V = 30 m/sek, A = 10 m/sek, 
Prime >, = i0-* sek, 
croton ne sck-*. 

Daraus folgt c = 13, 6 m/sek. Für den Bereich 
Sos esurbeueLllassesy SL 
sind die Stromfunktion y und das Geopoten- 
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1000 Km 


Fig. 1. Verteilung der Stromfunktion. Einheit 
108 m?/sek. (ausgezogene Linien). 
Verteilung des Geopotentials. Einheit 10? m?/sek.? 
(strichlierte Linien). 


tial ® in Fig. 1 dargestellt. Die Verteilung 
zeigt einen mäandernden Jet-Stream, südlich 
davon antizyklonale, nördlich davon zyklo- 
nale Zentren. Die Ähnlichkeit beider Felder 
ist offensichtlich. Immerhin sind die zyklo- 
nalen Wirbel im Geopotentialfeld stärker 
ausgeprägt als im Stromfeld. Für die antizy- 
klonalen Gebiete gilt das Umgekehrte. 

Die geostrophischen Komponenten ergeben 
sich zu 


ug = U + V cos ky — u. sink (x—cf) cos ky 


7 


ie 


v, =A cos k(x —ct) = cos k (x — ct) sin ky 


(49) 
Die barotrope Vorticity-Gleichung 


an 

= +v:Vn=—nV v (50) 
dt 

wird unter Vernachlässigung des Divergenz- 

terms integriert. Bildet man von der ersten 

Philipps’schen Näherung (7) die Divergenz, 

so ergibt sich 


410 
D de = (2 N _ 
Ox oy TH Nae y 


(51) 


Bei geostrophischer Approximation der lin- 
ken Seite von (so) findet man 


2, 
at 


(52) 


Ve Vgc PO, VV 


Da andererseits 


Ng dy 

ae a ay = — pv, (53) 
gilt, ist im Falle &, < f, was gewöhnlich ange- 
nommen wird, nach (sr) 


on | WW, (oz 
Ox | eae 


Vo Vibe + Br.) 
(54) 


d.h. die geostrophisch approximierte baro- 
trope Vorticity-Gleichung 


Fed, Po, =i0o 


(ss) 


1000 Km 


. Verteilung der fiktiven Divergenzen. 
Einheit Tom’ sekzi: 
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ist im wesentlichen die gleich Null gesetzte 
Divergenz der ersten Philipps’schen Naherung. 
Fiir den wahren Wind gilt in unserem Beispiel 
natiirlich (55) exakt, jedoch wird durch die 
Annahme v >v,, € >, (55) nicht mehr 
erfüllt. Der Rest stellt daher nichts anderes 
als ein vorgetauschtes 


(56) 


dar. Diese fiktiven Divergenzen (Fig. 2) 
erreichen maximal 2.1076 sek-1. Physikalisch 
kann der Sachverhalt folgendermassen ge- 
deutet werden: Die Vorticity-Gleichung mit 
der fiktiven Divergenz Dy lautet 


a 
dt 


nV :vefV-v 


(57) 


eV Ving —f D; 


Wenn nun in Gebieten — v, : Vg > 0 (Ost- 
seite der Trôge), bedeutet eine positive Diver- 
genz eine Herabsetzung der Vorticityadvek- 
tion, d.h. bei Vernachlässigung von Dy, wie 
es in der Praxis geschieht, wird die Vorticityad- 
vektion überschätzt; in Wirklichkeit wandert 
der Trog langsamer als mit der geostrophi- 
schen Approximation der Vorticity-Gleichung 
vorausberechnet wird. Da nach (49) 


Lg =— kA sin k(x — ct) + kV sin ky — 
k? AV 
- (59) 


u 


sin k(x — ct) sin ky 


also 
Coe EG v 
= Acicos kw tie 
or za cos k(x— ct) sin ky (59) 


di 


gilt, findet man mit den obigen Koeffizienten 
zur Zeit t = o bei x =o und y = L/6 
Vy 


ee Ord 


= + 10710 sek—2 
dt 


Die fiktive Divergenz betragt hier 


Dr = 2,1 - 10% sek 
Mit fx 1074 sek-? wird also hier mit der 
geostrophischen Approximation bei Vernach- 
lässigung von Dr 
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SG 


Er -4 
= ae nn =? 
A . 5 = 

1000 Km Sas 
Fig. 3. Verteilung der wirklichen relativen Vorticity. 


Einheit 105 sek—}. 


berechnet. Der Fehler beträgt also etwa 30 %. 
Natiirlich ist dies ein Maximalwert. Die 
Vorticityadvektion wird überschätzt. Ana- 
loges gilt fiir die anderen Gebiete. Jedoch ist zu 


erwarten, dass es sich bei diesen Fehlern 
häufig um “stabile Fehler” handelt. Die 
Da 0 u u 0 
a s 5 2 
4 4 
€. 
Fr 


Fig. 5. Verteilung der relativen Vorticity nach der 
stationären Approximation. Einheit 1075 sek~. 
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(o) 


z Sg 


DIE 


1000 Km 


Fig. 4. Verteilung der geostrophischen relativen Vor- 
ticity. Einheit 10-5 sek-!. 


Druckverteilung wird wahrscheinlich während 
der Rechnung so deformiert, dass die fıktive 
Divergenz gegen Null geht, denn sonst 
würden sich auch Ungenauigkeiten der Kar- 
tenanalysen stärker auswirken als es tatsächlich 
der Fall ist. 

In den Fig. 3 bis 6 haben wir die Verteilung 
der verschiedenen relativen Vorticity zur 
Darstellung gebracht. Nacheinander geben 


[e) 


Fig. 6. Verteilung der relativen Vorticity nach der zweiten 
geostrophischen Approximation. Einheit 10”° Schar: 
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Fig. 3 die wirkliche, Fig. 4 die geostrophische, 
Fig. 5 die stationäre, Fig. 6 diejenige der 
ersten Philipps’schen Näherung entsprechende 
Verteilung wieder. 

Die geostrophische Vorticity zeigt eine 
Ueberschätzung im zyklonalen, eine Unter- 
schätzung im antizyklonalen Gebiet. Die 
stationäre Vorticity lautet gemäss (12) 

C= = V'E— — (Vs: VE). (60) 
Neg Me : 
Sie erreicht im zyklonalen Gebiet nahezu die 
richtige Verteilung, ist jedoch im antizyklo- 
nalen Gebiet erheblich überschätzt, was offen- 
bar auf den zweiten Term in (60) zurückzu- 
führen ist. Entsprechend (7) folgt 


ae) («— +) + 7 lve wie eek 


7 VER, (61) 


Die Approximation der ersten Philipps’schen 
Näherung unterschätzt, wie Fig. 6 zeigt, im 


a. 
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Absolutbetrag etwas zyklonale und antizyklo- 
nale Vorticity, ist jedoch symmetrischer als 
die beiden vorhergchenden. 

Natürlich sind die hier dargebotenen Er- 
gebnisse noch wesentlich erweiterungsfähig, 
einmal in Hinsicht auf die CRAIG-NEAMTAN- 
sche Lösung mit Berücksichtigung der y- 
Abhängigkeit der Amplitude der zonal wan- 
dernden Welle oder auf eine mögliche Kon- 
struktion weiterer Lösungen der nichtlinearen 
Gleichung (43), zum anderen bezüglich der 
Ueberprüfung weiterer Approximationen, z. 
B. auch der in (17) bis (19) angeführten. In 
diesem Sinne möge diese Untersuchung auch 
als Anregung für weitere Forschungen auf- 
gefasst werden in Anbetracht der grossen 
Bedeutung einer zweckmässigen Approxima- 
tion der Geschwindigkeitskomponenten für 
die numerische Wettervorhersage. 

Für das grosse Interesse, das er der Arbeit 
entgegengebracht hat, und für zahlreiche wert- 
volle Ratschläge möchten die Verfasser nicht 
versäumen, Herrn Prof. C. G. Rossgy ihren 
herzlichen Dank auszusprechen. 
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Abstract 


An attempt has been made to compute the field of horizontal deformation for a few 
synoptic situations. Some reasons for the rather high values of dilatation obtained are 
discussed and criticism over the method is presented. 


When discussing the applicability of the 
vorticity theorem in numerical forecasting, the 
question arises concerning the magnitude of 
the deformation. If the vorticity is computed 
using a grid size of several hundreds of kilo- 
meters, it is necessary to make sure that the 
deformation is not so strong that important 
details in the flow pattern disappear between 
the grid points during the forecast interval. 
In order to illustrate this question the rate of 
horizontal deformation has been computed for 
a few synoptic situations. 

The distribution of horizontal velocity a- 
round a given point in a plane surface at a 
given moment may be expressed by Taylor 
expansions of the x- and y-components (u, v) 
of velocity about the origin (see e. g. Hand- 
book of Meteorology, p. 414). Neglecting de- 
rivatives of higher order we obtain after re- 
arranging the terms 


ı/ov du ou ı/ov ou 
(= < + — KS Sof 
| Ar dy PT On" aN ax dy y 


A Ov du Bi Ov vi! dv ’ ou à 
=f) t GET ZU T 7 Zi x 
AGE ax dy je ay? 2\9x dy 


(1 
Here the first terms on the right hand side 
represent the translatory field, the second terms 
the rotational field and the last two pairs of 


WN lw 


terms the deformation field. For the sake of 
brevity we may write. 


ov du 
We shall here only consider the deformation 


and denote by ı, and v, the corresponding 
velocity field, 1. e. 


D | A 


0 
I" rt Ky 


dv (3) 
dy 

Let us choose à new coordinate system (1), 
the axes of which coincide with the axes of 
dilatation. Thus we may assume 


ln Ki tea 


I" - K’x’ : y! ay’ 


For the sake of simplicity we omit the primes 
and may thus write 


i Written while on leave from the Institute of Meteorology, University of Helsinki. 
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From this system of equations « may be solved 
by putting the determinant equal to zero. 


; au dv ou dv 
Try 
If we consider geostrophic motion, the diver- 


ou ov : ; 
gehce term — CONTI this case — v,/a 


Ox oy 
cotang  (v, denotes the geostrophic velocity, 
a is the radius of the earth, and @ is latitude) 
may be considered as a small quantity in com- 
parison with the other terms. 
Thus we obtain 


dv\? 
L res 
x +(e) (7 
Taking the positive sign of « it represents the 
intensity of dilatation per unit of time since 


a dx’ 
Ti 


K?=o (6) 


= 


LL 


LA 


u 


=ax’ according to (4) and thus 
= xe" (8) 


Six hours has been chosen as unit of time and 
thus the deformation of the grid squares in six 
hours is obtained by multiplying the grid size 
I by e*. 

If y denotes the angle between the axis of 
dilatation and the x-axis, we obtain from (5), 
upper equation 


a+ dv/d 
Housse (9) 
According to the geostrophic assumption 
I 100 
£ rer ee 
0 
f dy & 
g dz 
Vg NE fax 


where g denotes the acceleration of gravity, z 
the contour height of the isobaric surface and 
f the Coriolis parameter. Thus one has to com- 
pute 

Ov Ou 


dy ox 


(11) 


where [A] is the numerical value of g/f. 0%z/ 

dx dy calculated from the values at the grid 

points (by means of finite differences) and 

(m(@)) is a scale factor. a 
Similarly we obtain for K from (2j° 

d2z 


ja) = 2m (y) [el (2 


Wr dxdy m(p) [A] 
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Ov 


When the numerical values of K and 2 


are known we easily obtain & from (7) and 
further tg y from (9). 

Any two-dimensional non-divergent veloc- 
ity field may be decomposed in a translation, 
rotation and deformation. For some cases 
studied, the rotational field had been computed 
previously in connection with tendency com- 
putations using the barotropic vorticity equa- 
tion. We may easily obtain the deformation 
by simply subtracting the translation and the 
rotational field from the geostrophic wind 
field given in our maps. This procedure was 
used as a check in one case. 


Fig. 1. A typical group of five neighbouring grid points 
used for evaluation of the derivatives. 


The horizontal deformation has been com- 
puted for a set of grid points at four pairs of 
soo mb maps. Two of these, Nov. 4, 1951, 
03002 —1500Z, and Dec, 1951 15002 Dee: 
6, 1951 0300Z represent situations, where the 
barotropic tendency computation was success- 
ful, the correlation coefficient between the com- 
puted and observed tendencies being 0.81 resp. 
0.79. The two other pairs, Nov. 14, 1951 1500Z 
—Nov. IS, 1951 0300Z and Dec. 2, 1951 1500Z 
—Dec. 3, 1951 0300Z represent cases where 
the barotropic tendency computation failed 
with a correlation coefficient 0.06 resp. 0.13. 
In addition to these a few other maps have 
been used. For the sake of clarity the writer 
has, when drawing the figures, operated with 
small squares the size of them being about a 
half of the real size corresponding to the grid 
interval used, 314 km at latitude 50° N. All 
the drawings are not reproduced here, but the 
figures 2—3 represent a few typical cases show- 
ing the shape of the grid squares after six 
hours continuous and constant deformation. 
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Fig. 2 Contours, labelled in tens of meters, interval 40 m, and figures, showing the horizontal deformation of the 
grid squares (in a reduced scale) a) 0400 GMT 4 November 1951; b) 1500 GMT 14 November 1951. The numbers 
inside of the squares represent the dilatation coefficients (see eq. (10) in the text). 
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Fig. 3. Contours and deformation figures a) 1500 GMT 2 December 1951; b) 1500 GMT 3 December 1951. Nota- 
tions as in Fig. 2. 


When examining the distribution and shape 
ofthe deformation figures on the maps treated, 
it was hard to detect any systematic difference 
between the cases where the tendency com- 
putations were successful or where they failed. 
The maximum values obtained meant a hori- 
zontal dilatation of the order of three times ın 
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six hours, which is a rather high value. But 
on the average, the deformation seemed to be 
of the same order of magnitude in all cases 
investigated here and more orless unorganized. 
However, the number of the maps treated was 
not very great, which makes it difficult to draw 
any more general conclusions. The writer had 
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also drawn the lines (not reproduced here) rep- 
resenting the distribution of the absolute vort- 
icity at the beginning of the time interval used. 
Also the vorticity advection, and the corre- 
sponding isolines (not reproduced here) were 
calculated and plotted in order to see if the 
strongest deformation might coincide with the 
greatest vorticity advection. Yet, it was im- 
possible to find any systematic correlation be- 
tween these two quantities. 

The question now arises about the real mean- 
ing of the deformation computed here. Since 
the motion was regarded as geostrophic and 
non-divergent, the deformation in the grid 
points does not exactly correspond to the de- 
formation that would be obtained from actual 
wind data. It is easy to see that the geostrophic 
assumption sometimes must lead to severe er- 
rors. As an example we may select the case 
schematically shown in Fig. 4. In this figure 


Fig. 4. A schematic picture showing the characteristic 
flow through a 400-mb trough. 


the characteristic flow through a soo-mb 
trough from a western to an castern ridge is 
represented by stream lines (dashed lines) and 
contours (full lines). The trough and ridge lines 
are stright lines and the stream-line and con- 
tour-line pattern are symmetric about the 
trough line. Nothing essential in the following 
qualitative discussion would change if a more 
general pattern would have been assumed. Fur- 
thermore we assume that the movement of the 
trough is small compared with the wind ve- 
locity. 

The mutual pattern of stream lines and con- 
tours indicates that the air movement is accel- 
erated from the western ridge to the trough 
and decelerated from the trough to the eastern 
ridge. This is a common distribution of velocity 
on the soo-mb chart. Thus there exists generally 
an ageostrophic component normally to the 
contours in all parts of the diagram except at 
the trough and ridge lines. This ageostrophic 
component is directed to lower contours be- 
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tween the western ridge and the trough and 
toward higher contours between the trough 
and the eastern ridge. 

At the trough line the cross-stream accelera- 
tion is directed toward lower contours and at 
the ridge lines toward higher contours. Hence 
the ageostrophic component in the direction 
of the flow, or in the direction of the contour 
lines is positive on the ridge lines and negative 
on the trough line. This ageostrophic com- 
ponent has for steady state the value given by 
the upper formula of (13). The lower formula 
gives the approximate value of the normal 
component. 


(13) 


Here v, denotes the velocity in the direction 
of the contour lines, f is the Coriolis parameter 
and r the radius of curvature of the contour 
lines, positive for cyclonic curvature, negative 
for anticyclonic curvature. The absolute values 
of these components may vary between o—10 
m sec-t. According to this the total ageostro- 
phic flow is directed normally to the contours 
around the inflection points of the contour- 
line pattern, and parallel to the contours at the 
ridge and trough lines. At the ridge lines the 
ageostrophic wind is positive, at the trough 
line negative. Since the wind divergence is 
approximately equal to the divergence of the 
ageostrophic wind the assumption of non- 
divergence made previously cannot generally 
be true, if the ageostrophic components are 
considerable. 

Since the ageostrophic component due to 
the curvature of the flow easily can reach values 
of 10—20% of the geostrophic component, or 
sometimes even higher values, the influence on 
the computed deformation can be considerable. 
A couple of examples of this will be given in 
the following. Since it is very difficult to com- 
pute exact values of the curvature of trajec- 
tories, the curvature of stream lines (or contour 
lines) has been used. This curvature may differ 
very much from the curvature of trajectories. 
Since our calculation here has been made in 
region with westerly wind components and 
since the disturbances are moving west-east the 
computations in most cases give too high values 
for the corrections. The computations have 


Tellus V (1953), 3 


À SYNOPTIC STUDY OF DEFORMATION FIELDS 


been made in following way. The geostrophic 
wind velocity has been measured using à con- 
ventional geostrophic wind scale at a sequence 
of points, with intervals of too km to west and 
east of a selected grid point, following the cur- 
vature of the contour lines. Then the radius of 
curvature has been measured as carefully as 
possible and a conventional scale is used for 
getting the corresponding gradient wind. The 
variation of the Coriolis parameter has been 
neglected. Both these velocity values are plotted 
against the distance between the points used. 
Figs. s—6 are selected examples showing the 
velocity profiles computed around a few grid 
points taken from the maps presented in Figs. 
2—3. The points are labeled from left to right 
beginning with the topmost row. The curves 
give directly the velocity difference per hour 
and per grid size and assuming a stationary state 
one can obtain the six hourly decrease in the 
distance between the western and eastern bor- 
der of the grid square or with other words the 
magnitude of contraction, and compare it with 
the numerically computed values. 

From Fig. 5 we can see, that at grid point 
number six (see the map in Fig. 2b), located 
at a place where the curvature of the contour 
lines is cyclonic (case a), the velocity difference 
is 28 km per hour and per unit distance when 
using the geostrophic velocity. This means, 
that assuming a stationary state, the grid size 
has in six hours been reduced with an amount 
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Fig. 5. Geostrophic and gradient wind profiles around 
two grid points on the soo-mb map at 1500 GMT 14 
November 1951. 
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Fig. 6. Geostrophic and gradient wind profiles around 
two grid points on the soo-mb map at 1500 GMT 
3 December 1951. 


of 168 km, or to a length of 146 km. Using 
the numerically calculated coefficient of con- 
traction, e*=2.03, we get the value of 155 km, 
which means a relative good agreement. But, 
making use of the gradient wind velocity, the 
corresponding figures are 22 km/hour and thus 
in six hours 132 km. This means that the grid 
size is reduced to a length of 182 km, which 
would correspond to a contraction coefficient 
that is considerably less, e*=1.72. It should be 
pointed out, however, that the divergence of 
the real wind may not be assumed to be equal 
to zero. 

The contrast is still more striking, if we con- 
sider the grid point number fifteen (case b), 
where the curvature is changing from cyclonic 
to anticyclonic one. Here the geostrophic veloc- 
ity difference, taken from the curve, gives a 
reduction of the grid size with 90 km in six 
hours or to a value of 224 km, which well 
agrees with the numerically calculated value 
of 220 km (e*=1.43). But in this case we have 
an increase of the gradient wind velocity in 
the direction of the flow. It leads to a dilatation 
in that direction with the grid size prolonged 
to a length of 362 km, which is quite in contro- 
versy with the results geostrophically com- 


puted. 
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The two other comparisons presented here 
are based on the map in Fig. 3b. The velocity 
difference taken from the geostrophic wind 
profile around the grid point number twelve 
(case b in Fig. 6), where the curvature of the 
contour lines is cyclonic, would lead to a re- 
duced [-value of 188 km. The corresponding 
numerical calculation (e*=1.65) gives 190 km. 
On the contrary, the gradient wind difference 
gives a value of 228 km, corresponding to a 
considerably less contraction coefficient e* = 
1.38. When the same procedure is applied at 
the point number 27 (case a in Fig. 6), where 
the curvature is anticyclonic, we obtain a graph- 
ically computed reduced I-value of 146 km 
versus the numerically calculated value of 147 
km (e*=2.14). In this case the gradient wind 
difference gives 158 km, corresponding to e* = 
1.09. 

From these examples one may conclude that 
the geostrophic assumption in many cases leads 
to too large deformations. Applying the pre- 
vious results, e. g., on the area between a western 
trough and an eastern ridge the negative change 
of the geostrophic wind in the direction of the 
flow is gencrally greater than the change of 
the real wind. Consequently, both contraction 
and dilatation are exaggerated if we assume non- 
divergence. In the region between a western 
ridge and an eastern trough the opposite is true; 
here the dilatation in direction of the flow and 
the contraction normally to the direction are 
too great. HOVMOLLER (1952) has in a recent 
paper stressed the importance of taking into 
account the cyclostrophic and other non-ge- 
ostrophic wind components for the vorticity 
computations and recommends the more ex- 
tensive use of observed winds. The same seems 
to hold also with regard to the deformation 
computations, although we are here merely 
dealing with the application of the geostrophic 
assumption in stead of the difficulties depending 
upon observational errors as treated by Hov- 
möller. 

One might also expect an intensive con- 
centration of isotherms and a corresponding 
remarkable frontogenesis over regions with 
strong computed deformation, but an exam- 
ination of the maps showed that in general 


ro) 


this was not the case. This further strengthens 


the impression that the values of deformation 


obtained with the method used are exaggerated. 


One has to keep in mind, however, that the 
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neglect of vertical movements also is essential 
for the change of the isothermal pattern at a 
given level. It is a well known fact, that the 
isotherms do not commonly move with the 
speed of the wind. Considering, e. g., the iso- 
therms on a series of upper air charts in the 
vicinity of the boundary between a warm and 
a cold air mass, we now from the practical 
experience that on the warm air side the move- 
ment of the isotherms is slower than the hori- 
zontal wind speed indicates, because of the as- 
cending motion in the warm air. Correspond- 
ingly the isotherms on the cold air side move 
more slowly than the horizontal wind speed 
due to the subsiding motion there. Conse- 
quently, a dispersion of the isotherms may 
occur instead of a concentration. This is also 
easy to establish by the aid of the following 
consideration. 

The individual rate of change of the tempera- 
ture T with time f may be written 


dT at 1, 
dt DET dz "4 


+ W 


where v, denotes the wind velocity in the di- 


rection of the flow, is the temperature 


dt 
change in the same direction, w is the vertical 
wind velocity and z the vertical coordinate. 

If y4 denotes the dry adiabatic lapse rate and 
y the actual lapse rate, (14) may be written 
(see Panofsky, 1946) 


oT ase 
Gi 
If we write 
ieee Qi ; 
gp oe eae (16) 


where c denotes the speed of the isotherms 
moving in the direction of the flow, we obtain 


(17) 


(va—Y) 
ie run (18) 
Os 
Assuming 2 ae to be a constant (which 
C 
“Os 
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presumes equidistant isotherms) we can derive 
from (18) 


(ya— y) Ow 
RS A DT Pps (19) 


Os 


In (19) the first term on the right hand side, 
dv 


Sy . . 
—< 0, because the flow in the warm air mass 


ds 
is stronger than in the cold air mass, (ya— y) 
> Al > 
is almost always > o, 5 < o in the boundary 
between the warm and cold masses. Thus, 
— ) 
ae < o. At last, = is also negative, because 
ds 
we have an ascending motion on the warm 
air side, a descending motion on the cold air 
side. Hence, the second term on the right hand 
side of (19) is positive. Accordingly, the first 
and second terms on the right hand side have 
opposite signs. This means that the acceleration 
of the movement of the isotherms in the direc- 
tion of the flow is less than the acceleration 
of the horizontal wind in agreement with the 
synoptic experience. However, this behaviour 
of the isotherms, primarily connected with the 
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problem of the frontogenesis, will not be con- 
sidered here in any more details. 
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Institute of Meteorolog y of the University of Stockholm 


Note on activities during the academic years 1951—1952 and 1952—1953 


The principal task of the Institute of Meteorology 
ofthe University of Stockholm is to conduct research 
on problems of basic importance in the field of 
meteorology and to provide a milieu which facilitates 
cooperative effort on an international basis in the 
scientific study of the atmosphere. Within the limits 
of its resources the institute shall be open to qualified 
investigators of all countries. For practical reasons 
lectures and discussions are conducted mainly in 
English. 

To meet the objectives stated above within the 
framework of a modest budget, the following method 
of operation has been adopted: 

Each year a few problems of fundamental interest 
to meteorologists are selected for closer study by the 
institute staff. The choice of problems is naturally 
to a considerable extent influenced by the talents and 
personal interests of the small group of permanent 
staff members and by the technical facilities available. 
It is recognized that an institute such as ours, which 
operates with international support, ultimately has 
the responsibility to provide a setting in which, 
through cooperative effort, successful advances may 
be made on all the principal fronts of meteorology. 
However, to meet this requirement the staff would 
have to be augmented through long-term appoint- 
ments of a large number of research workers with 
marked leadership qualities and additional funds 
would have to be made available. It is hoped that a 
beginning towards such an expansion can be made 
during the next two-year period. 

Once the basic program has been decided upon 
a small number of scientific collaborators and grad- 
uate students from other institutions abroad or in 
Sweden are invited to participate in our work for a 
limited period of time. In most cases these invitations 
are issued on the basis of previous personal contacts 
and interviews. Some of the non-permanent staff 
members are assigned to Stockholm and maintained 


there by the organizations with which they are asso- 
ciated permanently. Thus several organizations in 
the United States have in fact established semiper- 
manent positions with our institute, the holders of 
which are changed annually or every second year. 
In other cases our institute pays travel expenses 
and small monthly stipends to take care of the extra 
expenses associated with the stay in Stockholm. In 
general non-permanent staff members are invited for 
3, 6 or 12 months. No sharp line of demarkation is 
maintained between teacher and graduate student. 
It is rather expected that each new visitor will profit 
from, and add to, the intellectual capital of the 
institute. 

Each year, during the autumn semester, a fairly 
concentrated program of seminars and lectures is 
arranged to provide a basis for the research activities 
of the group as a whole. During the second half of 
of the academic year the lecture program is reduced 
in scope to provide time for research on various 
phases of the problems reviewed during the aujumn. 

The table below, which excludes all Swedish 
participants in our work, shows the distribution by 
countries of our non-permanent staff members dur- 
ing the two past years: 


2 years 1 year 
Iceland (x) Germany (2) 
United States (3) Japan (z) 

Norway (1) 


United States (2) 


3 months 
Austria (1) 


6 months 
Belgium (1) 


Finland (1) Finland (x) 

Germany (1) France (1) 
Germany (2) 
Norway (1) 


United Kingdom (1) 
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In support of our research, and to provide addi- 
tional contacts, three informal conferences, each of 
about one week’s duration, have been held at our 
institute, inMay 1951 and inMay and October 1952. 
During these conferences additional visitors from 
Denmark, Finland, Germany, Norway, the United 
Kingdom and the United States have been our guests. 

Intimate cooperation has been established with 
the Hydrometeorological Service of Sweden, with 
the Weather Service of the Swedish Air Force, with 
the Swedish Board on Computing Machinery and 
with the Royal Agriculture College of Ultuna. With 
all these organizations joint projects have been or 
are about to be established. In the immediate future 
valuable equipment will be placed at our disposal 
by the Swedish Air Force. 

Scientific reports resulting from work conducted 
at our institute are generally published in Tellus, the 
quarterly journal ofthe Swedish Geophysical Society; 
our institute serves as editorial office for this period- 
ical and does also in a small measure contribute 
financially to its maintenance. 

Financial support for the activities of our institute 
during the past two-year period has been partly 
direct and partly indirect, through salaries paid by 
foreign organizations to their representatives at our 
institute. Direct contributions through appropria- 
tions, contracts, grants and gifts have been received 
from the University of Stockholm, the Wallenberg 
Foundation, the Natural Science and the Technical 
Research Councils of Sweden, the United States 
Weather Bureau, the University of Chicago, the 
Woods Hole Oceanographic Institution and the 
Fonds National de la Recherche Scientifique in Bel- 
gium. The institute acknowledges with particular 
gratitude an early generous gift of U. S.$ 1000 by 
Dr L. Lek as an expression of his faith in our under- 
taking. We are particularly indebted to the U. S. 
Office of Naval Research for its steady support of 
our work and for the excellent scientific collaborators 
it has sent us. 

It is difficult to give an exact statement of income 
and of operating expenditures per academic year, 
since several grants are made for indefinite periods 
or for periods which do not coincide with the aca- 
demic year, and since fairly large sums have had to 
be spent on such one-time investments as furnitures, 


Tellus V (1953), 3 


421 


basic library books and quite recently on basic scine- 
tific laboratory equipment. The approximate level 
of yearly expenditures, including permanent Swedish 
salaries, but excluding salaries paid by foreign organ- 
izations directly to their representatives on our staff 
has been around 250 000 Swedish kronor per annum. 
With the introduction of experimental work in 
certain aspects of atmospheric chemistry and physics 
and with the anticipated establishment of a small 
“clinical” synoptic weather section, this level will 
have to be raised considerably. 

All grants and contract funds are paid into and 
disbursed through the fiscal offices of the University 
of Stockholm. 

During the last two years the theoretical work of 
the institute has been centered around the problem of 
numerical forecasting. During the academic year 
195I—1952 these investigations were directed by 
Dr Arnt Eliassen, on leave from Det Norske Meteo- 
rologiske Institutt, who served as associate director 
of our institute. During the academic year 1952— 
1953 the theoretical work in this field was led by 
Fil. Lic. Bert Bolin, who also served as executive 
officer of the institute. 

Under the direction of Dr C. W. Newton, on 
leave from the University of Chicago, a group of 
our staff members have devoted themselves to aero- 
logical studies of the structure and behaviour of 
atmospheric jet streams and to a study of the forma- 
tion of high-level shear lines through excessive mean- 
derings of such jets. Most of these studies are pub- 
lished in the present issue of Tellus. 

During the coming year we expect to take up 
certain experimental and laboratory studies in cloud 
physics and certain problems associated with the 
chemistry of some of the cyclic components of the 
atmosphere. We expect to be able to build up a small 
synoptic upper air analysis unit, to aid the work in 
numerical forecasting and to provide the never- 
failing inspiration that derives from daily contact 
with the large- and small scale current events of the 
atmosphere. 

A list of publications resulting from investigations 
conducted wholly or to a major extent at our institute 
during the last two years is appended to this note. 


C.-G. R. 
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NOMME 


Scientific contributions from 
the Institute of Meteorolog y, University of Stockholm 
during the academic years 1951—1953 


1. Numerical Forecasting. 


ARNASON, G.: A baroclinic model of the atmosphere 
applicable to the problem of numerical forecasting in 
three dimensions. I Tellus, Vol. 4, No. 4. 

Arnason, G.: A baroclinic model of the atmosphere 
applicable to the problem of numerical forecasting in 
three dimensions. II Tellus, Vol. 5, No. 3. 

Bou, B.: Multiple parameter models of the atmosphere 
for numerical forecasting purposes. Tellus, Vol. 5, No. 2. 

Crapp, PH.: Application of barotropic tendency equation 
to medium range forecasting. Tellus, Vol. 5, No. 1. 

Eapy, E.: Note on Weather Computing and the so- 
called 21/.-dimensional Model. Tellus, Vol. 4. No. 3. 

Eurassen, A.: Simplified models of the atmosphere, de- 
signed for the purpose of numerical weather prediction. 
Tellus, Vol. 4, No. 3. 

ELIASSEN, A. and Hupert, W. E.: Computation of vertical 
motion and vorticity budget in a blocking situation. 
Tellus, Vol. 5, No. 2. 

Hovmorter, E.: A comparison between observed and 
computed winds with respect to their applicability for 
vorticity computations. Tellus, Vol. 4, No. 2. 

Reuter, H. and Ho1LMANN, G.: Ueber die Genauigkeit 
verschiedener Approximation der horizontalen Wind- 
komponenten. Tellus, Vol. 5, No. 3. 

SMEBYE, S.: Tendency computations with a continuous 
two parameter atmospheric model. Tellus, Vol.5, No. 2. 

STAFF MEMBERS OF THE UNIVERSITY OF STOCKHOLM: Pre- 


liminary report of the prognostic value of barotropic 
models in the forecasting of 500 mb height changes. 
Tellus, Vol. 4, No. 1. 

VUORELA, L.: A synoptic study of deformation fields. 
Tellus, Vol. 5, No. 3. 


2Generalmt ier ye 


Bourn, B.: The adjustment of a nonbalanced velocity 
field towards geostrophic equilibrium in a stratified 
fluid. Tellus, Vol. 5, No. 3. 

Van MIEGHEM, J.: Energy conversions in the atmosphere 
on the scale of the general circulation. Tellus, Vol. 4, 
No. 4. 


3. Synoptic Meteorology. 


HUBERT, W.: A case study of variations in structure and 
circulation about westerly jet streams over Europe. 
Tellus, Vol. 5, No. 3. 

Mort, K.: Distribution of wind and temperature over 
Japan and adjacent ocean areas during the winter 
1950— 51. Tellus, Vol. 5, No. 3. 

Newton, C. W. (and Carson, J.): Structure of wind field 
and variations of vorticity in a summer situation. 
Tellus, Vol. 5, No. 3. 

Rosszy, C.-G.: A comparison of current patterns in the 
atmosphere and in the ocean basins, Memoirs UGGI, 
Aug. 1951. 
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